Improving the Effectiveness of MCMC through Adaptation

Edna Milgo!
AT Lab, Vrije Universiteit Brussel, Belgium

Nixon Ronoh!

AT Lab, Vrije Universiteit Brussel, Belgium

Peter Waiganjo Wagacha
University of Nairobi, Kenya

Bernard Manderick
AT Lab, Vrije Universiteit Brussel, Belgium

EMILGOQVUB.AC.BE

NRONOHQVUB.AC.BE

WAIGANJOQUONBI.AC.KE

BERNARD.MANDERICKQVUB.AC.BE

Keywords: Adaptive MCMC, Covariance Matrix Adaptation

Abstract

The Metropolis-Hastings Markov Chain
Monte Carlo algorithm uses a proposal distri-
bution to sample from a given target distri-
bution. The proposal distribution has to be
tuned beforehand which is an expensive exer-
cise. However, adaptive algorithms automat-
ically tune the proposal distribution based on
knowledge from past samples, reducing the
tuning cost. In this study we first examine
Adaptive Metropolis, Metropolis Gaussian
Adaptation and Covariance Matrix Adapta-
tion Evolutionary Strategies. The latter is
usually used as an optimization strategy but
it is feasible to incorporate it in MCMC.

1. Introduction

Markov chain Monte Carlo (MCMC) techniques cre-
ate a Markov chain that has a target distribution w
as a unique invariant distribution. The Metropolis-
Hastings (MH) algorithm generates an ergodic Markov
chain and uses an acceptance probability to ensure
that its invariant distribution is the target distribu-
tion. MH algorithms require a proposal distribution
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to be tuned beforehand by an expert in the domain
area which can be difficult and expensive. We look
at three adaptive strategies that aim at overcoming
the drawbacks of non-adaptive MH algorithm, Adap-
tive Metropolis (AM), Metropolis Gaussian Adapta-
tion( M-GaA) and the Covariance Matrix Adaptation
Evolutionary Strategies (CMA-ES) (Hansen, 2011).

2. Adaptation

The main drawback of the MH algorithm is that the
correlation among the samples in the Markov chain
can be very high when the acceptance rate is low.
Adaptive proposals allow the sample to learn and re-
main longer in good states hence minimum variance
and high acceptance rate. Although the adaptive pro-
posal does not simulate exactly the target distribution,
proofs show that it can be very close to the target in
practice (Haario et al., 1999). Adaptation is achieved
by either selecting a fixed number of previous states
or by using all the previous states in the Markov chain
(Haario et al., 2001).

3. Adaptive Methods

3.1. Metropolis Gaussian Adaptation

Metropolis Gaussian Adaptation (M-GaA) imple-
ments the MH algorithm within Gaussian Adapta-
tion (Miiller & Sbalzarini, 2010). M-GaA sets a
threshold ¢ and lowers it until a predefined conver-
gence criteria is achieved. The exzpansion and contrac-
tion factors f. > 1 and f. < 1 of the covariance matrix
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are determined by the desired hitting probability. A
scalar step size r is used to control the search. When
the parameter vectors are accepted, r is increased and
the mean is moved to the current state of the Markov
chain. The iterative sampler adapts the orientation
and scale of the covariance matrix under the constraint
of the fixed hitting probability (Miiller & Sbhalzarini,
2011).

3.2. Adaptive Proposal

Adaptive Proposal (AP) samples a candidate point
from the proposal distribution and accepts or rejects it
based on a weighted average of the mean positions and
their covariance matrix. After a burn-in period, the
proposal distribution is centered at the current state,
X,, of the Markov chain. The covariance matrix is set
to Cp, = $qCov(Xo, -+, Xpn_1) + sq€ly, where s4 is a
parameter that depends only on the dimension d of
the state space, ¢ > 0 is a very small constant and
I; denotes the d-dimensional identity matrix (Haario
et al., 2006). A global scale factor is used to control
the acceptance rate and the vanishing adaptation is
applied to maintain ergodicity of the chain.

3.3. Covariance Matrix based Adaptation

CMA-ES is recognized as one of the most competi-
tive evolutionary algorithms for real values optimiza-
tion (Suttorp et al., 2009). CMA-ES was initially pro-
posed as an optimization tool for non-separable and
ill-conditioned objective functions. CMA-ES approxi-
mates the inverse Hessian matrix and maps the search
distribution to the contour lines of the objective func-
tion. The search steps are taken by stochastic varia-
tion(mutation) of points which have been visited re-
cently. The best points, determined using a fitness
function, are allowed to evolve.

CMA-ES maintains ergordicity by adapting the chain
only at the time of recurrence of the atom (Miiller,
2010; Miiller & Sbalzarini, 2010). CMA-ES also en-
sures that the invariance property is preserved. Evolu-
tion paths, the time evolution of the distribution mean,
contain significant information about the correlation
between consecutive steps. The covariance evolution
path is used to facilitate a much faster variance in-
crease of favorable directions. The step size path is
used to conduct an additional step-size control. This
step-size control aims to make consecutive movements
of the mean orthogonal.

4. Conclusion

Adaptive MCMC overcomes the challenges faced by
traditional MCMC by enabling the proposal distribu-
tion to learn online. In this paper we examined the
Adaptive Metropolis, the Metropolis Gaussian Adap-
tation and CMA-ES. The later adapts well to com-
plex distributions through recombination and muta-
tion which allow variations in the sample place. By
incorporating Metropolis-Hastings algorithm in CMA-
ES, the effectiveness of adaptive MCMC can be further
enhanced.
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