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NUMERICAL RANGE OF INNER PRODUCT TYPE
INTEGRAL TRANSFORMERS ON HILBERT SPACES

PRISCAH MORAA!, DAVID AMBOGO?* AND FREDRICK NYAMWALA?

ABSTRACT. In this paper we compute the algebraic numerical range for inner
product type integral transformers and show that the basic properties of the
algebraic numerical range holds for this operator.

1. INTRODUCTION

Linear operator theory in Hilbert spaces has grown exponentially in the last
decade. In this study, our focus is on integral operators, in particular the inner
product type integral transformers. The inner product type integral transfor-
mation was introduced by Danko, [3] and is defined using the Gel’fand inte-
gral. To begin with, let H be a seperable complex Hilbert space, B(H) be the
space of all bounded linear operators and (£2,%, ) be a measure space. Let
A:Qw— B(H):tw— A = A(t) be an operator-valued function. The opera-
tor valued function is said to be weakly*-measurable (weakly*-integrable) if the
scalar-valued function ¢ +— (A;g,h) is measurable (integrable) for all g,h € H.
If (Af, f) is integrable for all f € H, then the mapping f — [, (Af, f)du(t)
represents a quadratic form of the unique bounded operator fQ Audp(t) satisfying

</Q Atdu(t)f79> —/Q<Atf,g> du(t) forall f,g € H. (1.1)

as well as

tr{ o Adp(t)Y } = [ tr{AY}du(t),VY € B(H),Y =
f*® fwhichis arank one operator and f € D4, where
Da={feH: [,|[Af|Pdu(t) < oo and (Af)(t) = Acf}

The unique bounded operator fQ Audp(t) is called the Gel’'fand integral or weakly*-
integral of the operator valued function A; over (2.

For every f € H, the function ¢ — ||A;f]|| is also measurable (see [9]) and if
additionally [, [|A,f|*du(t) < oo for all f € H, then there exists weak*-integral
Jo At Awdu(t) € B(H) satisfying
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(Jo At Adp(t) f, f) = Jo(ATALS, Fdp(t) = [ 1A Pdu(t).
The family (A;);eq will be called square-integrable B(H ) — valued functions. The
space of all such functions will be denoted by L?($2, u, B(H)), that is, the Banach
space of all weakly *-measurable functions A : Q — B(H) : t — A; such that
Jo A fII2dp(t) < oo for all f € H endowed with the norm

[ Al Lz 0,000 = |l /QAZ‘Atdu(t)\P for any A € Li(Q, u, B(H)). (1.2)

Let A, B : Q@ — B(H) be weakly *-measurable operator valued (o0.v) functions
and V X € B(H), the function t — A, X B, is also weakly p*-measurable. If
these functions are Gel’fand integrable for all X € B(H), then there is a unique
bounded operator [, A, X Bydpu(t) satisfying Equation (1.1) VX € B(H) with the
domain Dap = {f € H : [, |[|AfIl|B.f|[?du(t) < oo}. The linear transfor-
mation X — [, A XBdu(t) is called an inner product type (i.p.t.) integral
transformer on B(H) and we denote it by

Tiapy = /AtXBth /At ® Bydp(t). (1.3)

We note that when p is a counting measure on N, then Equation (1.3) becomes
Tiamy =Y AXB,. (1.4)

Transformers of the form (1.4) are called elementary operators and have been
widely investigated (see [2], [8], [9] and references there in). The inner product

type integral operators have been studied by several authors. Danko [3], using the

Cauchy-Schwartz inequality showed that T4 gy is bounded and its norm given
by

17| < o A7 Adldga(e) ] o 15 Bl

Also, in [3], Danko showed that this operator [, A; ® Bydpu(t) leaves every unitary
invariant norm ideal space C (H) invariant.

Dragoljub [1], used the Cauchy-Schwartz and the Aczel-Bellman inequalities to
show that if p is a o-finite positive measure on {2 and if each of the measur-
able families (0.v function), (A;)icq and (Bg)ieq consists of commuting normal
operators such that [, A*Adp < I and [, B*Bdp < I, then

/1= g A Ady fQB*Bdu‘H < y||X I

. (H
The Cauchy-Schwartz operator 1nequaht1es and norm inequalities for elementary
and inner product type integral transformers have also been investigated, as well
as, convergence properties related to these transformers, which depends on the
stucture of norm ideals in which they act (see [5]).
In [4], Danko further determined an exact formula of finding the norm of i.p.t.
integral transformer fQ A; ® B, on the Hilbert-Schmidt class as
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| Jo Ar @ Bidp(t)|| pcy ) =
limn—mo QVIQ% tr <HZ:1 At;+17kA$n+1—k> tr (H,Z:l BskBtz> HZ:I d:u<8k)dp“<tk)

whenever [, [|A¢ll, || Billpdu(t) < oo for some p > 0. It is shown in [0], that the
Cauchy-Schwartz inequality and the Landaii inequality in the unitary invariant
norm ideals holds for the inner product type integral transformers through the
application of the Kortkine identity.

In [7], Danko obtained results on the relationship between the spectra of the
inner product type transformers and the unit disc. In particular if (A;);eq and
(Bi)ieq are weakly® measurable families of bounded Hilbert space operators then
the transformers X — [, A; X Aydu(t) and X — [, Bf X B,du(t) on B(H)
have their spectra contained in the unit disc and for all bounded operators X,

IAAXAR| < IX = [, AT X Bydp(t)]|

Where Ay = s—lim, . (I+307 7" [, .. [o [An. AwPdp” (1, ...,tn))*%, where
r is the spectral radius, with the spectral radius given by

r(Jo A% @ Bdp) < /([ A" @ Adp)r( [, B @ By).

The results obtained by Danko and other authors are based on the norm inequal-
ities of the inner product integral transformers. However, the numerical range
of the inner product type integral transformers in Hilbert spaces has not been
done. In this paper, we shall establish the numerical range of this operator and
show that the Toeplitz-Haursdorff property for the usual numerical range holds
for this operator.

Properties of inner product type integral transformers have applications in a quan-
tum chemical system by considering the bounded and self-adjoint Hamilitonian
operator which helps in estimating the ground state energies of the chemical sys-
tems using other subsystems. The study of numerical ranges and numerical radii
have applications to areas such as iteration methods, operator theory, Krein space
operators, dilation theory, factorization of matrix polynomials, C*—algebras and
unitary similarity.

2. MAIN RESULTS

In this section, we define the algebraic numerical range of the inner product
type integral operator Tt 4 gy and show that the basic properties of the numerical
range are satisfied. We shall also show that

CO{fQ )\tﬁtd,lL(t) . )\t < W(At),ﬂt c W(Bt)}i - V(T{A7B}>
where Co is the convex hull and V(T4 ), the algebraic numerical range of
T{A7B}.
Definition 2.1. Let T{a 5y = [, A: ® B,du(t). The algebraic numerical range of
Tya,py is defined as

V(Tramy) = {f(Jo A @ Bidp(t)) : f € P(Q)}
where P(2) is the set of states in €.
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Lemma 2.2. Let \; € W(A;) and p; € W(B;),where W (A) is the usual numer-
ical range of Ay, then \f € W(A; ® By) and W(A; ® By) C V(A ® By)

Proof. Let A € W(A; ® B;). Then

A= (A®B(z®y),(zey),llrey| =] =yl =1
= tr{y®z(4; ® Bz @y}
= (A, z)(By,y)

= b
For the second part, we define a linear functional g,g, by
Gaoy(X) = tr{X ey (z @ )}, with|z @yl = [zl = Iyl =1, (2.1)
then
922y (X)| < [ Xy (z @ y)ll
< eyl x [ X(z @y
< Xz @y
< [IX]]

This implies that ||g.ey|| = 1. Since goey(In) =tr(z@y)(z@y) =tr(z@z)(y ®

y) = (z,2)(y,y) = lz[IPly]]> = 1, then ||gzeyll = gawy(Ir) = 1; therefore g,q, is
a state on B(B(H)).

Then we have,

Groy(A® By) = tr{(z®@y)(4 @ B)(z®y)}
= tr{{Aw,2)(y ® Biy)}
= (A, 2)(Bw,y)
= B
= A
= ANeV(A QB
Therefore, {\;5; : Ay € W(A,), B € W(By)} C V(A ® By)
Hence, W(A; ® B;) C V(A; ® By). O
Remark 2.3. From Lemma 2.2, it follows that [, \Sidu(t) € W (Ta,5y)

Theorem 2.4. Let Tya py = [, A@Bidu(t), and { [, MBedp(t) : A € W(Ay), B € W(By)} C
V(T{a,By), then

Co{ [y MBedp(t) : A € W(Ay), B € W(By)} C V(Tya,ny)-

Proof. Let x,y € H such that ||z|| = ||y|| = 1. Recall the state as defined in
Equation (2.1),

VE € B(B(H)) : goey(F) = tr{(Fasy (¢ ©y)},

where tr is the trace function, with ||z ® y|| = ||z|| = ||y|| = 1, then g,g, is a state
on B(B(H)) as shown in Lemma 2.2 above.
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For Tiap = fQ A; @ Bydu(t), let S = Ay ® By, using the state as defined in
Equation (2.1),

Jry(S) = tr{Siey(z ®@y)}
= tr{(4: ® B)sgy(z @ y)}
= tr{(4z @ By)(z ®y)}
= tr{(Alz®2))(Bi(y ®@y))}
= (A, z)(Byy,y)

This implies that

Gooy(Tinzy) = /Q (Az, 2)(Buy, y)du(t)
_ / ABrlu(t).
Q
Thus,
[ MBedp(t) = N € W(A), B € W(B)} € V(Tram)

Since the algebraic numerical range V(T4 ) is compact and convex, then

Co{ [, \Bedp(t) : Ny € W(Ay), B € W(By)} CV(Tiany).

O

Theorem 2.5. The algebraic numerical range for inner product type integral
transformers satisfies the following properties

L V(T ) =V(Tian)

ii. V(U*T{AB}U) = V(T{A,B})
1ii. V(T{A,B} + S{A,B}) - V(T{A,B}) + V(S{AﬁB})
1v. V(OzT{A,B} + ,6]) = Q/V<T{A,B}) +

Proof. i. Let S = A; ® By, then S* = B ® A;, and using the state defined
in Equation (2.1),

9rey(S7) = tr{Sie,(r®y)}
= tr{(B; ® A7) way) (z @ y)}
= tr{(Biz @ Ajy)(z ®y)}
= tr{(B/(z®))(Ai(y®@y))}
= (Biz,z)(Ay,y)
= (Ajy,y)(Biz,z)
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This implies that
u(Tiasy) = [ (i) (Bl a)autt)
= / (y, Avy)(z, Byx)dp(t)
Q

= /Q N Budp(t)

Since { [, MBedp(t) : A € W(A,), B € W(By)} C V(T{apy), then V(T py) =
ii. Let S =U*A; ® B;U, then
Gry(S) = tr{Sesy(z®@Yy)}
= r{(U" A @ BlU)say(z ®y)}
= tr{(U"Azx® BUy)(z®@y)}
= tr{(U" Az ®@2))(BU(y @ y))}
= (U"Aw, z)(UBuy,y)
This implies that

Gosy(Tiany) = /Q (U Az, 2)(U Byy, y)du(t)
_ / U*U (A, 2)(Buy, y)du(1)
_ /ﬂ (A, @) (Byy, y)du(t) (Since U'U = UU* = 1I)

- /Q ABuu()

It 1mphes that {fQ )\tﬁtd/,l/<t) : >\t € W(At),ﬁt S W(Bt)} C V(T{A,B}>
iil. Let Tiapy = [ A @ Bydp(t), Siapy = [o P ® Qudp(t), then

Tiapy +Siap = / Ay @ Bydp(t) + / P, ® Qudp(t)
Q Q

- / (A ® B, + P @ Q)du(t)
9]
Let G = A; ® By + P, ® QQy, then

gx®y(G) = tT{G(ﬂC@@/(x ® y)}
= tr{(A® B; + P, ® Qt)zey(z @ y) }
= tr{(4@B(z@y)+P,oQ(rxy))((zr®y)}
= tr{((A4r @ By) + (P @ Quy))(z @ y) }
= tr{(4zr ® Byy) + (y @ z)(Pz @ Quy)((z @ y) }
= tr{(Az®z)(By®y) + (Fr@x)(Qy ®@y)}
= (A, 2)(By,y) + (Pix, 2)(Qwy, y)

o~ o~ o~



NUMERICAL RANGE INTEGRAL TRANSFORMERS ON HILBERT SPACES 7

This implies that

9aoy(TiaBy + Stamy) = /Q<At$’x><3t?/7y> + (P, ){Quy, y)dp(t)
— [0 Bt + [ (P Q)i
_ /Q AeBydu(t) + /Q Yebedp(t)

It implies that

{Jo MBedp(t) : Ao € W(A), By € W(By) + [, v0edp(t) : v € W(P,), 6, € W(Qy)} C
V(Tiam) +V(Siany)-
1v. V(OzT{A,B} + /BI) = CYV(T{A,B}) + 3
Now, OéT{A,B} + 41 =« fQ A ® Btdﬂ(t) +pI
Let S = a(A; ® By) + BI, then

gaey(S) = tr{Seey(r®y)}
= tr{(a(A ® By) + BI) gey (z @ y)}

tri{(a(Ar @ Bi)osy + Blagy)(x @ y)}
tr{(a(Ar @ By) + Bz @ y))(r @ y)}
tr{io(Awx @ By)(y®z) + Bz @y)(y® )}
tr{o(Air @ 2)(Biy @ y) + Bz @ 2)(y @ y))

= oA, z)(By,y) + Bz, 2){y,y)

= a(dw,z)(By.y) + B
This implies that

gooy (0T + BI) = /Q o(Ave, 2)(Buy, y)du(t) +

}

- /Q aABudp(t) + B

Hence

a{ foMBedp(t) : Ay € W(A), B € W(By)} + B C oV (Tiany) + B
O

Theorem 2.6. The algebraic numerical range V(Tapy) is conver.

Proof. To show that V(T4 py) is convex, we need to show that the intersection of
every line with V(T4 py) is connected or empty. Since T4 py is a bounded linear
operator on H, let fQ M Bedp(t) and fQ Y0:dp(t) be distinct points of W (T4, 5y)
with [, \Bedp(t) = (Tpamye, x) , [ 10edp(t) = (Tya,pyy, y) These values are lin-
early independent and hence <T{A,B}x, x) # (Ta,Byy,y), for if we let x = ay,a €
C,lal = L]zl = 1 = [jy|l, then [, NBidu(t) = (Tiamz,) = (Tapyay, ay) =
(aTyaByy, ay) = [ov0dp(t), which is a contradiction. Similarly, y # ax for any
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a € C so that = and y are linearly independent. Now let L = span {x,y}, a two
dimensional subspace of H and let P, be the projection onto L and T' € B(H).

Since z,y € L, [, NBedp(t), [ove0dp(t) € W(P TiapylL) € W(Tiany) C
V(T(a,py). But since L is two dimensional, W(P.T(a p}|c) is convex. Hence,

th )\tﬂtdu( ) 1 —t fQ ’}/t5td,u( ) € W<PLT{A,B}|C) g W(T{A,B}) C V(T{A,B})
for 0 <t < 1. Smce Jo MBedp(t), o ve0edpu(t) € W(Tiapy) were arbitrary, then
V(T(a,By) is convex as desired.

]

Theorem 2.7. The operator Ty py = fQ A; @ Bydp(t) is self adjoint if and only
if V(Tia,py) is real.

Proof.

Vitum) = {1([ 4o Ban) s € P}

= {/Q A, 2)(Byy, y)du(t )}

= { ANeBedp(t) = N\ € W(A), B € W(Bt>}

= /(Aiyw B, x)dpu(t)
Q
(

-,

- { [ Xt X e w7 e ws)

Hence, we have that fQ A Bedpu(t) fQ AeBedp(t), which implies that V(T4 )
is real.
Conversely,
f(Tiany) = Jo(Aw, x)(By, y)du(t) = f(T{y ) = Jo(Aiy, y)(Bw, x)du(t)
This implies that,
f(Tya,By) — f(T{A py) = (A, 2)(Bwy.y) — (Ajy, y)(Biz,z) Since A; and By are
self adjoint operators, we have (A;x,z) — (Afy,y) = 0, for ||z|| = |ly|| = 1 and
B, x) — (Bjy,y) for [|z| = |y = 1.
Honce f(Tasy) — f(Tiam) = (A 2) (Bupy) — (Afy, ) (Biz,z) = 0. =
fTamy) = [T{ap) =0 = f(Tiapy — T{4p) = 0. Since [ is a linear
functional on B(H), then f # 0 and therefore T4 5y — Tf‘ ap =0 Which implies
that Tiapy = T{y py- That is, Tiapy = Jo AiX Bydpu(t) is self-adjoint. O

)
y, Awy)(x, Bix)du(t)
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