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ABSTRACT 

Food security faces significant threats from climate change, population growth, and 
economic pressures. Despite efforts to improve productivity, distribution, and sustainable 
agriculture, many regions still remain insecure. Optimizing sweet potato yield requires 
carefully designed experiments to identify key yield-enhancing factors. The main objective 
of this study was to optimize sweet potato yield through advanced modelling with 
augmented second order rotatable design using trigonometric functions. The specific 
objectives were to: construct augmented second order rotatable designs in three 
dimensions; determine optimality criteria D-, A-, T- and E- for augmented second order 
rotatable designs; examine the relative efficiencies for augmented second order rotatable 
designs and apply augmented second-order rotatable designs to obtain design points that 
optimize sweet potato yield. The study transformed cyclic coordinates into Cartesian form 
to create numerical sequences used in moment conditions for developing diverse sets, 
which were further augmented to yield second-order rotatable designs in three-
dimensional space. The evaluation of each design's performance and its relative efficiency 
involved the application of optimality criteria, such as D-, A-, T-, and E-criteria. The 
augmented second-order rotatable design was fitted to the data to obtain design points 
that optimize sweet potato yield. The R statistical software was used for modeling and 
analysis while Python was used in the construction of the design and evaluation of 
optimality criteria. The three augmented second order rotatable designs in three 
dimensions were successfully constructed. Generally, the twenty three point second order 
rotatable design turned out to be the most optimal and efficient design. Goat manure 
significantly outperformed poultry and rabbit manure, quadratic effects and interactions 
among poultry, rabbit, and goat manure also played a crucial role in boosting sweet potato 
yield. The study found that the optimal levels of poultry manure, rabbit manure, and goat 
manure that led to maximum yield were 35g/hole, 25g/hole and 45g/hole respectively. 
The application of these specific quantities resulted in the highest yield performance of 
4kg/mounding. In conclusion, the study developed an optimal and efficient augmented 
second-order rotatable design. This advanced design was subsequently applied to 
effectively optimize sweet potato yield, demonstrating its practical utility in enhancing 
agricultural productivity. It is recommended that agricultural practitioners should consider 
integrating goat manure into sweet potato farming practices to optimize yield. The study 
underscores the importance of advanced experimental designs in agriculture for further 
research, promoting more efficient and sustainable farming techniques. 
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CHAPTER ONE

INTRODUCTION

This chapter provides an overview of the study's context, outlines the problem being

addressed, de�nes the objectives, and discusses the importance of the study.

1.1 Background Information

Sweet potatoes (Ipomoea batatas) are a vital crop worldwide, serving as a staple

food in many regions due to their nutritional value, adaptability, and resilience

to varying environmental conditions. However, the need to optimize sweet potato

yield has become more pressing in the face of growing global food demand,

climate variability, and resource limitations. While traditional farming methods

have proven e�ective to an extent, they often fall short in capturing the complex

interactions between multiple factors�such as soil fertility, irrigation, planting

density, and climatic conditions�that in�uence crop growth.

To address these challenges, advanced modeling techniques that account for

non-linear interactions and dynamic agricultural environments are required.

One such advanced approach is the Augmented Second-Order Rotatable Design

(ASORD), a powerful statistical tool rooted in response surface methodology.

ASORD enhances the precision and �exibility of experimental designs, making it

particularly e�ective for agricultural applications where numerous variables interact

in complex, non-linear ways. By adding supplementary points to traditional

designs, ASORD provides a more comprehensive exploration of the input factors,

enabling more accurate predictions and optimization of crop yields.

1
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This design has been further enhanced by the incorporation of trigonometric

functions, which capture periodic and cyclic phenomena, such as seasonal varia-

tions, temperature �uctuations, and plant growth patterns. Trigonometric models

help improve the predictive power of ASORD, making it a cutting-edge tool for

optimizing sweet potato yield.

This study explores the use of Augmented Second-Order Rotatable Designs

with Trigonometric Functions as an innovative approach to modelling and opti-

mizing sweet potato yield. By integrating trigonometric functions, this advanced

modelling technique provides a more accurate representation of the interactions

between environmental variables and plant growth dynamics. The goal is to o�er

a practical yet sophisticated framework for farmers and researchers to achieve

higher yields, more e�cient resource use, and greater resilience to environmental

variability. In a rapidly evolving agricultural landscape, these advanced techniques

represent a crucial step toward sustainable and optimized sweet potato production.

The history and development of experimental designs, particularly second-

order rotatable designs, provide a robust foundation for their modern applications

in agriculture and food security. Box and Hunter, (1957) introduced the concept

of rotatable designs. They developed various second-order rotatable designs for

two and three components using geometric arrangements. These designs were

rooted in the idea of a spherical variance function for least squares estimated

responses, enabling the exploration of response surfaces. That same year, Hader

et al.(1957) expanded on these ideas, presenting second-order rotatable designs

as a class of experimental designs anchored in techniques from linear algebra and

multivariate analysis. These designs relied on orthogonal arrays and symmetrical

matrix properties to create balanced and e�cient frameworks for experiments.
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Draper (1959) emphasized the critical preparatory work required for rotatable

designs, ensuring consistent experimental data collection across all directions

equidistant from the design center. Bose and Draper, (1959) applied the trans-

formation group approach to construct additional second-order rotatable designs,

further strengthening the theoretical underpinnings of this methodology.

Box (1960) provided a comprehensive mathematical background for second-order

rotatable designs, elaborating on their symmetrical properties and their role in

modeling relationships between factors and response variables. Kiefer and Wolfowitz

(1960) also highlighted the analytical simplicity and optimal resource utilization

o�ered by these designs, making them increasingly appealing for agricultural

experiments.

Das and Giri (1979) stressed the importance of proper experimental design

to ensure the validity of assumptions for accurate data interpretation. Later,

Box and Draper, (1987) expanded on their earlier work, focusing on the utility of

rotatable designs with spherical variance functions for re�ning hypothesized models.

Santner (2003) explored how the symmetrical properties of second-order ro-

tatable designs were instrumental in modeling factor-response relationships,

reinforcing their importance for balanced and e�cient designs. Berry et al. (1985)

further demonstrated that orthogonal properties allowed factor rotation without

variance, making these designs indispensable in agricultural applications. They

also examined the interplay between orthogonal arrays and symmetrical matrices,

which enabled robust experimental designs.

Khuri and Cornell (2018) introduced innovative second-order rotatable de-

signs for experiments involving two factors, showcasing advancements in response
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surface methodology that enhanced their applicability and precision.

In contemporary times, these foundational principles have been applied to

address critical challenges in agriculture, such as optimizing sweet potato (Ipomoea

batatas) yields. Sweet potatoes are a vital crop globally, particularly for addressing

food security challenges exacerbated by unpredictable climatic conditions, soil

nutrient variability, and expensive farming inputs. Advanced methodologies like the

Augmented Second-Order Rotatable Design (ASORD) have emerged as cutting-

edge tools. By incorporating trigonometric functions, ASORD captures complex

interactions and periodic phenomena such as seasonal variations and growth cycles.

These innovations provide farmers and researchers with a sophisticated framework

for achieving higher yields, e�cient resource use, and resilience to environmental

variability, aligning with Kenya's food security agenda.

This evolution of experimental design re�ects a continuous e�ort to address

global agricultural challenges, o�ering sustainable and e�cient solutions for the

future.

1.2 Basics Concepts

De�nition 1.1: Rotatability: Khuri and Cornell (2018) de�ned rotatability in the

context of experimental designs as a property where the variance of the estimated

response at any point depends only on the distance of that point from the center of

the design.

Remark 1.2: The given de�nition applies under the condition that the vari-

ance depends solely on the distance from the center of the design, as described by

the formula. ρ2 = x2
1 + x2

2 + ...+ x2
n, where ρ

2 is the distance from the center of the
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design, while x represents the input parameter that is being rotated.

De�nition 1.3: Trigonometric functions: The Paper by Edmunds and Lang

(2009), trigonometric functions are real functions that link the ratios of the lengths

of the two sides of a right-angled triangle to an angle in the triangle.

Remark 1.4: The three main trigonometric functions are sine,cosine and tan-

gent represented as sin(x),cos(x)and tan(x), where x denotes the measure of the

angle in radians or degree.

De�nition 1.5: RSM: Khuri and Cornell (2018) they de�ned Response Surface

Methodology (RSM) is a collection of statistical and mathematical techniques

employed to analyze scenarios involving multiple independent factors a�ecting a

dependent variable, with the goal of optimizing the value of this dependent variable.

Remark 1.6: If a farmer wants to �nd the Potash (x1), Nitrogen(x2) and

Phosphate (x3) fertilizer levels that maximize the yield, the observed response y can

be written as a function of the levels of potash, nitrogen and phosphate fertilizers

as follows: y = f(x1, x2, x3) + ε.

1.3 Statement of the Problem

Sweet potato (Ipomoea batatas) is a vital crop globally due to its nutritional value

and adaptability to diverse growing conditions. However, optimizing its yield re-

mains a signi�cant challenge for farmers and researchers alike. Traditional methods

of yield optimization often rely on basic experimental designs and empirical ap-

proaches, which may not fully capture the complex interactions between various

agronomic factors. This results in suboptimal recommendations, leading to less ef-

�cient use of resources and lower crop yields. Food insecurity remains a critical
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issue a�ecting millions globally, particularly in low-income countries, with limited

access to nutritious and a�ordable food leading to poor health outcomes and dimin-

ished quality of life. E�ective agricultural interventions are needed to address these

challenges. One promising approach involves using advanced modelling techniques,

particularly augmented second-order rotatable designs (ASORDs) with trigonomet-

ric functions, to optimize agronomic variables such as growing conditions and fer-

tilization. These designs allow for e�cient testing and optimization of complex

variable interactions, which can signi�cantly enhance crop yields and nutrient con-

tent. Despite the demonstrated potential of second-order rotatable designs (SORDs)

in various agricultural contexts such as optimizing nutritional supplements, identi-

fying optimal crop growth conditions, and improving resource use there remains a

signi�cant gap in their application to sweet potato yield optimization using ASORDs

with trigonometric functions. The core problem addressed in this study is the lack of

comprehensive and robust models that can e�ectively optimize sweet potato yield by

integrating complex variable interactions. Current models are limited in their ability

to account for nonlinearities and interactions between factors such as soil properties,

climate conditions, and cultivation practices. This study aims to develop and val-

idate advanced modelling approaches using ASORDs combined with trigonometric

functions. These models are expected to provide more accurate and reliable pre-

dictions of sweet potato yield under various conditions, ultimately guiding better

agricultural practices and contributing to food security.

1.4 Objectives of the Study

1.4.1 General Objective

The main objective of this study was to optimize sweet potato yield through ad-

vanced modelling with augmented second order rotatable design using trigonometric

functions.



7

1.4.2 Speci�c Objectives

The speci�c objectives were to;

a) Construct augmented second order rotatable designs in three dimensions using

trigonometric functions.

b) Determine the D-, A-, T- and E- optimality criteria for the ASORD constructed

using trigonometric functions.

c) Examine the relative D-, A-, T- and E- e�ciencies for the ASORDs in three

dimensions constructed using trigonometric functions.

d) Apply augmented second-order rotatable designs to identify design points that

optimize sweet potato yield.
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1.5 Signi�cance of the Study

This study is signi�cant as it explores the optimization of sweet potato yield through

advanced modelling techniques, speci�cally using augmented second-order rotatable

designs (ASORDs) with trigonometric functions. By incorporating organic fertil-

izers such as poultry manure, rabbit manure, and goat manure, this study aimed

at identifying the optimal conditions for maximizing sweet potato yield. The use

of these organic manures is particularly relevant in promoting sustainable agricul-

tural practices, as they enhance soil fertility, improve soil structure, and provide

essential nutrients to crops. The advanced modelling approach allows for a precise

understanding of the interactions between these organic fertilizers leading to more ef-

fective and environmentally friendly cultivation practices. This study was envisaged

to contributes to the existing literature on construction of rotatable designs by in-

troducing new ASORDs constructed under trigonometric functions modelling.Using

trigonometric functions concepts, the current study will be helpful in establishing

a novel approach of generating augmented second-order rotatable designs in three

dimensions. It is also expected to provide experimenters with a platform on how to

evaluate several designs of the same category in order to establish their suitability

and e�ectiveness in di�erent crop production processes, as it extends the application

in Sweet potatoes production.



CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction

This chapter presents a trace in chronological order, the numerous schools of thought

that have contributed to the investigation of response surface technique as well as

the development and creation of second order rotatable designs.

2.2 Design of experiments

The Design and Analysis of Experiments (DoE) is a critical area of statistical

science that focuses on understanding relationships between input variables

(factors) and output variables (responses) through systematic experimentation.

Recent advancements have signi�cantly enhanced the �eld, re�ecting the increasing

complexity of scienti�c inquiries and the integration of modern computational

methods.

Atkinson (2017), demonstrated the use of adaptive Bayesian designs in dose-

�nding studies, improving the e�ciency and ethical considerations of clinical trials

in the pharmaceutical industry.

Jin et al. (2018), showcased the e�ectiveness of Kriging models in capturing

complex surfaces for RSM, particularly in applications such as climate mod-

eling and aerodynamics, outperforming traditional RSM methods. Meyer and

Nachtsheim (2024) highlighted the role of parallel computing in accelerating the

construction of optimal designs, reducing computational time and improving

9
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e�ciency. Smith et al. (2018) discussed the integration of DoE with precision

agriculture technologies, such as remote sensing and GIS, for targeted experimental

studies.

Montgomery et al.(2019), applied response surface methodology (RSM) to

optimize parameters in additive manufacturing processes. Singh et al.(2019)

utilized active learning algorithms for adaptive experimental design, reducing the

number of experimental runs in cost-intensive �elds like drug discovery. Mishra

and Talbott(2019) explored robust RSM designs, emphasizing designs resilient to

variability in experimental conditions. Kiefer (2019) introduced computationally

e�cient algorithms for D-optimal designs, addressing challenges in large-scale,

high-dimensional experiments. Rodriguez and Ziegler.(2019) applied RSM in preci-

sion agriculture to optimize water and nutrient inputs, minimizing environmental

impact while improving crop yields.

Montgomery et al. (2020), advanced RSM with third-order models for better

capturing complex interactions, particularly in materials science. Park and Lee

used factorial designs to study the fatigue life of aerospace components. Neykov

et al.(2013) applied multi-objective optimization to engineering systems, achieving

Pareto-optimal designs for balancing cost e�ciency and system performance.

Fang and Wong (2021)introduced penalized regression techniques for analyzing

high-dimensional experimental data, improving interpretability in �elds like genetics

and materials science.

Zhou and Chen.(2021), introduced Bayesian approaches to DoE, enabling ef-

�cient designs for complex, multi-factorial experiments. Jones and Goos employed

split-plot designs in agriculture to evaluate the e�ects of fertilizers and irrigation
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methods. Zhang and Wang.(2021) developed AI-driven algorithms for real-time

optimization of manufacturing processes, enhancing the handling of complex,

high-dimensional setups. Liu et al.(2021) proposed sparse experimental designs to

identify critical factors in high-dimensional genetic experiments e�ciently. Park

et al. combined RSM with random forest algorithms for optimizing industrial

processes, achieving superior results compared to individual methods.

Chen and Lin (2022) demonstrated the application of big data analytics in

identifying critical factors in complex biological experiments, marking the growing

integration of DoE with data science. Patel and Shukla (2022) applied hybrid

DoE approaches to optimize composite material production, achieving signi�cant

performance gains while reducing costs.

Most recently, Singh et al. (2023) explored the potential of quantum com-

puting to revolutionize DoE by solving computationally intractable problems.

Emerging applications in �elds like personalized medicine, autonomous systems,

and sustainable development are expected to drive further innovation and research.

2.3 Theoretical Advancements in RSM

In recent years, advancements in Response Surface Methodology (RSM) have

signi�cantly enhanced its applicability across various domains. Traditional RSM

techniques, such as Box-Behnken Designs and Central Composite Designs, remain

foundational, but the integration of machine learning and arti�cial intelligence

has expanded their scope. Early applications of RSM, like the work by Gohel

and Chauhan (2015) in optimizing drug formulations, showcased its utility in

pharmaceuticals. Similarly, Li et al. (2022) optimized heavy metal removal from

wastewater, emphasizing cost-e�ective environmental solutions. Arvidsson and
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Gremyr (2013) introduced robustness into RSM, making models more resistant to

variability, with applications in improving product quality in the automotive sector.

Liu et al. (2012) further advanced RSM by integrating it with neural networks,

addressing non-linear relationships in process optimization, while Al-Hilphy et al.

(2016) utilized RSM in the food industry to optimize the extraction of bioactive

compounds. Montgomery et al. (2017) reviewed its applications in manufacturing,

highlighting its role in process optimization for welding and machining.

Machine learning integration became prominent with Zhang and Wang (2018), who

applied support vector regression to enhance manufacturing predictions. Concur-

rently, Kumar et al. (2018) employed RSM to optimize fermentation conditions

for antibiotic production. Sustainability applications also emerged, with Smith et

al. (2020) using RSM to minimize the environmental impact of chemical processes

in alignment with green chemistry principles. The combination of RSM with

deep learning, as demonstrated by Liu et al. (2021), improved model robustness

and accuracy in chemical engineering. To address challenges in high-dimensional

systems, Zhang et al. (2023) merged RSM with principal component analysis

(PCA), ensuring model precision while reducing complexity.

Trigonometric and Fourier-based RSM introduced new dimensions to model-

ing. Li et al. (2019) demonstrated the ability of trigonometric RSM to model

periodic behaviors in chemical reactions, surpassing traditional quadratic mod-

els. Wang and Zhao (2020) extended this with Fourier-based RSM, e�ectively

decomposing oscillatory data for applications in electrical engineering. Agricultural

applications, such as Wang et al.'s (2020) optimization of irrigation schedules using

trigonometric RSM, addressed periodic environmental factors like rainfall. Hybrid

models combining polynomial and trigonometric terms, proposed by Gao et al.
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(2024), have been applied to optimize renewable energy systems. Zhang and Yang

(2021) introduced wavelet-based RSM to capture localized oscillations in turbulent

�uid dynamics, while Huang and Feng (2022) developed a global sensitivity analysis

framework tailored to trigonometric RSM models.

Despite these advancements, challenges remain, including the increased com-

plexity of trigonometric models and issues like multicollinearity. E�orts to address

these challenges include improved gradient-based optimization algorithms by Liu

and Chen (2020) and the application of genetic algorithms (Singh et al., 2018)

for exploring non-linear design spaces. Looking forward, research may focus on

developing e�cient optimization methods, simplifying model interpretation, and

integrating machine learning techniques to tackle high-dimensional and complex

systems. RSM continues to evolve as a powerful tool for predictive modeling and

optimization across diverse �elds, driven by its adaptability and integration with

advanced computational techniques.

2.4 Development of Response Surface Methodology

The early development of Response Surface Methodology (RSM) began with

higher-order polynomial models to address complex variable interactions in chemi-

cal processes. Kim and Lee (2009) pioneered third- and fourth-order polynomial

models, improving accuracy but requiring extensive data to avoid over�tting.

Around the same time, Singh and Kumar (2019) applied RSM in manufacturing to

optimize CNC machining, achieving better surface �nishes and reduced machining

times. To tackle model selection challenges, Tariq and Williams (2010) introduced

Akaike's Information Criterion (AIC) and Bayesian Information Criterion (BIC),

helping researchers select appropriate models while minimizing over�tting.
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Liu and Hsu (2010) demonstrated the advantages of space-�lling designs, such as

Latin hypercube designs, in distributing sample points evenly across experimental

regions, especially in high-dimensional spaces. Antony et al. (2017) integrated

robust design techniques, inspired by Taguchi methods, into RSM, which optimized

processes by reducing variability due to environmental noise. Sayed and Hashim

(2011) advanced global optimization by combining genetic algorithms (GAs) with

RSM, reducing the risk of local minima in chemical and biological systems. Zhu and

Vandenplas (2011) introduced adaptive sequential experimental designs, re�ning

response surfaces iteratively to reduce costs.

Cho and Jones (2012) explored fractional factorial designs and reduced poly-

nomial models, minimizing experimental runs while maintaining accuracy�an

approach particularly useful for industries like manufacturing and chemical engineer-

ing. Jin et al. (2017) incorporated Kriging models into RSM for high-dimensional

optimization problems, providing e�cient approximations for computationally

expensive simulations. Chakraborty and Sharma (2016) used simulated annealing

with RSM to improve optimization robustness in systems with multiple local optima.

Xu et al. (2013) proposed incorporating noise factors directly into RSM

models, enabling realistic predictions and optimization in noisy environments such

as environmental and agricultural studies. Kang et al. (2013) applied RSM to

optimize water and nitrogen usage in agriculture, maximizing crop yield while

minimizing environmental impacts. Cornell and Ghosh (2017) introduced modi�ed

mixture designs to handle nonlinear interactions between components in mixtures.

Xie et al. (2014) addressed the challenges of multi-response optimization by

applying Pareto-optimal frontiers to manage trade-o�s between con�icting objec-
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tives, particularly in engineering systems. He and Wang (2014) explored the use of

radial basis functions (RBFs) with RSM for modeling highly nonlinear systems in

aerospace and mechanical engineering. Patel and Kumar (2021) used RSM in the

pharmaceutical industry to optimize sustained-release drug formulations, achieving

improved stability and e�cacy.

2.5 Rotatability and Rotatable designs

Classical approaches to rotatability were initially based on central composite

designs (CCDs) and Box-Behnken designs (BBDs), which provided fundamental

frameworks for designing experiments with rotatability. A pivotal review by

Khuri and Cornell (2018) outlined the foundational principles of these designs,

establishing key criteria for ensuring that the design points are evenly distributed,

thus allowing for unbiased estimation of model parameters. These methods set the

stage for further advancements in the �eld.

The theoretical understanding of rotatability in higher dimensions was ad-

vanced by Chen et al. (2022), who proposed new criteria to ensure rotatability

for CCDs in more complex experimental settings. Their work extended the

applicability of rotatability to higher-dimensional designs, addressing challenges

posed by more complex experimental con�gurations. This laid the groundwork for

the application of rotatability in more sophisticated experimental designs.

With the advancement of computational tools, the creation and optimization

of rotatable designs became signi�cantly more e�cient. McKay et al. (2006)

made a major contribution by introducing e�cient algorithms for generating

optimal rotatable designs. These algorithms utilized optimization techniques and

computational geometry, making the process of design creation more streamlined



16

and accessible. This development was crucial in enhancing the practical use of

rotatability in various experimental �elds.

A signi�cant area of research has been the integration of Latin Hypercube

Sampling (LHS) with rotatable designs, which enhances the �exibility and e�ciency

of experimental setups. Wu et al. (2013) demonstrated how LHS could be

adapted to ensure rotatability while providing better coverage of the design space.

This integration allowed for more e�cient sampling in high-dimensional settings,

improving the robustness of experimental designs and optimizing the number of

required runs.

Subsequent research expanded the concept of rotatability beyond CCDs and

BBDs. Wang et al. (2015) explored rotatability in factorial designs with complex

constraints. Their work developed methods to achieve rotatability even in the

presence of varying factors and constraints, greatly enhancing the applicability

of rotatable designs in more constrained experimental conditions. This extension

broadened the range of systems where rotatable designs could be e�ectively applied.

As experimental designs grew more complex, there was a growing need for

rotatability in high-dimensional spaces. McKay et al. (2006) and Wang et al.

(2015) addressed these challenges by introducing new criteria and algorithms for

generating rotatable designs in multi-dimensional spaces. Their work focused on

computational feasibility and the e�cient generation of designs that maintain

rotatability, thus tackling the challenges associated with high-dimensional experi-

mental spaces.

The application of rotatable designs has seen signi�cant advancements in industrial

and engineering �elds. Lee and Chang (2014) applied rotatable designs to optimize
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chemical processes, achieving signi�cant improvements in process e�ciency. In the

manufacturing sector, Zhang et al. (2017) explored the e�ectiveness of rotatable

designs in optimizing production parameters, further demonstrating their utility in

industrial applications.

Rotatable designs have also found widespread use in environmental and bio-

logical research, where they have been employed to model complex systems with

multiple interacting factors. Patel et al. (2017) applied rotatable designs to study

the e�ects of environmental variables on plant growth, providing insights into

optimizing agricultural practices. These designs have also been used in ecological

studies to model the impact of various environmental factors on outcomes such as

biodiversity and ecosystem health.

In the �eld of health and medicine, rotatable designs have been employed to

optimize treatment protocols and evaluate the e�ects of di�erent factors on patient

outcomes. Jones et al. (2016) explored the use of rotatable designs in clinical trials,

demonstrating their ability to improve experimental e�ciency and the reliability

of results in medical research. This further highlights the versatility of rotatable

designs in various scienti�c domains.

More recently, the integration of rotatable designs with modern technologies

such as machine learning and arti�cial intelligence has become an emerging trend.

Sharma and Gupta (2021) examined the use of machine learning algorithms to

re�ne rotatable designs, enhancing prediction accuracy and optimizing experimental

setups. This intersection of experimental design and advanced technologies is poised

to drive further innovations in the �eld.
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Lastly, the development of adaptive and sequential rotatable designs repre-

sents a promising direction for future research. These designs allow for adjustments

to be made based on interim results, providing greater �exibility and e�ciency

in experimentation. Liu et al. (2020) introduced methods for adaptive rotatable

designs, which dynamically adjust the design as new data becomes available, thus

allowing for more responsive and e�cient experimental work�ows.

2.6 Response Surface and Second-Order Rotatable Designs

Traditional second-order models often fall short in accurately describing processes

with strong nonlinearity or interaction e�ects. Researchers such as Box et al.

(2007) introduced modi�ed second-order models that allow for additional interac-

tion terms. These models are especially useful in high-dimensional experimental

spaces, where interactions between multiple factors can have signi�cant impacts

on the response. Hybrid polynomial models that combine second-order terms with

other forms of regression (e.g., kernel-based regression) have been introduced. The

integration of computational algorithms with second-order rotatable designs has

been a key area of advancement. High-dimensional spaces and complex processes

have led to the incorporation of optimization algorithms to re�ne experimental

designs. The use of genetic algorithms (GA) in optimizing second-order rotatable

designs became prevalent, especially in industrial applications where multiple

objectives need to be balanced. Singh and Patel (2004) demonstrated how GA

could enhance the e�ciency of SORD by identifying optimal factor levels that

minimize prediction variance. This approach has been widely applied in material

sciences and manufacturing processes.

Robust designs allow for optimization in the presence of environmental noise

and process variability. Yadav and Kumar (2013) explored the integration of robust
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design principles with second-order response surfaces to mitigate the e�ects of

noise in industrial processes. They found that incorporating robustness criteria

improved the consistency of optimized responses across varying conditions, such as

temperature �uctuations and material variability.

Rotatability is often achieved by carefully selecting factor levels in a way

that balances precision. However, customizing rotatable designs to speci�c ex-

perimental constraints was an area of research focus. Kumar and Singla (2019)

developed a method to adjust standard rotatable designs for experiments with

constraints such as limited resources or safety concerns.

Zhou et al. (2014) applied hybrid models in the optimization of chemical

processes, demonstrating better predictive accuracy than standard second-order

models alone. These models maintain the simplicity of polynomial models while

incorporating �exibility to handle nonlinearity. Decreasing the experimental burden

has always been a priority in RSM. Xu and Deng (2014) proposed augmented

second-order rotatable designs that allow for sequential experimentation. In this

framework, experiments are carried out in stages, with new data points being added

progressively based on initial results.

Desirability functions have been a traditional method for handling multiple

responses in RSM. Fang et al. (2021) accommodate more intricate trade-o�s

between responses, such as in the optimization of food formulations, where

sensory and nutritional qualities often con�ict. Simulated annealing (SA) has also

been applied to optimize second-order designs, particularly in cases where the

experimental region is large and contains multiple local optima. Liu et al. (2022)

demonstrated the e�ectiveness of SA in re�ning rotatable designs for chemical
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reaction optimization, leading to higher yields and reduced waste.

The classical second-order rotatable design assumes a speci�c distribution of

the experimental points, but real-world experiments often deviate from these

assumptions. Huang et al. (2010) introduced generalized rotatable designs that

relax some of the assumptions of classical designs, such as homoscedasticity

(constant variance).

Rotatability was revisited with an emphasis on e�ciency. Mandal et al. (2020)

proposed methods that simultaneously optimize the prediction accuracy across

all directions while minimizing the total number of required experimental runs.

In chemical engineering, RSM has been used to optimize reaction conditions,

catalyst performance, and process yields. For example, Zhang et al. (2017) applied

rotatable designs to optimize biodiesel production, signi�cantly reducing resource

consumption while maximizing yield.

Recent developments in multi-objective RSM, including the use of Pareto frontiers,

have provided a framework for optimizing multiple responses simultaneously. Song

and Li (2018) explored multi-objective optimization for processes with con�icting

goals, such as cost and product quality, applying Pareto-optimal second-order

designs that balance multiple factors. Advances in design theory during this period

focused on creating more e�cient rotatable designs for high-dimensional spaces.

Garcia and Martinez (2018) developed space-�lling rotatable designs that require

fewer runs while maintaining rotatability in systems with over ten factors.

Bayesian optimization methods have become an increasingly popular tool for

guiding experimentation in RSM. Studies such as Smith et al. (2019) show
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how Bayesian optimization algorithms can be applied to second-order rotatable

designs, making the experimentation process more adaptive and data-driven. Drug

formulation has also bene�ted from these designs. Xu and Kim (2019) applied

second-order rotatable designs to optimize the formulation of controlled-release

pharmaceuticals.

Recent studies, such as Lee and Han (2014), have introduced Bayesian meth-

ods to develop robust RSM models. Bayesian RSM allows for the integration of

prior information about noise levels into the model, enhancing the design's ability

to handle uncertainty.

As machine learning (ML) techniques have grown in popularity, their inte-

gration with RSM, particularly in optimizing second-order designs, has gained

momentum. Recent studies, such as Chen and Li (2021), combined machine

learning algorithms with second-order rotatable designs to create surrogate models

that approximate the response surface more e�ciently.

2.7 Construction of Second-Order Rotatable Designs

Central Composite Designs (CCDs) remain a fundamental approach for construct-

ing second-order rotatable designs. McKay et al. (2006) provided comprehensive

guidelines on the construction of CCDs, emphasizing the design's �exibility and

e�ciency. The traditional approach involves combining a factorial design with a set

of axial points and center points.

Recent studies have explored extensions and modi�cations to factorial de-

signs to enhance rotatability. For instance, Zhou and Li (2007) proposed a method

for constructing second-order rotatable designs by incorporating additional runs
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to improve the precision of the estimation of interaction e�ects. Their approach

extended the classical factorial designs to achieve better coverage and �exibility in

various experimental settings.

The development of algorithms for generating second-order rotatable designs

has seen signi�cant progress. Cheng et al. (2018) introduced a new algorithmic

approach that optimizes the placement of axial points in CCDs to achieve rotata-

bility more e�ciently. Their method utilized computational techniques to reduce

the computational burden associated with traditional design construction methods.

Theoretical developments have re�ned the understanding of rotatability in

second-order designs. Research by Zhang and Liang (2011) provided a theoretical

framework for characterizing rotatability, o�ering necessary and su�cient conditions

for second-order designs. This work has been foundational in understanding how

di�erent design con�gurations can achieve rotatability.

The exploration of rotatability in high-dimensional and complex experimental

settings has been a signi�cant area of research. Wu and Zhang (2013) extended

the theory of rotatability to designs with more than three factors, providing new

criteria and methods for ensuring rotatability in high-dimensional spaces. Their

work addressed the challenges associated with maintaining rotatability as the

number of factors increases.

Second-order rotatable designs are widely used in industrial and engineering

applications to optimize processes and improve product quality. Research by Patel

et al. (2021) applied second-order rotatable designs to manufacturing processes,

demonstrating improvements in e�ciency and product consistency.
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Modern optimization techniques have been applied to enhance the construc-

tion of second-order rotatable designs. For example, Yang et al. (2015) utilized

metaheuristic optimization algorithms, such as genetic algorithms and simulated

annealing, to construct rotatable designs. Their research demonstrated that these

techniques could e�ectively handle complex design constraints and improve design

quality. In environmental and biological research, second-order rotatable designs

have been used to model complex systems and optimize experimental conditions.

For example, Kumar and Gupta (2018) applied second-order rotatable designs

to study the e�ects of environmental factors on plant growth, providing valuable

insights into agricultural practices and environmental management.

Second-order rotatable designs have also found applications in healthcare and

clinical trials. Research by Jones et al. (2016) utilized these designs to optimize

treatment protocols and evaluate the e�ects of di�erent factors on patient out-

comes. Their work underscores the versatility of second-order rotatable designs in

improving experimental e�ciency and outcomes in medical research.

Recent theoretical advancements have also focused on constructing second-

order rotatable designs under various constraints, such as budget limitations

or physical constraints. Research by Lei and Xu (2017) proposed methods for

constructing rotatable designs with constraints on the number of experimental

runs and other practical limitations. Their work has broadened the applicability of

second-order rotatable designs in real-world scenarios.

Similarly, Zhang et al. (2018) utilized these designs to optimize chemical

processes, highlighting their e�ectiveness in practical settings.
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Adaptive and sequential designs are gaining attention as they allow for ad-

justments based on interim results. Research by Liu et al. (2020) introduced

adaptive second-order rotatable designs that can dynamically adjust based on ongo-

ing experimental data, o�ering greater �exibility and e�ciency in experimentation.

The integration of second-order rotatable designs with machine learning tech-

niques is an emerging trend. Recent studies, such as those by Sharma and Gupta

(2021), explore how machine learning algorithms can enhance the design and

analysis of experiments, providing more accurate predictions and optimizing design

parameters.

2.7.1 Construction of SORD Using Trigonometric Functions

Second-order rotatable designs (SORDs) are fundamental in response surface

methodology (RSM), o�ering a statistical framework for e�ciently exploring

quadratic relationships between multiple input variables and a response. Since their

inception by Box and Hunter, SORDs have been widely applied in �elds such as

agriculture, engineering, chemistry, and industrial optimization. Over time, classic

SORDs have been expanded and modi�ed to address real-world complexities,

including the integration of trigonometric functions aimed at capturing cyclic or pe-

riodic behaviors in response variables. The original formulation of SORDs assumes

a second-degree polynomial relationship between input variables and the response,

which works well in many cases. However, when input-output relationships exhibit

cyclic or periodic behavior, traditional SORDs may fall short. Yang et al. (2015)

pioneered the integration of sine and cosine functions into SORDs to model cyclic

environmental conditions a�ecting crop yield. Their study demonstrated that

trigonometric SORDs provided better model �ts and more accurate predictions for

crops subjected to seasonal temperature and rainfall variations.
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Building on this foundation, Wang and Zhang (2017) proposed an augmented

trigonometric SORD to model both quadratic and cyclic e�ects in environmental

studies. By adding axial points and sine/cosine terms to the original design

matrix, they enhanced its �exibility for exploring input spaces exhibiting quadratic

curvature and periodic �uctuations. Their study, applied to optimizing greenhouse

gas emissions, showed superior model accuracy and prediction e�ciency compared

to traditional SORDs. A critical challenge in integrating trigonometric functions

is preserving essential properties like rotatability and orthogonality. Chen and Li

(2019) introduced a novel method for constructing rotatable trigonometric SORDs,

ensuring that added sine and cosine terms did not disrupt these properties. Their

approach allowed for accurate predictions across a wide range of experimental

conditions, particularly in cyclic or periodic scenarios.

The e�ciency of experimental designs becomes paramount when handling

computational complexity. Mikhailov and Morozova (2024) assessed the e�ciency

of trigonometric SORDs in agricultural experiments involving periodic environmen-

tal factors such as temperature and precipitation. Their research demonstrated

that trigonometric SORDs required fewer experimental runs than augmented

SORDs to achieve equivalent precision, thanks to their ability to capture both

quadratic and periodic e�ects with fewer design points. Trigonometric SORDs have

found diverse applications across various �elds. In agriculture, Yang et al. (2017)

applied trigonometric SORDs to model seasonal temperature variations on rice

yields in East Asia, optimizing planting times and fertilizer applications. Similarly,

Rodriguez et al. (2019) used augmented trigonometric SORDs to optimize vineyard

irrigation schedules in Mediterranean climates, achieving better water e�ciency

and crop quality. In environmental science, Smith et al. (2020) optimized air
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quality monitoring stations in urban settings using trigonometric SORDs. By

capturing daily and seasonal pollution cycles, they improved predictions of peak

pollution times and enhanced monitoring station placements. In engineering and

manufacturing, Patel and Singh (2021) used trigonometric SORDs to optimize

the performance of rotating machinery in the automotive industry, addressing the

periodic nature of mechanical vibrations to improve maintenance schedules and

reduce downtime.

Despite these advancements, challenges persist. One signi�cant challenge is

computational complexity, as incorporating trigonometric functions increases the

matrix's complexity. Zhou et al. (2022) highlighted the need for e�cient algorithms

to manage high-dimensional experiments involving multiple factors. Another

challenge is the risk of over�tting when too many sine and cosine terms are added to

the design. Wang and Zhao (2023) proposed using the Akaike Information Criterion

(AIC) to balance model complexity and �t, determining the optimal number of

trigonometric terms to include. Trigonometric SORDs provide a powerful extension

to traditional designs, enabling researchers to model cyclic behaviors e�ectively.

Continued advancements in computational tools and theoretical frameworks will

further enhance their applicability across disciplines.

2.8 Construction of ASORD

The concept of rotatable designs was introduced by Box and Hunter (1957) in their

seminal paper on response surface methodology, highlighting their utility in ensuring

consistent prediction variance across all directions within the factor space. Building

on this foundation, Draper and Lin (1990) explored the augmentation of second-

order designs, demonstrating how additional runs or points could enhance parameter

estimation e�ciency and prediction accuracy. Kumar et al. (2018) further re�ned
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this concept by focusing on augmenting second-order rotatable designs, proposing

methods to preserve or improve their rotatability and prediction variance properties.

Goos et al. (2011) provided a theoretical framework for constructing aug-

mented second-order rotatable designs (ASORDs), introducing the innovative use

of "equally spaced points" and algorithms to maintain rotatability and optimality.

Myers et al. (2016) validated the practical application of ASORDs in indus-

trial experiments, showcasing their e�ectiveness in optimizing response surface

models involving multiple factors. Li and Wu (2022) extended these concepts

to three-dimensional designs, enabling robust experimental setups for complex

scenarios, while Van et al.(2016) bridged theory and practice by developing software

algorithms for constructing and analyzing ASORDs.

The application of second-order rotatable designs expanded to various �elds.

Neykov et al. (2013) applied these designs to optimize nutrient supplementation

in animal feed, emphasizing cost-e�ective methodologies. Wu and Hamada (2013)

employed ASORDs in biotechnology to optimize nanomaterial synthesis, handling

high-dimensional experimental complexities e�ectively. Wang et al. (2022) proposed

robust second-order rotatable designs (RSORDs) using Balanced Incomplete Block

Designs (BIBD), enhancing design e�ciency for diverse parameter conditions.

Andrade et al. (2016) introduced �ve-level coded SORDs, particularly useful

in agriculture and biotechnology, while Khuri and Cornell (2018) conducted a

meta-analysis demonstrating the superior e�ciency and robustness of ASORDs in

high-dimensional experiments.

The designs found numerous applications in optimizing agricultural and food

production processes. Chen et al. (2024) used second-order rotatable designs to
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evaluate irrigation techniques for maize, achieving improved yield and water-use

e�ciency. Rajyalakshmi (2015) investigated second-order slope rotatable designs

(SOSRD) under intra-class correlated error structures, showing e�cient construction

with fewer design points. Vanlauwe et al. (2001) optimized enzymatic hydrolysis

conditions for tuna oil using SORD, addressing malnutrition challenges. Victorbabu

(2007) explored SOSRD under tri-diagonal correlated error structures, identifying

areas for improvement despite challenges. Fedorov et al. (2013) optimized maize cul-

tivation in Nigeria with central composite designs, improving crop quality and yield.

Further advancements included Al-Omran et al. (2023), who optimized fer-

tilizer combinations for wheat using SORD, providing sustainable solutions for

food insecurity. Kaptich et al. (2022) applied SORD to enhance potato tuber

production, while Jones and Nachtsheim (2011) simpli�ed ASORD construction

through heuristic and algorithmic approaches, enabling dynamic and sequential

augmentations. Smith and Jones (2018) developed software tools for implementing

SORD in platforms like R and MATLAB, making the designs accessible to a broader

audience. Victorbabu (2007) introduced SOSRDs using balanced incomplete block

designs, achieving e�ciency with fewer run points.

Applications in nutrition and engineering highlighted the versatility of these

designs. Yang et al. (2017) optimized nutritious food formulations for malnourished

elderly populations in Malaysia using SORD, while Borkowski et al. (2020) used

ASORDs to optimize manufacturing processes for composite materials. Pierce et al.

(2008) applied SORD to improve yam �our processing, and Zhou et al. (2020) used

these designs to optimize protein-enriched biscuits for underprivileged populations.

Kowalski et al. (2020) explored rotatable central composite designs for probiotic

fermented milk, achieving sensory and technological improvements. Adepoju et
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al. (2019) optimized nutrient concentrations for maize, demonstrating the designs'

potential in addressing food security.

Park et al. (2023) introduced SORD using balanced ternary designs, reduc-

ing design points while maintaining robustness. Lee and Jin (2014) enhanced

medical imaging techniques by optimizing MRI and CT scan parameters with

SORD. Guo et al. (2022) applied enhanced rotatable designs to optimize trajectory

and sensor placement in aerospace and robotics. Mangila,(2007) used SORD to

develop functional foods for diabetic patients, focusing on nutritional and sensory

optimization, while Tariq, (2010) employed these designs to improve instant maize

porridge, enhancing its nutritional quality.

Comprehensive documentation and advancements in SORD were provided by

Mehdi(2017), who published a detailed book on experimental designs in agriculture.

Wang et al. (2023) tackled challenges in scalability for high-dimensional SORD

applications, while Zhao et al. (2023) integrated rotatable designs with machine

learning, enhancing predictive models and parameter optimization. These cumu-

lative e�orts underscore the growing importance and versatility of second-order

rotatable designs across diverse scienti�c and industrial domains.

2.8.1 Construction of ASORD Using Trigonometric Functions

Yang et al. (2015) were among the �rst to demonstrate the potential of trigono-

metric SORDs in agricultural optimization. Their study showed that adding

trigonometric terms to the design matrix improved the accuracy of predictions

in situations where responses exhibited cyclic variations, such as crop growth

in�uenced by seasonal temperature and precipitation changes. This work laid the

foundation for further development of trigonometric designs.
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Yang et al. (2017) were among the �rst to propose the integration of sine

and cosine terms into ASORDs. Their study demonstrated that by augmenting

traditional SORDs with trigonometric functions, researchers could more accurately

capture periodic behavior in experimental data. Speci�cally, their work showed

that trigonometric ASORDs outperformed traditional designs in modeling cyclic

environmental factors, such as temperature and rainfall, which are critical in

agricultural studies.

Wang and Zhang (2017) proposed an augmented second-order rotatable de-

sign (ASORD) that addressed limitations of the original SORDs when dealing with

nonlinear and complex response surfaces. By augmenting the design with additional

axial or star points, ASORDs allowed for better estimation of interactions and

non-quadratic terms in the model. Rodriguez et al. (2019) applied trigonometric

ASORDs to optimize irrigation schedules for corn crops in regions with distinct

wet and dry seasons. By incorporating sine and cosine terms to model the cyclical

patterns of rainfall and soil moisture, they were able to develop an irrigation

strategy that maximized crop yield while minimizing water usage. Their results

demonstrated the superiority of trigonometric ASORDs over traditional designs in

capturing the cyclic behavior of environmental variables and optimizing agricultural

outputs.

Zhou and Wang (2018) addressed challenges in incorporating trigonometric

functions into ASORDs while preserving rotatability. Their method involved

carefully selecting the levels of sine and cosine terms to ensure the overall design

matrix remained balanced and the introduction of periodic terms did not distort the

variance-covariance structure of the model. Li et al. (2018) proposed an approach

where trigonometric functions were added to the polynomial terms of a standard
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SORD, allowing the design to account for periodic e�ects such as oscillations in

machinery or seasonal �uctuations in environmental variables. In their study, they

demonstrated how adding trigonometric terms improved model �t for scenarios

involving cyclic behavior.

Liu et al. (2019) applied an augmented trigonometric SORD to optimize fer-

tilizer use in rice farming, where the response variable (yield) was in�uenced by

seasonal changes in temperature and rainfall. By incorporating sine and cosine

terms to account for these periodic e�ects, they were able to develop more accurate

models that helped farmers adjust fertilizer application rates based on expected

seasonal conditions.

Chen and Zhao (2020) developed a novel method for constructing rotatable

ASORDs with trigonometric terms, preserving the rotatability of the design while

incorporating sine and cosine terms to capture periodic e�ects. Their work was

applied to model seasonal variations in air pollution levels, demonstrating that the

rotatable trigonometric ASORD provided more accurate predictions than tradi-

tional designs. Smith and Roberts (2020) applied trigonometric ASORDs to model

the cyclic behavior of temperature and pollution levels in urban environments. By

incorporating trigonometric functions into their design, they were able to capture

the periodic nature of these variables more accurately, leading to better predictions

of peak pollution times and more e�ective environmental management strategies.

Mikhailov et al.(2024) explored methods to optimize the number of experimental

runs in trigonometric ASORDs while maintaining the ability to accurately estimate

both quadratic and periodic e�ects. Their work demonstrated that, by carefully

selecting the experimental points to include in the augmented design, it was possible

to minimize the number of runs without compromising the precision of the model
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estimates.

Singh and Patel (2023) applied an augmented trigonometric SORD to opti-

mize the operation of rotating machinery in industrial settings. By accounting for

the periodic oscillations in mechanical systems using sine and cosine terms, they

were able to develop more e�cient maintenance schedules and reduce downtime.

2.9 Optimality Criteria for ASORDs

The foundation for rotatable designs was laid by Box and Hunter (1957), who

de�ned their key properties and outlined methods for ensuring homogeneous

variance of predicted responses at points equidistant from the design center. This

critical development was expanded upon by Pierce (2008), who speci�cally explored

second-order rotatable designs and introduced criteria to maintain uniform predic-

tion precision, a cornerstone for subsequent advancements in ASORDs. Decades

later, Draper and Liu (2012) pioneered systematic methods for augmenting rotat-

able designs by proposing techniques to add points to existing designs, improving

their statistical properties while preserving rotatability. Concurrently, Myers et al.

(2016) concentrated on G-optimality, aiming to minimize the maximum prediction

variance within the design space, thus enhancing model reliability. Building on

this, Myers, Khuri, and Vining (2016) o�ered a comprehensive review of response

surface methodology, emphasizing design augmentation and optimality criteria

like D-optimality and A-optimality to ensure precise parameter estimates and

predictions.

Borkowski et al. (2004) emphasized the role of graphs and response surface

models for understanding multidimensional functions, highlighting the necessity of

structured approaches in complex experimental designs. Around the same time,
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Goos and Vandebroek (2011) introduced I-optimality for ASORDs, which mini-

mizes average prediction variance, striking a balance in overall design performance.

Montgomery (2012) further elaborated on practical applications of these criteria,

discussing trade-o�s in design selection and o�ering practical guidelines. Expanding

on computational approaches, Box and Draper (2007) utilized modern tools to

optimize design augmentation through simulation and optimization algorithms.

During this period, Pukelsheim (2006) focused on minimizing estimation and

prediction errors by evaluating optimality criteria as measures of information

matrix quality.

Additional advancements were made by Atkinson et al. (2007), who introduced

compound optimality criteria such as DT− and CD− to maximize weighted e�-

ciencies, and Ouda et al. (2023), who studied statistical design processes to improve

model accuracy and informative data collection. Huang et al. (2010) contributed by

examining model-robust D− and A− optimal designs for mixture experiments, em-

phasizing trade-o�s between experimental costs and precision. In applied contexts,

Zhang and Notz (2011) demonstrated ASORDs' utility in optimizing chemical reac-

tion processes, showcasing their bene�ts in prediction accuracy and cost reduction.

Meanwhile, Chuan-Pin Lee and Mong-Na (2011) explored D− optimal designs for

second-order response surface models, focusing on interactions and quadratic e�ects.

Further innovations include Mwan et al. (2018), who discussed optimality

criteria as summaries of model quality and proposed robust D− and A− optimal

designs. Liu et al. (2017) applied D− optimal designs to enhance blackcurrant seed

oil production, achieving signi�cant improvements in yield and purity. Bayesian

methodologies were introduced by Kowalski, Cornell, and Vining (2020), who

developed frameworks incorporating prior information into the design process,

enabling �exible and robust augmentation. More recently, Semida et al. (2020)
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classi�ed optimality criteria into categories such as information-based, distance-

based, and compound criteria, emphasizing the need for tailored designs. Gichuki

(2020) highlighted the balance between experimental precision and cost constraints,

showcasing optimal designs tailored to speci�c models.

2.9.1 D-Optimality and Robustness

D-optimality has remained a pivotal criterion in experimental design due to its

emphasis on minimizing the determinant of the covariance matrix of parameter

estimates, ensuring maximized information about the parameters and more precise

estimates. Dragalin et al. (2006) demonstrated its application in dose-response

studies within the pharmaceutical industry, showing how it could produce e�cient

designs with fewer experimental runs while maintaining reliable parameter esti-

mates. Atkinson, Donev, and Tobias (2007) highlighted D-optimality's robustness

in multi-response experiments, emphasizing its ability to handle multiple outputs

from a single set of experimental conditions. Box and Draper (2007) showcased

its utility in chemical process optimization, where it improved process control and

product quality.

Dette and Melas (2012) extended D-optimality to nonlinear models, particu-

larly in pharmacokinetics, addressing the challenges posed by information matrices

dependent on unknown parameters. Their iterative algorithms allowed for ap-

proximate D-optimal designs in such settings. Goos and Jones (2011) applied

D-optimality in agriculture, optimizing experimental designs for crop yield studies

and enhancing the accuracy of crop response predictions to treatments. Fedorov

and Leonov (2013) introduced robust D-optimal designs capable of managing

uncertainties in model parameters and experimental conditions, broadening its

applicability to variable scenarios.



35

Yang and Stufken (2017) addressed the computational complexities of �nding

D-optimal designs for large-scale problems. Their development of e�cient algo-

rithms reduced the computational burden, enabling the use of D-optimality in

high-dimensional experimental spaces. In recent years, the focus has shifted toward

integrating D-optimality with advanced techniques. Woods et al. (2021) explored

its combination with Bayesian experimental design, incorporating prior knowledge

to re�ne experimental e�ciency and robustness. Zhou et al. (2022) advanced this

trend by proposing an adaptive D-optimal design framework that leverages machine

learning to update designs in real-time as new data emerges. This innovative

approach has shown promise in �elds like materials science and biotechnology,

where experimental conditions are dynamic and continuously evolving.

These advancements collectively illustrate the evolving role of D-optimality

in addressing complex experimental challenges across various disciplines, cementing

its status as a cornerstone in the �eld of experimental design.

2.9.2 A-Optimality and Robustness

A-optimality, which aims to minimize the trace of the inverse of the information ma-

trix to reduce the average variance of parameter estimates, has been a critical focus

of research over several decades. Giovagnoli and Wynn (1995) were among the early

contributors to the development of e�cient algorithms for A-optimality, facilitating

its application in practical scenarios. Borkowski (2003) extended its use to complex

experimental settings, such as adaptive clinical trials and high-dimensional data

analysis. Fang et al. (2023) advanced algorithmic approaches to A-optimality by

employing metaheuristic methods like simulated annealing and genetic algorithms,

which proved e�ective in handling complex and high-dimensional cases.

Pukelsheim (2014) explored the relationship between A-optimality and ro-
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bustness, emphasizing the development of designs less sensitive to errors and

uncertainties, particularly under model misspeci�cation or deviations from ideal

conditions. Jin and Zhu (2016) introduced the use of convex optimization and

semide�nite programming to achieve more precise solutions for A-optimality,

improving computational e�ciency in practical applications. Yang and Zhang

(2017) further re�ned metaheuristic algorithms, enhancing the search for A-optimal

designs in high-dimensional spaces.

Gohel et al. (2015) contributed to the accessibility of A-optimality by up-

dating software tools like R packages (AlgDesign, OptDesign) and MATLAB

toolboxes with advanced algorithms, enabling practitioners to implement these

designs more easily. Smith and Lee (2019) showcased the application of A-optimal

rotatable designs in optimizing material properties and process parameters, partic-

ularly in engineering and manufacturing, while Gao et al. (2024) extended these

applications to the aerospace and automotive industries, improving structural and

aerodynamic performance.

In the medical �eld, Johnson et al. (2023) demonstrated the use of A-optimal

designs in clinical trials and diagnostic testing to ensure e�cient parameter estima-

tion for e�ective treatments and diagnostic tools. McKay and Lu (2006) updated

software tools to include advanced algorithms that addressed computational

challenges, particularly in high-dimensional settings. Yang et al. (2017) leveraged

parallel computing resources to handle the increasing complexity of A-optimal

designs, enabling their application in environmental studies as highlighted by

Harman et al. (2020), where these designs improved the assessment and modeling

of environmental impacts.
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Recent advancements have focused on integrating A-optimal designs with machine

learning techniques to enhance predictive modeling and optimize experimental

design. Wulandari et al. (2023) emphasized the balanced approach of A-optimality,

combining precision in parameter estimation with prediction accuracy. Wang et

al. (2023) addressed the scalability of A-optimal designs, developing methods to

e�ciently tackle high-dimensional problems, while Zhang and Liu (2023) introduced

adaptive A-optimal designs that adjust dynamically based on preliminary results or

changing conditions. Xu et al. (2024) further emphasized the importance of adaptive

designs in enhancing �exibility and e�ciency, particularly in dynamic environments.

Together, these advancements highlight the evolution of A-optimality as a

powerful criterion for achieving precision and e�ciency across a wide range of

applications, from engineering and medicine to environmental and high-dimensional

data analysis.

2.9.3 T-Optimality and Robustness

The evolution of T-optimality has seen signi�cant advancements over the years,

beginning with early studies focused on second-order rotatable designs. Mont-

gomery and Pei (2002) initiated this work, which was later expanded by Jones et

al. (2007) to include higher-order rotatable designs, enabling better modeling of

complex interactions and nonlinear e�ects. Cook and Nachtsheim (2010) explored

the relationships between T-optimality and other criteria like A-optimality and

D-optimality, highlighting their complementary roles in experimental design. This

work laid the foundation for understanding how T-optimality �ts within the broader

framework of optimality criteria.

Goncalves et al. (2013) advanced the algorithms for identifying T-optimal

rotatable designs by incorporating semide�nite programming and heuristic meth-
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ods, such as genetic algorithms and simulated annealing.Pukelsheim (2014)

introduced robust T-optimal designs, ensuring their e�ectiveness under model

deviations and uncertainties. Fang et al. (2015) contributed to the accessibility of

T-optimality through the development of software tools in platforms like R and

MATLAB, simplifying implementation for researchers and practitioners. Azaiez and

Bouzaiene-Ayari (2017) continued this work, re�ning the robustness of T-optimal

designs for practical applications.

In engineering and manufacturing, Smith and Lee (2019) demonstrated the

utility of T-optimal designs in optimizing system performance and process e�-

ciency, particularly in quality control. The aerospace and automotive industries

also bene�tted, with Garcia et al. (2020) using T-optimal designs to improve the

structural components, aerodynamic properties, and safety features of vehicles and

aircraft. Liu et al. (2018) addressed challenges in high-dimensional spaces, re�ning

heuristic algorithms to enhance computational e�ciency in complex experimental

setups.

In medical research, Johnson et al. (2021) applied T-optimal designs to clin-

ical trials and biomedical experiments, focusing on minimizing the maximum

eigenvalue of the covariance matrix for more precise estimation of treatment e�ects

and disease markers. Harris et al. (2022) extended the application of T-optimal

designs to environmental studies, aiding in the accurate modeling of environmental

impacts to support sustainability and policy-making. McKay et al. (2021) further

advanced software tools, updating them to handle the computational demands of

T-optimality in high-dimensional scenarios.

More recently, researchers like Yang et al. (2022) have leveraged high-performance



39

computing to address scalability challenges in large-scale T-optimal designs. Zhang

and Liu (2023) have explored integrating T-optimal designs with machine learning

techniques to enhance predictive modeling and experimental design.Wang et al.

(2023) highlighted the need for advancements in algorithms and computational

methods to tackle the scalability issues associated with complex design problems.

This integration promises to combine the strengths of both �elds for more e�ective

and adaptive designs. while Xu et al. (2024) proposed the development of adaptive

T-optimal designs that adjust dynamically to interim results or changing conditions.

2.9.4 E-Optimality and Robustness

The progression of E-optimality over the years re�ects its evolution from founda-

tional theoretical development to diverse applications and advanced methodologies.

Pukelsheim (2006) extended the E-optimality criterion to generalized linear models

(GLMs), signi�cantly broadening its applicability beyond linear regression. This ad-

vancement was pivotal in �elds like biostatistics and social sciences, where response

variables often deviate from normality. Building on this foundation, Atkinson and

Riani (2007) demonstrated the utility of E-optimal designs in genomic studies,

particularly for high-dimensional data such as microarray experiments, reducing

uncertainty in parameter estimates.

Harman and Jurík (2008) explored the relationship between E-optimality and

other criteria, such as D-optimality and A-optimality, shedding light on trade-

o�s in constrained experimental designs. They highlighted the robustness of

E-optimal designs in worst-case scenarios while noting potential limitations in

minimizing overall variance. Dette and Pepelyshev (2010) further advanced

E-optimality by addressing its application in nonlinear models, common in

pharmacokinetics and chemical engineering, and developed algorithms to tackle

the computational challenges inherent in optimizing the E-criterion for such models.
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Khuri and Mukherjee (2011) expanded the scope of E-optimality to mixture

experiments, demonstrating its ability to create balanced and robust designs,

especially in the presence of interactions between components. Around the same

time, Dragalin et al. (2011) showcased the relevance of E-optimality in pharma-

ceutical dose-�nding studies, emphasizing its importance in minimizing uncertainty

in dose-response relationships. Fedorov and Leonov (2014) contributed to the

engineering domain by applying E-optimality to system identi�cation, illustrating

its role in reducing maximum variance in parameter estimates and ensuring robust

and reliable models for complex systems.

In more recent years, E-optimality has been integrated with computational

and hybrid approaches. Wong et al. (2020) combined E-optimality with Bayesian

design methods, enabling the incorporation of prior information to improve design

robustness. Li and Duan (2022) introduced machine learning-based adaptive

algorithms for E-optimal design, allowing real-time updates in dynamic experi-

mental settings like adaptive clinical trials. Harman and Filová (2023) addressed

multi-objective optimization, balancing E-optimality with other criteria such as

G-optimality and I-optimality, and developed algorithms to tailor experimental

designs to speci�c needs.

Together, these advancements highlight the dynamic evolution of E-optimality,

from its theoretical origins to its diverse applications and the incorporation of

cutting-edge computational techniques, ensuring its continued relevance across

scienti�c and engineering disciplines.
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2.10 Relative E�ciency of ASORD

The development and application of second-order rotatable designs (SORDs) and

augmented second-order rotatable designs (ASORDs) have evolved signi�cantly

over the years, driven by their e�ciency in experimental optimization. Myers

(1971) initiated this �eld by proposing the enhancement of experimental designs

through the addition of supplemental points, improving rotatability and e�ciency.

Draper and Guttman (1973) advanced this concept by introducing ASORDs,

demonstrating their ability to achieve rotatability while enhancing predictive

accuracy and parameter estimation e�ciency.

Kiefer (1974) laid a theoretical foundation by introducing criteria such as D-

e�ciency and A-e�ciency to evaluate and compare the performance of various

designs, including ASORDs. These e�ciency measures became instrumental in

subsequent comparative analyses, such as those by Das and Narasimham (1989),

who illustrated that ASORDs exhibit superior e�ciency, particularly in higher-

dimensional design contexts. Mukherjee and Das (1995) further re�ned ASORD

construction, optimizing the placement of augmented points and enhancing their

practicality for real-world applications.

Applications of ASORDs have spanned diverse �elds. Khuri and Mukhopad-

hyay (2000) employed these designs in the pharmaceutical industry to optimize

drug formulations, demonstrating their superiority over traditional designs.

Varghesse et al. (2005) and VictorBabu (2007) extended this work by evaluating

the relative e�ciencies of various optimality criteria, highlighting the distinct ad-

vantages of T-designs for estimation and A-designs for prediction. The introduction

of computational tools by Jones and Nachtsheim (2011) democratized ASORD

construction, enabling broader adoption across industries.
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In the agricultural sector, studies such as Jamal et al. (2015) and Liu et al.

(2017) underscored the utility of SORDs for e�cient crop yield optimization, with

fewer experiments needed to estimate response surfaces. Similar e�ciency was

observed in optimizing sweet potato and cassava �our blends by Klang et al. (2020)

and Hou et al. (2019), respectively, where SORDs improved the quality of these

staples, addressing food security concerns. Adebayo-Oyetoro et al. (2018) and

Baiyeri and Samuel (2023) highlighted the potential of sweet potatoes in mitigating

food insecurity, leveraging optimized processing methods and value-added products.

Recent advancements have focused on integrating SORDs with computational

techniques. Yang et al. (2020) and Manojkumar et al. (2017) explored decision

trees to evaluate design e�ciency, Mwangi et al. (2019) emphasized the e�ciency of

T-optimal designs in regression and prediction for second-order response surfaces,

further a�rming the versatility of these designs.Gichuki et al. (2020) provided

comprehensive evaluations of e�ciency metrics, emphasizing the importance of

selecting optimal designs to maximize the e�ectiveness of experimental outcomes.

While Sánchez-Madrigal et al. (2022) demonstrated the application of D-optimal

designs in tortilla formulation, providing deeper insights into process variables.

Finally, contemporary studies such as Usuchukwu et al. (2024) optimized

the synthesis of hydroxyapatite nanoparticles using SORDs, demonstrating their

relevance in cutting-edge research. Collectively, these contributions illustrate the

transformative impact of SORDs and ASORDs across scienti�c disciplines, from

foundational theory to practical applications.
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2.10.1 D-Relative e�ciency

D-relative e�ciency, a key concept in experimental design, quanti�es how well a

given design performs relative to the D-optimal design, focusing on minimizing

the determinant of the covariance matrix of parameter estimates. Fedorov and

Leonov (2005) explored its application in robust experimental design, highlighting

its utility in assessing the robustness of designs to model misspeci�cation and

parameter uncertainty. Their �ndings emphasized the importance of D-relative

e�ciency in selecting designs that maintain high e�ciency under suboptimal

conditions. Atkinson and Donev (2007) expanded on this by providing a compre-

hensive overview of D-relative e�ciency, particularly for non-standard designs in

constrained experimental spaces or involving non-linear models. They emphasized

its �exibility as a tool for comparing designs against the benchmark of D-optimality.

Concurrently, Box and Draper (2007) demonstrated its practical value in optimizing

response surface designs, particularly in chemical engineering, where high D-relative

e�ciency designs o�ered near-optimal performance with reduced computational

demands.

In the following decade, Dragalin et al. (2011) showcased its practical utility

in clinical trials by comparing dose-�nding designs, illustrating how designs with

slightly lower D-relative e�ciency could achieve cost savings without signi�cant loss

of statistical rigor. Similarly, Goos and Jones (2011) applied D-relative e�ciency in

agricultural research, where it was instrumental in identifying fractional factorial

designs that balanced statistical power and resource constraints in large-scale �eld

experiments. Dette and Wong (2012) extended the scope of D-relative e�ciency

to mixed models that include both �xed and random e�ects, broadening its

applicability to more complex experimental settings.
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Harman and Filová (2015) advanced the computational aspects of D-relative

e�ciency, introducing algorithms that reduced the computational load of evaluating

e�ciency in high-dimensional designs, thus enabling its application to large-scale

problems. Zhou et al. (2018) further integrated D-relative e�ciency with Bayesian

experimental design, enabling the incorporation of prior information to make more

informed design decisions. Wong et al. (2020) introduced machine learning tech-

niques to predict D-relative e�ciency in adaptive experimental designs, enabling

real-time adjustments based on predicted e�ciencies. Most recently, Filová and

Harman (2023) developed multi-criteria optimization frameworks that consider

D-relative e�ciency alongside other measures, such as A- and E-relative e�ciencies,

facilitating a more comprehensive approach to selecting experimental designs that

perform well across multiple criteria.

Through these developments, D-relative e�ciency has proven to be a versa-

tile and powerful metric, evolving to meet the demands of increasingly complex

experimental and computational challenges. Its broad applications in clinical trials,

agricultural research, and engineering underscore its critical role in experimental

optimization.

2.10.2 A-Relative e�ciency

The concept of A-relative e�ciency has been extensively studied and applied across

various domains of experimental design, with signi�cant advancements made over

the years. Dette and Pepelyshev (2002) extended the concept to nonlinear models,

providing methodologies to adapt A-relative e�ciency to handle the complexities

of nonlinear relationships between predictors and responses. Atkinson and Donev

(2007) explored the relationship between A-optimality and other optimality criteria,

such as D-optimality, highlighting its utility in achieving balanced precision across

all parameter estimates. Box and Draper (2007) applied A-relative e�ciency in
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engineering, particularly in response surface designs aimed at optimizing multiple

response variables simultaneously.

In the context of mixture experiments, Khuri and Mukherjee (2011) demon-

strated the applicability of A-relative e�ciency in balancing the precision of

estimating e�ects of various mixtures, a critical factor in industries like chemical

engineering and food science. The same year, Dragalin et al. (2011) utilized

A-relative e�ciency in the pharmaceutical industry to design dose-response studies,

ensuring precise estimation of drug e�ects across dose levels. Similarly, Goos

and Jones (2011) showed its e�ectiveness in agricultural research, particularly in

fractional factorial experiments for crop yield optimization.

Harman and Filová (2012) introduced computational techniques to e�ciently

calculate A-relative e�ciency in high-dimensional settings, addressing the chal-

lenges of computational burden in large-scale problems. In recent years, Wong et

al. (2020) proposed a Bayesian approach to A-relative e�ciency, incorporating

prior information to enhance parameter precision. Zhou et al. (2021) integrated

machine learning techniques to predict A-relative e�ciency in adaptive experimen-

tal designs, enabling real-time adjustments. Finally, Filová and Harman (2023)

developed multi-criteria optimization frameworks, combining A-relative e�ciency

with other criteria like D- and E-relative e�ciencies, o�ering a holistic approach to

experimental design. These advancements underscore the versatility and continued

relevance of A-relative e�ciency in experimental design and optimization.

2.10.3 T-Relative e�ciency

T-relative e�ciency, a measure used in experimental design to compare the

e�ciency of a given design relative to a T-optimal design, has evolved signi�cantly

over the years, with applications across various �elds. Dette and Trampisch (2002)
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were pioneers in extending the concept of T-optimality and T-relative e�ciency

to nonlinear models, showing its utility in maximizing the precision of estimating

speci�c nonlinear functions of parameters. Atkinson and Bogacka (2003) further

explored its application in pharmacokinetic studies, demonstrating how T-relative

e�ciency could tailor experimental designs to estimate targeted parameters with

high precision, even if other parameters were less precisely estimated.

Dragalin et al. (2006) applied T-relative e�ciency in clinical trials, particu-

larly for dose-response studies, ensuring that doses of greatest interest were

estimated with the highest precision. Box and Draper (2007) utilized T-relative

e�ciency in engineering, optimizing processes by designing experiments that fo-

cused on key response variables for precise parameter estimation. Melas and Muller

(2010) advanced the theoretical framework by developing methods for calculating

T-relative e�ciency in constrained experimental designs, making it feasible to

compare designs that balanced theoretical optimality with practical constraints.

Goos and Vandebroek (2011) applied T-relative e�ciency in environmental science,

designing experiments to predict the impact of interventions with high precision

on key parameters. Harman and Filová (2015) introduced e�cient algorithms

for computing T-relative e�ciency in high-dimensional settings, simplifying its

application to large-scale problems.

T-relative e�ciency has been integrated with modern computational and op-

timization techniques. Wong et al. (2020) introduced a Bayesian approach that

incorporates prior information, enhancing parameter precision in cases where prior

knowledge is available. Zhou et al. (2022) leveraged machine learning techniques

to predict T-relative e�ciency in adaptive experimental designs, enabling real-time

adjustments to designs as new data became available, particularly useful in adap-
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tive clinical trials and personalized medicine. Most recently, Filová and Harman

(2023) developed multi-criteria optimization frameworks, allowing simultaneous

consideration of T-relative e�ciency alongside other criteria such as D-relative and

A-relative e�ciencies. This comprehensive approach has provided researchers with

tools to balance multiple objectives, advancing the �eld of experimental design.

2.10.4 E-Relative E�ciency

E-relative e�ciency, a key measure in experimental design, has evolved signif-

icantly over the years, with contributions spanning theoretical advancements,

computational techniques, and practical applications. Dette and Kunert (2002)

laid the theoretical foundation by exploring the relationship between E-optimality

and other criteria such as D- and A-optimality, emphasizing its importance in

ensuring the precision of the worst-estimated parameter. Pukelsheim (2006)

further advanced the understanding of E-relative e�ciency by providing a com-

prehensive overview of optimal design theory. He highlighted its relevance in

scenarios requiring robustness against large variances in parameter estimates, espe-

cially when certain parameters are inherently challenging to estimate with precision.

Box and Draper (2007) applied E-relative e�ciency in engineering, focusing

on optimizing response surface designs to ensure that the worst-estimated parame-

ter was as precise as possible. Their work demonstrated the criterion's importance

in minimizing risks in scenarios like chemical process optimization, where poorly

estimated parameters could have signi�cant consequences. Harman and Filová

(2012) introduced computational methods to e�ciently calculate E-relative e�-

ciency in high-dimensional settings. By developing algorithms that reduced the

computational burden, they made the criterion feasible for large-scale experimental

designs, paving the way for broader applications.
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Fedorov and Leonov (2014) expanded the theoretical framework by adapting

E-relative e�ciency to nonlinear models. This advancement broadened its appli-

cability, enabling its use in experimental settings where the relationship between

predictors and responses is non-linear. Dragalin et al. (2011) demonstrated its

utility in the pharmaceutical industry, applying it to dose-response studies to

ensure robust estimation of e�ects across dose levels, particularly in worst-case

scenarios. In environmental science, Goos and Vandebroek (2011) utilized E-relative

e�ciency to design experiments that reliably estimated the worst-case e�ects of

environmental interventions, enhancing the robustness of impact assessments.

Recent years have seen innovative integrations of E-relative e�ciency with modern

computational techniques. Wong et al. (2020) introduced a Bayesian approach that

incorporated prior information to improve the robustness of parameter estimates.

Zhou et al. (2021) leveraged machine learning to predict E-relative e�ciency

in adaptive experimental designs, enabling real-time adjustments based on new

data�a critical innovation for �elds like adaptive clinical trials. Most recently,

Filová and Harman (2023) developed multi-criteria optimization frameworks

that combined E-relative e�ciency with other criteria such as D- and A-relative

e�ciencies. This comprehensive approach has empowered researchers to select

experimental designs that balance multiple objectives, ensuring robust and balanced

parameter estimation.

2.11 Application of ASORD on Sweet Potatoes

2.11.1 Origin and Distribution of Sweet Potatoes

The history of sweet potato domestication and cultivation re�ects a complex and

fascinating trajectory, with contributions from both South and Central America.

Austin (1988) posited that sweet potatoes likely evolved from wild Ipomoea

species native to northwestern South America, particularly in present-day Peru
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and Ecuador. Archaeological evidence supports this theory, with remains dating

back over 8,000 years in Peruvian sites (Piperno & Dillehay, 2008). Advances in

genetic studies have further enriched this narrative. Roullier et al. (2013) revealed

that Central America also exhibits genetic diversity comparable to South America,

suggesting that both regions may have been involved in early domestication.

Molecular genetics has played a pivotal role in uncovering the evolutionary

history of sweet potatoes. Zhang et al. (2017) highlighted the high genetic diversity

in South America, reinforcing its role as a primary domestication center. They also

noted signi�cant gene �ow between wild and cultivated species across the Americas,

indicating a complex domestication process. Jarret et al. (2019) identi�ed Ipomoea

tri�da as the closest wild relative of sweet potatoes, suggesting that hybridization

events with this species contributed to the development of cultivated varieties.

Cultivation of sweet potatoes began in the Americas long before European

contact. By 2500 BCE, they were a signi�cant crop in Andean agriculture, as

evidenced by archaeological �ndings from coastal Peru (Hather & Kirch, 1991).

In Mesoamerica, sweet potatoes were a vital food source for pre-Columbian

civilizations, appearing in historical records and depicted in art and pottery (Ugent

et al., 1986). The global spread of sweet potatoes began with European explorers.

Spanish and Portuguese traders introduced the crop to Europe and Africa in the

16th century. While its cultivation in Europe was limited by climate (Jones, 1969),

sweet potatoes thrived in Africa, becoming a staple crop, particularly in East and

West Africa (Rees et al., 2001).

Theories of trans-oceanic contact between Polynesians and South Americans

have emerged to explain the presence of sweet potatoes in Polynesia before Euro-
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pean contact. Linguistic and genetic evidence, including the similarity between the

Polynesian name kumara and the Quechua word kumar, supports this hypothesis

(Clarke et al., 2016). During the 16th and 17th centuries, Spanish and Portuguese

traders introduced sweet potatoes to Asia, where the crop quickly spread to China,

Japan, and the Philippines. China, now the world's largest producer of sweet

potatoes, uses the crop primarily for animal feed and starch production (FAO,

2020; Zhang et al., 2021).

sweet potatoes are cultivated in over 100 countries, thriving in tropical, subtropical,

and temperate regions. In Africa, bioforti�ed varieties such as orange-�eshed sweet

potatoes (OFSP) have signi�cantly improved nutrition, particularly in combating

vitamin A de�ciency (Low et al., 2017). In Asia, sweet potatoes serve diverse

purposes, from food and animal feed to industrial applications. Mukasa et al.

(2019) emphasized the importance of drought-resistant varieties in sub-Saharan

Africa, where climate change threatens agricultural productivity. The United

States, particularly southeastern states like North Carolina and Louisiana, has seen

a resurgence in sweet potato popularity due to their health bene�ts (Mullins et al.,

2020).

Despite their drought tolerance, ongoing research aims to develop even more

resilient varieties. Advances in genetic technologies, such as CRISPR-Cas9, o�er

new possibilities for enhancing pest resistance and beta-carotene content in sweet

potatoes (Zhang et al., 2020). This multifaceted research underscores the crop's

global importance and potential for sustainable agricultural development.

2.11.2 Economic Importance of Sweet Potatoes in the World

Sweet potatoes are cultivated in over 100 countries, with signi�cant concentrations

in Asia, Africa, and the Americas. Early research by Gomez and Gomez (2007)
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emphasized the importance of factorial designs in optimizing agricultural inputs

such as fertilizers and irrigation, which are critical for sweet potato cultivation.

Sweet potatoes' role in rural livelihoods has been extensively studied, particularly

in sub-Saharan Africa. Pierce and Nowak (2008) highlighted how experimental

designs could be applied in precision agriculture to improve input use e�ciency.

Lybbert and Sumner (2012) discussed how sweet potatoes serve as a reliable food

source in disaster-a�ected regions, aiding post-crisis recovery.

Van Jaarsveld et al. (2013) explored the economic contributions of sweet

potatoes through value-added products, while Andrade et al. (2016) demonstrated

their role in improving household income in Mozambique. Mwanga et al. (2017)

highlighted the resilience of sweet potatoes in drought-prone areas, describing their

importance as a "hunger crop." Similarly, Zhang et al. (2017) showed how sweet

potato biomass could be converted into bioethanol, promoting renewable energy

sources. Low et al. (2017) focused on the introduction of orange-�eshed sweet

potatoes (OFSP) to combat vitamin A de�ciency in Africa and Asia.

Advances in experimental design have improved agricultural research outcomes.

Casadevall et al. (2015) applied factorial designs to optimize pest and disease

management strategies. Müller et al. (2016) introduced Bayesian designs in �eld

trials, enhancing experimentation e�ciency. Van Oirschot et al. (2016) addressed

post-harvest losses in sweet potato storage and processing, while Mwanga et al.

(2017) emphasized breeding drought-resistant varieties to mitigate climate change

e�ects. Tumwegamire et al. (2014) illustrated how sweet potatoes are used in

school feeding programs to improve nutrition among children.

Sweet potatoes continue to drive innovation in agriculture and industry. Crossa
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et al. (2017) integrated DOE in genomic prediction models, expediting the

development of stress-tolerant varieties. Mullins et al. (2020) highlighted the

growing popularity of sweet potato-based snacks in health-conscious markets.

Zhang et al. (2021) showcased their application in bioethanol production and

precision agriculture, optimizing pest control using drone technology. López et al.

(2021) further advanced Bayesian adaptive designs for studying disease resistance,

demonstrating �exibility in agricultural research.

Sweet potatoes' global signi�cance is further underscored by their nutritional,

economic, and environmental contributions. Sun et al. (2021) discussed the

industrial use of sweet potato starch in biodegradable plastics, addressing sus-

tainability challenges. Wang et al. (2022) combined real-time data and DOE to

re�ne agricultural inputs dynamically. This integration of advanced techniques

with traditional farming practices highlights the crop's pivotal role in fostering

innovation and sustainability in agriculture.

2.11.3 Application of Response Surface Methodology in Agriculture

Response Surface Methodology (RSM) has become a vital tool in agriculture for

optimizing crop production under various environmental conditions. Myers, Mont-

gomery, and Anderson-Cook (2009) established the foundation of RSM for practical

applications, particularly focusing on polynomial models to predict responses based

on input factors. Kumar and Singh (2010) applied RSM in wheat production,

using central composite designs to optimize nitrogen, phosphorus, and potassium

(NPK) levels, which enhanced crop yield and nutrient uptake. Montgomery (2012)

emphasized RSM's capability to determine optimal input levels to maximize yield,

quality, or sustainability while minimizing costs. Mead et al. (2012) explored the

e�ects of multiple fertilizers and irrigation strategies in rice farming, providing

insights into optimal input combinations.
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Patel et al. (2012) applied RSM in rice farming to model the response of

plants to nitrogen and water levels, reducing nitrogen runo� while maximizing

yield. Mehdi et al. (2013) optimized irrigation levels for wheat production in

semi-arid regions, showing RSM's potential to conserve water while maintaining

high yields. Borges et al. (2014) used RSM to model interactions between nitrogen

and potassium in maize production, revealing non-linear nutrient interactions

often missed in conventional studies. Hussain et al. (2014) applied RSM to study

the interplay of compost and soil moisture on maize production, highlighting

signi�cant interactive e�ects on crop growth. Fang et al. (2015) optimized planting

density and fertilizer levels for tomato production, achieving high yields without

compromising fruit quality.

Gong et al. (2016) used RSM to optimize biochar and nitrogen application

in rice farming, demonstrating sustainable practices that improve yield while

enhancing nutrient cycling. Al-Omran et al. (2016) applied RSM to improve

cucumber yield and quality through the careful management of organic fertilizers

and water levels. Mandal et al. (2020) balanced wheat production with soil health

and nutrient runo�, demonstrating RSM's role in promoting sustainable farming

practices. Chen et al. (2020) combined RSM with arti�cial neural networks to

optimize irrigation and fertilizer use in rice farming, enhancing model accuracy for

complex, non-linear input interactions.

Sharma et al. (2021) explored irrigation strategies in rice farming, identifying

optimal schedules for di�erent growth stages. López et al. (2021) introduced

Bayesian RSM to incorporate prior knowledge into experimental designs, reducing

trial numbers while maintaining robust predictions. Singh et al. (2021) optimized

crop rotation and pest management strategies, reducing chemical pesticide reliance
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while improving pest control. Zhang et al. (2021) used RSM to enhance drone-based

pesticide spraying systems, optimizing e�ciency and sustainability in pest control.

Silva et al. (2018) applied RSM to optimize soil moisture and nutrient availability

for vegetables, recommending irrigation schedules that enhanced water use e�ciency.

Zhou et al. (2022) combined RSM with machine learning to optimize smart

irrigation systems, leveraging real-time soil moisture data to improve water use

e�ciency. Wang et al. (2022) integrated decision trees with RSM to re�ne crop

management practices, o�ering tailored recommendations based on �eld condi-

tions. The continued evolution of RSM, especially when combined with emerging

technologies, underscores its signi�cance in advancing precision agriculture and

sustainable farming practices.

2.11.4 Applications of SORD in Sweet Potato Yield Optimization

Sweet potatoes are a highly nutritious and versatile root vegetable with signi�cant

potential to address global food security challenges. Their adaptability and rich

nutrient pro�le make them an essential crop for populations in need. Singh et al.

(2004) utilized the Box-Behnken design to optimize sweet potato �our production,

enhancing its quality by evaluating variables like drying temperature, time, and

grinding conditions. Khuri and Mukhopadhyay (2010) emphasized the e�ectiveness

of second-order rotatable designs (SORD) for agricultural optimization, particularly

in estimating response variables with precision across complex systems like sweet

potato farming. Goyal and Kachhwaha (2010) demonstrated the value of augmented

SORDs (ASORDs) in improving irrigation schedules and crop yields. Goos and

Jones (2011) noted that although SORD requires numerous trials, integration with

modern technologies could reduce this limitation.

Adebola and Makinde (2012) applied SORD to optimize nitrogen and potas-
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sium levels in sweet potato farming, improving yields and promoting sustainability.

Zhou et al. (2015) used SORD to optimize irrigation strategies in semi-arid

China, showcasing its utility in precision agriculture. Kagoda et al. (2017) applied

SORD in Uganda to model the e�ects of fertilizers, �nding optimal nutrient levels

to enhance yield and e�ciency. Suri and Singh (2018) used SORD to optimize

extrusion processes for sweet potato-based snacks, demonstrating improvements

in product quality. Zhang et al. (2018) employed SORD to investigate genetic

modi�cations for pest-resistant sweet potatoes, highlighting its role in screening

multiple variables e�ciently.

Adepoju et al. (2019) used response surface methodology and SORD to op-

timize drying conditions for sweet potatoes, while Guo et al. (2019) applied the

method to enhance microwave-assisted drying e�ciency. Lagos and Pastrana (2018)

integrated SORD with precision agriculture to address challenges in resource-limited

regions. Mgonja et al. (2020) optimized biochar application and planting density

in Tanzania, promoting sustainable practices. Senevirathana et al. (2021) used

central composite rotatable designs to optimize drying processes for sweet potatoes,

further advancing post-harvest management.

Recent advancements include integrating SORD with real-time data and machine

learning. Gao et al. (2021) combined SORD with sensors for dynamic input

adjustments, boosting yields by 15%. Senevirathana et al. (2021) optimized drying

processes using response surface methodology, while Chen et al. (2022) combined

SORD with arti�cial neural networks to re�ne predictions, reduce experimental

trials, and optimize fertilizer and irrigation. Li et al. (2022) applied SORD

to improve sweet potato chip processing, achieving signi�cant gains in sensory

attributes. Kaptich (2022) optimized planting and spacing parameters for sweet

potatoes using SORD, enhancing production e�ciency. Bai (2022) demonstrated
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the e�ectiveness of SORD in optimizing drying conditions, resulting in high-quality

dried products. This body of research underscores the evolving role of SORD in

addressing global food security through sweet potato farming.

2.11.5 Application of ASORDs for Modeling Sweet Potato Yield

Sweet potatoes (Ipomoea batatas) are a globally signi�cant crop, contributing

to food security through their high nutritional value and adaptability to diverse

agro-ecological conditions. Despite this, optimizing sweet potato yields remains

a complex challenge, in�uenced by soil fertility, irrigation, planting density, and

climatic variability. To address these issues, response surface methodology (RSM)

has been widely applied, with second-order rotatable designs (SORDs) and their

augmented versions (ASORDs) emerging as powerful tools for modeling non-linear

relationships between variables and crop yield. ASORDs, which enhance the

�exibility and precision of experimental designs, allow researchers to explore

complex interactions between variables such as fertilizer levels, irrigation, planting

density, and crop variety.

The foundation of RSM and SORDs was established by Box and Hunter

(1957), enabling the exploration of quadratic relationships with constant prediction

variance. However, as agricultural systems became more complex, Khuri and

Mukhopadhyay (2010) emphasized the need for augmented designs to enhance

�exibility. ASORDs introduced additional design points, such as factorial or axial

points, to improve the robustness of SORDs. These augmentations allowed for

more comprehensive modeling of the response surface, particularly in agriculture,

where multiple factors interact in unpredictable ways.

The application of ASORDs has provided signi�cant insights into optimizing sweet

potato yields. Adebola et al. (2016) applied ASORD to optimize nitrogen and

potassium fertilizer levels in sub-Saharan Africa. By augmenting traditional SORDs
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with additional factorial points, the researchers identi�ed optimal fertilizer combi-

nations that maximized yield while reducing nutrient waste. Water management,

another critical factor for sweet potato farming, has also been optimized using

ASORD. Mehdi et al. (2017) applied ASORD to develop irrigation schedules in

a semi-arid region of Iran, integrating axial points to model interactions between

irrigation frequency, soil moisture, and yield.Similarly, Kagoda et al. (2018)

used ASORD to explore nitrogen, phosphorus, and potassium interactions in

Uganda, revealing precise NPK ratios for improved yield. These studies highlighted

ASORD's ability to capture non-linear interactions often overlooked by traditional

designs, enabling more e�ective and sustainable fertilizer recommendations.

The study demonstrated that ASORD enhanced water use e�ciency while

ensuring high yields. Similarly, Silva et al. (2019) used ASORD in Brazil to

optimize drip irrigation, modeling interactions between irrigation, soil type, and

fertilizer application. These studies underscored ASORD's value in resource-scarce

environments, o�ering site-speci�c recommendations for e�cient water manage-

ment.

Planting density and crop spacing are additional factors in�uencing sweet potato

yield, often interacting with soil fertility and water availability. Mgonja et al. (2020)

used ASORD to examine the e�ects of planting density and biochar application in

Tanzania, identifying combinations that improved yield and soil health. Similarly,

Zhang et al. (2020) integrated ASORD with soil moisture sensors to optimize

irrigation. Zhou et al. (2021) applied ASORD in China to optimize crop spacing,

integrating axial points to model interactions between spacing, soil fertility, and

water availability. Both studies demonstrated the importance of tailoring planting

recommendations to local conditions using ASORD. While Lagos and Pastrana

(2021) used drone-collected imagery to enhance fertilizer recommendations.These
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integrations represent a leap forward in precision agriculture, enabling real-time

adjustments and improved resource e�ciency.

Recent advancements in ASORD have focused on integrating the methodol-

ogy with emerging technologies. Chen et al. (2022) combined ASORD with

arti�cial neural networks (ANNs) to re�ne yield prediction models, leveraging

real-time environmental data to optimize input levels dynamically.

Despite its bene�ts, ASORD presents challenges, including increased com-

plexity and cost due to the need for additional experimental trials. Goos and Jones

(2017) noted that the augmented design requires more resources, though machine

learning can mitigate this by reducing the number of trials. Another limitation is

ASORD's reliance on quadratic modeling, which may not capture more intricate

relationships. Khuri (2016) suggested that while ASORD excels in capturing

quadratic interactions, alternative designs or higher-order models may be necessary

for more complex systems.

2.11.6 E�ect of organic Manure on Sweet Potato Yield

The use of organic fertilizers, such as animal manure, plays a pivotal role in sus-

tainable agriculture by enhancing soil fertility and improving crop yields. Organic

amendments, including goat, rabbit, and poultry manure, are widely used to boost

the productivity of crops like sweet potatoes (Ipomoea batatas). Organic manures

provide essential nutrients like nitrogen (N), phosphorus (P), and potassium (K)

while improving soil health, structure, and fertility. Unlike chemical fertilizers, they

release nutrients slowly, ensuring long-term soil fertility and promoting microbial

activity, better water retention, and increased organic matter (Vanlauwe et al.,

2001). These properties make organic manures especially bene�cial for root crops

such as sweet potatoes, as they improve soil structure, aeration, and nutrient
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availability (Nzeyimana et al., 2014).

Goat manure, known for its high nitrogen, phosphorus, and potassium con-

tent, is a valuable organic fertilizer that breaks down slowly, o�ering sustained

bene�ts to soil fertility. Wahome et al. (2015) found that goat manure signi�cantly

enhances soil fertility, leading to improved root formation in sweet potatoes.

This slow nutrient release supports consistent nutrient availability throughout the

growing season, which is crucial for root development. A study in Kenya by Ndambi

et al. (2018) demonstrated that applying goat manure at a rate of 10 tons per

hectare increased sweet potato tuber yields by up to 40% compared to untreated

plots. The study attributed these results to the slow nutrient release and improved

soil structure provided by goat manure. Ouda et al. (2016) emphasized that goat

manure's gradual decomposition makes it particularly suitable for long-term soil

improvement, enhancing tuber size and weight over time.

Rabbit manure is another e�ective organic fertilizer, noted for its high nitro-

gen content and the ability to be applied directly to crops without composting.

With an average N-P-K ratio of 2.4-1.4-0.6, rabbit manure provides an immediate

nutrient source, promoting early vegetative growth in crops like sweet potatoes

(Acheampong et al., 2017). Kamanga et al. (2020) observed that rabbit manure

enhanced vine growth, essential for photosynthesis and tuber development. Bello

et al. (2019) reported that applying rabbit manure to sweet potato �elds in Nigeria

increased tuber yields by 30% compared to control plots. This improvement

was attributed to the rapid release of nutrients during the early growing season,

fostering faster plant establishment. Additionally, rabbit manure boosts soil

microbial activity, facilitating the breakdown of organic matter and converting

nutrients into forms readily absorbed by sweet potatoes (Olowoake et al., 2021).
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Poultry manure is regarded as one of the most nutrient-rich organic fertiliz-

ers, with an N-P-K ratio as high as 4.5−2.5−1.0(Salami et al., 2017). It provides a

faster release of nutrients compared to goat and rabbit manure, making it ideal for

crops with high nutrient demands, such as sweet potatoes. Poultry manure's high

nitrogen content promotes rapid vine and leaf growth, enhancing photosynthesis

and carbohydrate storage in tubers (Ano & Agwu, 2005). Its nutrient pro�le, which

includes essential micronutrients like calcium and magnesium, further supports

plant health and productivity. Studies have shown that the application of poultry

manure signi�cantly increases sweet potato yield, with rapid nutrient availability

contributing to robust plant development and higher tuber yields.

Overall, goat, rabbit, and poultry manures provide unique bene�ts for sweet

potato cultivation. While goat manure o�ers sustained nutrient release for

long-term soil health, rabbit manure provides immediate nutrient availability,

accelerating early growth. Poultry manure's high nutrient density supports rapid

plant development, making it particularly suitable for intensive cultivation. To-

gether, these organic fertilizers play a critical role in sustainable farming, enhancing

soil fertility, improving crop yields, and supporting the long-term productivity of

agricultural systems.



CHAPTER THREE

METHODOLOGY

This chapter outlines the methods that were used to construct second order rotatable

designs in three dimensions using trigonometric functions. The application on Sweet

Potatoes yield was also expounded.

3.1 A Method for Constructing Augmented SORD in Three Dimensions
using Trigonometric Functions

3.1.1 Second Order Model

The process begins with a comprehensive understanding of second-order rotatable

designs, which are central to the study of response surface methodology and exper-

imental design. These designs enable the exploration of the relationships between

several variables and their e�ects on a response variable, ensuring that predictions

are equally precise in all directions from the center point. The initial step involves

de�ning the mathematical foundation for second-order designs in three-dimensional

space. This entails formulating the quadratic model, which can be expressed as:

y = β0 +
k∑

i=1

βixi +
k∑

i=1

βiix
2
i +

∑ k∑
i<j

βijxixj + ε (3.1)

where

βo is the intercept

βi is the linear coe�cient for the i
th factor

βii is the quadratic coe�cient for the i
th factors

βij is the cross-product coe�cient for the i
th and jth factors

ε is the error term or residual.

61
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We write the model in the form

y = β0 + β11x
2
1u + β22x

2
2u + β33x

2
3u + β1x1 + β2x2 + β3x3 + β12x1x2 + β13x1x3 + β23x2x3

(3.2)

To augment these designs, trigonometric functions are incorporated. Trigonometric

functions, known for their periodic properties, provide an e�ective means to intro-

duce additional complexity and features into the designs.

By de�ning the predictor variables xi and xj in terms of trigonometric functions,

such as xi = r.cos(θ) and xj = r.sin(θ) where r is the radius and θ is the angle.

we can manipulate the spatial relationships and rotational symmetry of the design.

The augmentation is achieved by adding trigonometric terms to the quadratic model,

for example, incorporating terms like cos(ωθ) and sin(ωθ) to introduce periodic vari-

ations and enhance the design's properties.

3.1.2 Construction of 3s � Points

The construction of 3s-points in second-order rotatable designs (SORD) using

trigonometric transformations was pioneered by Bose and Draper (1959). They

introduced speci�c transformations that utilize trigonometric functions to generate

points that maintain the rotatability property in three-dimensional space. These

transformations are designed to distribute points uniformly on a sphere, which is

essential for achieving equal precision in all directions from the center point.

The transformations introduced are characterized by two matrices, T1 and T2,

which are mathematical sets that incorporate trigonometric functions to achieve

the desired rotational e�ects. These matrices are de�ned as follows:

T1 =

 cos α −sin α 0
sin α cos α 0
0 0 0

 (3.3)
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and

T2 =

 cos α
2

sin α
2

0
sin α

2
cos α

2
0

0 0 −1

 (3.4)

where α = 2π
s

with s representing the number of points to be distributed on the sphere.

By employing these transformations, the methodology ensures that the constructed

points maintain the desired rotatability and uniformity, which are critical for

second-order rotatable designs in three dimensions. The incorporation of trigono-

metric functions facilitates the precise and systematic distribution of points,

enhancing the e�ectiveness and accuracy of the experimental design.

In the present study, these transformations are utilized to create second-order

rotatable designs. The transformations outlined in equations (3.3)and (3.4) are

employed on the point sets structured as G(r, 0, b), representing points on the plane

where y = 0, and on all other points derived from successive applications of T1 and

T2. The permutation group (I,W,W 2) generated by;

W =

 0 1 0
0 0 1
1 0 0

 (3.5)

Consider a set T (r, 0, b). Assuming b = 0, then T (r, 0, b) becomes T (r, 0, 0). Apply-

ing (3.3) and (3.5) respectively on T (r, 0, 0) gives the following set of coordinates,

(rcos tα, rsin tα, 0)

(rsin tα, 0, rcos tα) (3.6)

(0, rcos tα, rsin tα)

For t = 0, 1, 2. . . (s − 1) and s ≥ 5, When s ≥ 5 set T0(r, 0, 0) and points

(rcos tα, rsin tα, 0) = 3s The sums and products of the set up to power four for the
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co-ordinates listed in (3.6) were given by;

N∑
u=1

x2
iu = sr2,

N∑
u=1

x4
iu =

3

4
sr4, (3.7)

N∑
u=1

x2
iux

2
ju =

1

8
sr4,

The excess function for T (r, o, o) was given by;

N∑
u=1

x4
ui − 3

N∑
u=1

x2
iux

2
ju =

3

8
sr4 (3.8)

The factor 3
4
arises from integrating over the angle α, and The factor 1

8
comes from

the product of trigonometric functions.

This methodology uses sums and products of coordinates to analyze the statistical

properties of a set of points generated by trigonometric transformations.

By calculating these properties up to the fourth power, we can assess the uniformity

and distribution of the points, ensuring that they meet the criteria for constructing

second-order rotatable designs.

The excess function further validates the balance and symmetry of the point set,

which is critical for achieving accurate and reliable experimental designs.

3.1.3 Four Point Set

The methodology described involves constructing a set of four points in three-

dimensional space, denoted as G(a, a, a), and analyzing their properties.

This set is used for constructing augmented second-order rotatable designs, leverag-

ing the symmetry and uniformity of the point distribution. The process considers a

set of 8 points, which are halved to form the desired four-point set.

Similarly, the co-ordinates for the four points set denoted G(a, a, a) were listed be-

low, When number of points was 8 given by sets 1
3
G(a, a, a) and points (±a,±a,±a)



65

but this runs are halved.

G(a, a, a)

G(−a, a, a)

G(a,−a, a) (3.9)

G(a, a,−a)

The sums and products up to power four for G(a, a, a) was given by,

N∑
u=1

x2
iu = 4a2,

N∑
u=1

x4
iu = 4a4, (3.10)

N∑
u=1

x2
iux

2
ju = 4a4,

The excess for the above set of points was given by

N∑
u=1

x4
ui − 3

N∑
u=1

x2
iux

2
ju = −8a4 (3.11)

3.1.4 The Six Point Set

The methodology described involves constructing a set of six points in three-

dimensional space, denoted as G(c, o, o), and analyzing their properties. This set is

used for constructing augmented second-order rotatable designs by leveraging the

symmetry and uniformity of the point distribution.

The points are carefully selected to maintain the rotatability property while simpli-

fying the design process.

For the six points set denoted by G(c, 0, 0), When the number of points was six

given by set 1
4
G(0, 0, c) and the points (±c, 0, 0), (0,±c, 0), (0, 0,±, c) The

co-ordinates for the six points were listed as below,
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G(c, 0, 0)

G(−c, 0, 0)

G(0,−c, 0) (3.12)

G(0, c, 0)

G(0, 0, c)

G(0, 0,−c)

The sums and products up to power four for G(c, 0, 0) was given by

N∑
u=1

x2
iu = 2c2,

N∑
u=1

x4
iu = 2c4, (3.13)

N∑
u=1

x2
iux

2
ju = 0,

This indicates that the sum of the squares of the coordinates over all points equals

2c2, where c is the distance from the origin along each axis also the sum of the fourth

powers of the coordinates equals 2c4.

The sum of the products of squares of the coordinates across di�erent dimensions

equals zero, re�ecting the orthogonality of the points.

The excess function is a measure used to evaluate the distribution properties of the

point set. For the set G(c, 0, 0), the excess function is given by:

N∑
u=1

x4
ui − 3

N∑
u=1

x2
iux

2
ju = 2c4 (3.14)

This function evaluates the di�erence between the sum of the fourth powers of the co-

ordinates and three times the sum of the products of squares of the coordinates.The

result, 2c4, is signi�cant as it re�ects the uniformity and balance of the points in the

set.
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3.1.5 Eight Point Set

The methodology described involves constructing a set of eight points in three-

dimensional space, denoted as G(a, a, a), and analyzing their properties. This set is

used for constructing augmented second-order rotatable designs by leveraging the

symmetry and uniformity of the point distribution.

The points are selected to maintain the rotatability property while ensuring the

design process remains e�cient and robust.

Similarly, the co-ordinates for the eight points set denoted G(a, a, a) were listed

below,

G(a, a, a)

G(−a, a, a)

G(a,−a, a)

G(a, a,−a) (3.15)

G(−a,−a, a)

G(−a, a,−a)

G(a,−a,−a)

G(−a,−a,−a)

These points represent all possible combinations of ±a in each of the three dimen-

sions, forming the vertices of a cube centered at the origin.

The sums and products up to power four for G(a, a, a) was given by,

N∑
u=1

x2
iu = 8a2,

N∑
u=1

x4
iu = 8a4, (3.16)

N∑
u=1

x2
iux

2
ju = 8a4,
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This indicates that the sum of the squares of the coordinates over all points equals

8a2 and a is the distance from the origin along each axis, also the sum of the fourth

powers of the coordinates equals 8a4.

This indicates that the sum of the products of squares of the coordinates across

di�erent dimensions equals 8a4, re�ecting the symmetry of the points.

The excess function is a measure used to evaluate the distribution properties of the

point set. For the set G(a, a, a), the excess for the above set of points is given by:

N∑
u=1

x4
ui − 3

N∑
u=1

x2
iux

2
ju = −16a4 (3.17)

This function evaluates the di�erence between the sum of the fourth powers of the

coordinates and three times the sum of the products of squares of the coordinates.

The result,−16a4, is signi�cant as it re�ects the uniformity and balance of the points

in the set.

3.1.6 Construction of 6s Point

The methodology described involves constructing a set of 6s points in three-

dimensional space, denoted as T (r, o, b), and analyzing their properties. This set

is used for constructing augmented second-order rotatable designs by leveraging the

symmetry and uniformity of the point distribution. The points are selected to main-

tain the rotatability property while ensuring the design process remains e�cient and

robust.
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The coordinates for the 6s points set T (r, o, b) are listed as follows:

G (rcos tα, rsin tα, b)

G

(
rcos (t+

1

2
)α, rsin (t+

1

2
)α, −b

)
G (b, rcos tα, rsin tα)

G

(
−b, rcos (t+

1

2
)α, rsin (t+

1

2
)α

)
(3.18)

G (rsin tα, b, rcos tα) ,

G

(
rsin (t+

1

2
)α,−b, rcos (t+

1

2
)α

)
where α = 2π

s
and s ≥ 4 and and t = 0.1.2...(s−l) The parameters r and b are chosen

based on the desired distribution and rotatability properties. The set T (r, 0, b) has

sums of powers and products

N∑
u=1

x2
iu =

N∑
u=1

x2
ju =

N∑
u=1

x2
lu = 2s(r2 + b2)

N∑
u=1

x4
iu =

N∑
u=1

x4
ju =

N∑
u=1

x4
lu =

s(3r4 + 4b4)

2
(3.19)

N∑
u=1

x2
iux

2
ju =

N∑
u=1

x2
jux

2
lu =

N∑
u=1

x2
lux

2
iu =

sr2(r2 + 8b2)

4

Additionally, all other powers and products up to and including the fourth order are

zero.

The excess function is a measure used to evaluate the distribution properties of the

point set, it follows that the excess of the set, de�ned similarly, was:

N∑
u=1

x4
iu−3

N∑
u=1

x2
iux

2
ju =

s(3r4 + 4b4)

2
−sr2(r2 + 8b2)

4
=

(3r4 − 24r2b2 + 8b4)s

4
(3.20)

This function evaluates the di�erence between the sum of the fourth powers of the

coordinates and three times the sum of the products of squares of the coordinates.
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3.1.7 Augmenting of Sets to give three dimension ASORDs

The methodology for this construction is based on combining sets of points derived

from trigonometric functions and symmetrical distributions.

Augmenting Sets to Create ASORDs

1. Initial Sets:

The foundational sets of points are de�ned using trigonometric transformations.

Speci�cally, the sets given by equations (3.6) and (3.15) form the basis of the

construction.

The set from (3.6) provides 3s points, which are uniformly distributed in a circular

pattern using trigonometric functions.

The set from (3.15) provides eight points distributed symmetrically in a three-

dimensional space.

2.Combining Sets:

The goal is to combine these sets to achieve a three-dimensional second-order

rotatable design.

This combination is expressed as 3s + 8. However, for the design to be e�ective, s

must be s ≥ 5.

when s = 5, the combined set includes 15 points from the set in (3.6) and additional

points from the sets in (3.15).

3.Augmentation Process:

The augmentation involves combining the 3s points from (3.6) with two classes of

eight-point sets from (3.15). This is represented as:

Z1 = 3s+
1

2

[
1

3
G(a1, a1, a1)

]
+

1

2

[
1

3
G(a2, a2, a2)

]
(3.21)

Here,G(a1, a1, a1) and G(a2, a2, a2) represent two classes of eight-point sets that are

symmetrically distributed.
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4.Final Point Calculation:

By setting s = 5, the total number of points in the augmented set Z1 is calculated.

Thus, the �nal design consists of 23 points, ensuring that the design remains

rotatable and uniform in three dimensions.

By augmenting speci�c sets of points in (3.6), (3.9) and (3.12), second order

rotatable designs in three dimensions will be obtained. The augmentation is given

by 3s +
1

2
of8 + 6 = 3S + 4 + 6. But S ≥ 5 when S = 5, Combining 3s given in

(3.6) with four-point set given in (3.9) and six-point set given in (3.12) to obtain

set denoted Z2 given as 3s+G(a, a, a) + G(c, 0, 0), by letting s = 5, 25 points will

be obtained.

Consequently, by augmenting speci�c sets of points in (3.18) and (3.9), second order

rotatable designs in three dimensions were obtained. The augmentation was given

by 6S + 1
2
of8 = 6̆S +4. But S ≥ 4 when S = 4, Combining 6S given in (3.18) with

four-point set given in (3.9) to obtain set denoted Z3 given as 6s+ 1
2
[1
3
G(a1, a1, a1],

by letting S = 4, 28 points were obtained.

3.1.8 Moment and Non-Singularity Conditions

The construction of three-dimensional second-order rotatable designs (ASORDs)

requires adherence to speci�c moment and non-singularity conditions to ensure the

designs maintain their rotatable properties and statistical integrity.

These conditions involve satisfying certain mathematical criteria related to the

moments and sums of powers of the point coordinates in the design. Here's a

detailed explanation of the methodology:

To ensure a set of points forms a rotatable arrangement, speci�c moment conditions

must be satis�ed. These conditions relate to the sums of squares and products of

the coordinates up to the fourth order.
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N∑
u=1

x2
iu = Nλ2,

N∑
u=1

x4
iu = 3Nλ4, (3.22)

N∑
u=1

x2
iux

2
ju = Nλ4,

N∑
u=1

x4
iu = 3

N∑
u=1

x2
iux

2
ju

Here, λ2 and λ4 are constants that ensure the correct scaling and uniform distribution

of the design points.

A group of points is deemed to constitute a second-order rotatable design when the

aforementioned conditions are met, alongside the non-singularity of the matrix X
′
X

utilized in the least square estimation. Box and Hunter (1957) demonstrated that

the necessary and adequate condition for this occurrence is,

λ4

λ2
2

>
k

k + 2
(3.23)

This condition ensures that the ratio of the fourth moment to the square of the

second moment is su�ciently large to prevent singularity.

3.2 Optimality Criteria for the ASORD Constructed using Trigonomet-
ric Functions

3.2.1 Design Matrix Construction

First, construct the design matrix X for the second-order rotatable design. The

generalized design matrix X includes pure quadratic e�ects, linear e�ects, and in-



73

teraction e�ects. The structure is as follows:

X =


x01 x2

11 · · · x2
k1x11 · · · xk1 x11x21 · · · x(k−1)1xk1

x02 x2
12 · · · x2

k2x12 · · · xk2 x22x22 · · · x(k−2)2xk2

·
·
·

x0n x2
1n · · · x2

knx1n · · · xkn x1nx2n · · · x(k−n)nxkn

 (3.24)

The design matrix in (3.24) was partitioned in the following sequence: the pure

quadratic e�ects, the linear e�ects, and the interaction e�ects, respectively. This

allows for a structured analysis of each type of e�ect within the design.

3.2.2 Moment Matrix Calculation

Calculate the moment matrix, M the moment matrix was represented as follows:

M =
X

′
X

N
(3.25)

X was;

N−1(X
′
X) =



1 λ2 λ2 λ2 0 0 0 0 0 0
λ2 3λ4 λ4 λ4 0 0 0 0 0 0
λ2 λ4 3λ4 λ4 0 0 0 0 0 0
λ2 λ4 λ4 3λ4 0 0 0 0 0 0
0 0 0 0 λ2 0 0 0 0 0
0 0 0 0 0 λ2 0 0 0 0
0 0 0 0 0 0 λ2 0 0 0
0 0 0 0 0 0 0 λ4 0 0
0 0 0 0 0 0 0 0 λ4 0
0 0 0 0 0 0 0 0 0 λ4


(3.26)

where

X
′
=
[
1, x2

1, x2
2, x2

3, x1, x2, x3, x1x2, x1x3, x2x3

]
(3.27)

3.2.3 Coe�cient Matrix De�nition

De�ne the coe�cient matrix, Where k represents the coe�cient matrix for a com-

plete parameter system and M denotes the moment matrix. The coe�cient matrix
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K
′
was:

K
′

(10× 10) =



1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1


(3.28)

3.2.4 Information Matrix Calculation

A suitable method for assessing the e�ectiveness of a design when the parameter

system of interest was taken into consideration. This was calculated using K
′
β

is through the information matrix. Calculation of the information matrix C was

sought to assess the e�ectiveness of the design as:

Ck(M) =
[
K

′

kM
−1
k Kk

]−1

(3.29)

where M = X
′
X

N
and K represent the number of factors and X as de�ned in (3.24)

3.2.5 Evaluation of D-optimality criterion

The D-optimality criterion is a central concept in the theory of optimal designs,

focusing on maximizing the determinant of the information matrix (X
′
X) or, equiv-

alently, minimizing its inverse. This ensures the design's e�ciency by maximizing

the volume of the con�dence ellipsoid for the estimated parameters.

1.De�nition of the D-Criterion

The D-Criterion is de�ned as:

ϕ0(M) = det(M)
1
s , (3.30)

where M is the moment matrix, and s is the number of parameters.

2. Objective of the D-optimality Criterion
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The objective of the D-optimality criterion is to maximize the determinant of the

moment matrix derived from the design matrix X:

ϕ0(M) =

∣∣∣∣X ′
X

N

∣∣∣∣
1
s

(3.31)

3. Determinant of the Moment Matrix

The determinant of the moment matrix M can be decomposed into several compo-

nents. Based on the generalized moment matrix structure, the determinant is given

by:

|M | =

(
3∏

i=1

|Ai|

) 1
s

. (3.32)

4. Components of the Determinant

The components |A1|, |A2|, and |A3| are de�ned as follows:

|A1| = [3λ4 − λ2
2 + (k − 1)(λ4 − λ2

2)](2λ4)
(k−1), (3.33)

|A2| = λ
[k]
2 , (3.34)

|A3| = λ
[k]
4 . (3.35)

5. Substituting Variables into the D-criterion

By substituting the variables from the above equations into the determinant expres-

sion, we obtain the �nal form of the D-criterion: Thus, by substituting the variables

from (3.31) into (3.30), the D-criterion is expressed as:

ϕ0(M) =
{
[3λ4 − λ2

2 + (k − 1)(λ4 − λ2
2)](2λ4)

(k−1)[λ
[k]
2 ][λ

[k]
4 ]
} 1

s
. (3.36)

3.2.6 Evaluation of T-optimality criterion

The T-optimality criterion is designed to maximize the trace of the information

matrix. A T-optimal design is used to di�erentiate between two or more models,

where one model is true, aiming to minimize the variance of predictions according to

the optimality criteria. The T-optimality criterion is particularly useful for model

discrimination.
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1.De�nition of the T-Criterion:

The T-Criterion, also known as the trace criterion, is de�ned as:

ϕ1(M) =
1

s
trace(M). (3.37)

Here, M represents the moment matrix and s is the number of factors or variables.

2. Summation of Traces:

The T-Criterion is derived by summing the traces of the sub-matrices within the

moment matrix. The trace of the moment matrix M is given by:

tr(M) =
1

s
[1 + tr(A1) + tr(A2) + tr(A3)]. (3.38)

3.Trace of Sub-Matrices:

The traces of the sub-matrices are calculated as follows: Where:

tr(A1) = k(3λ4), (3.39)

tr(A2) = kλ2, (3.40)

tr(A3) = kλ3. (3.41)

Here, λ2, λ3 and λ4 are constants derived from the design parameters, and k is the

number of factors.

4. Substitution into the T-Criterion:

By substituting the values from the trace calculations into the T-Criterion, we get:

ϕ1(M) =
1

s
[1 + k(3λ4) + kλ2 + kλ3]. (3.42)

3.2.7 Evaluation of A-optimality criterion

The A-optimality criterion aims to minimize the trace of the inverse of the informa-

tion matrix. This criterion is focused on minimizing the total or average variances

of the parameter estimates.
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1.De�nition of the A-Criterion:

The A-Criterion, also known as the average variance criterion, is de�ned as:

ϕ−1(M) = (
1

s
traceM−1)−1 (3.43)

2. Summation of Inverse Traces:

The A-Criterion is derived by summing the traces of the inverses of the sub-matrices

within the moment matrix. The trace of the inverse moment matrix (M−1) is given

by:

tr(M−1) = tr(A−1
1 ) + tr(A−1

2 ) + tr(A−1
3 ). (3.44)

Here, A−1
1 , A−1

2 , and A−1
3 are the inverses of the sub-matrices of M .

3.Trace of Inverse Sub-Matrices:

The traces of the inverse sub-matrices are calculated as follows: Where;

tr(A−1
1 ) =

1

2[(k + 2)λ2
4 − kλ2

2λ4]

[
2(k + 2)λ2

4 + k[(k + 1)λ4 − (k − 1)λ2
2]
]
, (3.45)

tr(A−1
2 ) =

k

λ2

, (3.46)

tr(A−1
3 ) =

k

λ4

. (3.47)

Here,λ2 and λ4 are constants derived from the design parameters, and k is the

number of factors.

4.Substitution into the A-Criterion:

By substituting the values from the trace calculations into the A-Criterion, we get:

ϕ−1(M) =

[
1

s

{
1

2[(k + 2)λ2
4 − kλ2

2λ4]

[
2(k + 2)λ2

4

+k[(k + 1)λ4 − (k − 1)λ2
2]
]
+

k

λ2

+
k

λ4

}]−1

.

(3.48)

3.2.8 Evaluation of E-optimality criterion

The E-optimality criterion is another design criterion that aims to minimize the

largest eigenvalue of the dispersion matrix. This criterion focuses on reducing the
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variance associated with each individual parameter estimate. The evaluation of the

E-optimality criterion is carried out using the following formula:

1. Mathematical Representation:

The E-optimality criterion is mathematically represented as:

ϕ−∞(M) = λmin[(M)]. (3.49)

Here, λmin(M) denotes the smallest eigenvalue of the moment matrix M .

2. Moment Matrix Determinant:

The determinant of the dispersion matrix Σ is derived from the moment matrix M

as follows:

|Σ| = |Λ||ΛT |. (3.50)

3. Sub-Matrix Determinants:

The determinants of the sub-matrices of M with shift operator are given by:

|A∗
1| = (1− γ)2[(k + 2)λ4 − kλ2

2 − γ](2λ4 − γ)(k−1), (3.51)

|A∗
2| = (λ2 − γ)k, and |A∗

3| = (λ4 − γ)k. (3.52)

4.Characteristic Polynomial:

By substituting the expressions for the sub-matrix determinants into the determi-

nant equation and setting it to zero, we obtain a characteristic polynomial:

ϕ−∞(M) = (1−γ)2[(k+2)λ4−kλ2
2−γ](2λ4−γ)(k−1)(λ2−γ)k(λ4−γ)k = 0. (3.53)

5. Solving the Polynomial:

Solving the characteristic polynomial for λ yields the smallest eigenvalue, which is

used to determine the E-optimality criterion.
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3.3 Examining Relative E�ciency of Designs

These are metrics that compare the performance of di�erent experimental designs

under various optimality criteria. The help identify how well a design performs

compared to a reference design. In this study, we examined the relative e�ciency of

di�erent design criteria�speci�cally D−, A−, T− and E− optimal designs. These

designs were evaluated for con�gurations with 23, 25, and 28 points respectively.

The relative e�ciency was assessed for each design based on how well they met the

optimality criteria.

The relative e�ciency of each design was calculated by comparing the ratios

of the optimality criteria values. A design was considered more e�cient if it

achieved a higher percentage of the optimality criteria ratio. This indicates better

ful�llment of the optimality requirements.

The ratio quanti�es how much information the tested design provides relative to

the reference design.

3.3.1 Relative D-e�ciency

Relative D-e�ciency is a key concept in the evaluation of design optimality, pro-

viding a measure of how e�cient a given design is compared to the best possible

(D-optimal) design. According to Burgess (2004), the relative D-e�ciency of a de-

sign is de�ned as the absolute value of the ratio of the D-criterion value for a speci�c

design to that of the D-optimal design. This method helps in quantifying the e�-

ciency of various designs in a comparative manner.

The relative D-e�ciency is given by:

D − Efficiency =

∣∣∣∣M(ε∗)

M(ε)

∣∣∣∣ (3.54)

where:
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� M(ε∗) represents the D-criterion value for the D-optimal design.

� M(ε) represents the D-criterion value for the given design.

Steps to Evaluate Relative D-E�ciency

1. Identify the D-criterion Values:

� Calculate the D-criterion value M(ε) for the speci�c design under con-

sideration.

� Obtain the D-criterion value M(ε∗) for the D-optimal design.

2. Compute the Relative D-E�ciency:

� Use the formula for relative D-e�ciency to compute the ratio of the D-

criterion values.

� Take the absolute value of this ratio to ensure a non-negative e�ciency

measure.

3. Interpret the E�ciency:

� A relative D-e�ciency value close to 1 indicates that the speci�c design

is nearly as e�cient as the D-optimal design.

� A value closer to 1 indicates that the tested design is nearly as e�cient

as the optimal design.

3.3.2 Relative T-e�ciency

The concept of relative T-e�ciency for any design, introduced by Cooke (1979),

provides a measure to evaluate how e�cient a given design is compared to the

optimal T-design. This method is particularly useful for assessing the e�ectiveness

of designs in terms of maximizing the trace of the information matrix.

T − efficiency =
tr(M(ξ∗))

tr(M(ξ))
(3.55)
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where:

� ξ∗ represents the value of the optimal T-design.

� ξ denotes the value of a speci�c T-design.

Steps to Evaluate Relative T-E�ciency

1. Identify the Information Matrices:

� Obtain the information matrix M(ξ∗) for the optimal T-design.

� Calculate the information matrix M(ξ) for the speci�c T-design under

consideration.

2. Compute the Traces:

� Calculate the trace of the information matrix for the speci�c T-design,

tr(M(ξ)).

� Calculate the trace of the information matrix for the optimal T-design,

tr(M(ξ∗)).

3. Compute the Relative T-E�ciency:

� Use the formula for relative T-e�ciency to compute the ratio of the traces

of the information matrices.

4. Interpret the E�ciency:

� A relative T-e�ciency value close to 1 indicates that the speci�c design

is nearly as e�cient as the T-optimal design.

� A value closer to 1 indicates that the tested design is nearly as e�cient

as the optimal design.
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3.3.3 Relative A-e�ciency

The relative A-e�ciency of a design ξ is a measure used to evaluate how e�ciently a

design minimizes the total or average variance of the parameter estimates compared

to the A-optimal design. This method is particularly useful for assessing the e�ec-

tiveness of designs in terms of minimizing the trace of the inverse of the information

matrix.

Relative A-e�ciency is de�ned as:

A-e�ciency =
tr(M−1(ξ∗))

tr(M−1(ξ))
(3.56)

where:

� ξ∗ represents the value of the optimal A-design.

� ξ denotes the value of a speci�c A-design.

Steps to Evaluate Relative A-E�ciency

1. Identify the Information Matrices:

� Calculate the information matrix M(ξ) for the speci�c A-design under

consideration.

� Obtain the information matrix M(ξ∗) for the optimal A-design.

2. Compute the Inverse Information Matrices:

� Calculate the inverse of the information matrix for the speci�c A-design,

M−1(ξ).

� Calculate the inverse of the information matrix for the optimal A-design,

M−1(ξ∗).

3. Compute the Traces:
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� Calculate the trace of the inverse information matrix for the speci�c A-

design, tr(M−1(ξ)).

� Calculate the trace of the inverse information matrix for the optimal A-

design, tr(M−1(ξ∗)).

4. Compute the Relative A-E�ciency:

� Use the formula for relative A-e�ciency to compute the ratio of the traces

of the inverse information matrices.

5. Interpret the E�ciency:

� A relative A-e�ciency value close to 1 indicates that the speci�c design

is nearly as e�cient as the A-optimal design.

� A value closer to 1 indicates that the tested design is nearly as e�cient

as the optimal design.

3.3.4 Relative E-e�ciency

Relative E-e�ciency is a measure used to evaluate how e�ciently a design minimizes

the largest eigenvalue of the information matrix compared to the E-optimal design.

This criterion is particularly useful for assessing the e�ectiveness of designs in

reducing the maximum variance among the parameter estimates.

Relative E-e�ciency is de�ned as:

E-e�ciency =
λmin(ξ

∗)

λmin(ξ)
(3.57)

where:

� ξ represents the speci�c design under consideration.
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� ξ∗ denotes the E-optimal design.

� λmin(ξ
∗) is the smallest eigenvalue of the information matrix for the E-optimal

design ξ∗.

� λmin(ξ) is the smallest eigenvalue of the information matrix for the design ξ.

Steps to Evaluate Relative E-E�ciency

1. Identify the Information Matrices:

� Obtain the information matrix M(ξ∗) for the E-optimal design.

� Calculate the information matrix M(ξ) for the speci�c design under con-

sideration.

2. Compute the Smallest Eigenvalues:

� Determine the smallest eigenvalue of the information matrix for the E-

optimal design, λmin(ξ
∗).

� Determine the smallest eigenvalue of the information matrix for the spe-

ci�c design, λmin(ξ).

3. Compute the Relative E-E�ciency:

� Use the formula for relative E-e�ciency to compute the ratio of the small-

est eigenvalues of the information matrices.

4. Interpret the E�ciency:

� A relative E-e�ciency value close to 1 indicates that the speci�c design

is nearly as e�cient as the E-optimal design.

� A value closer to 1 indicates that the tested design is nearly as e�cient

as the optimal design.
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3.4 Modelling the Yield of Sweet Potatoes Using ASORD

To optimize the yield of sweet potatoes using organic manure, an Augmented

Second-Order Rotatable Design (ASORD) was employed. ASORD allows for ef-

�cient estimation of interaction and quadratic e�ects, enabling the evaluation of

response surface curvature using a manageable number of experimental runs.

A total of 23 runs were conducted, providing su�cient information for model devel-

opment while minimizing experimental costs: Poultry manure (x1), rabbit manure

(x2) and goat manure(x3) were the independent variables to optimize the response

of interest (the weight yield of sweet potatoes).

The independent variables were normalized using the coding formula:

xi =
Xi −X0

∆X

where xi is the coded value, Xi is the natural value, X0 is the central point, and

∆X is the step change.

This coding ensures that variables are dimensionless and scaled for consistency across

the experimental design.

3.4.1 Experimental SETUP

� Plot Dimensions: Each of the 23 experimental plots measured 350 cm x 350

cm, arranged on a 30 m x 30 m research �eld.

� Manure Application: The organic manures were incorporated into the soil

two weeks before planting.

� Baseline Data: Nutrient pro�les for poultry, rabbit, and goat manure were

obtained from the Kenya Agricultural and Livestock Research Organization

(KALRO) database.
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3.4.2 Model Speci�cation

Develop a second-order polynomial model to approximate the relationship between

the yield and the independent variables:

Yi = f(x1, x2, x3) + ε (3.58)

where Yi is the yield of sweet potatoes, x1, x2, x3 are the amounts of poultry, rabbit,

and goat manures, respectively, and ε is the error term. If the response variable is

de�ned by linearly independent variables, then the response is �rst order and we

use the least squares method. In this study, a second-order model was used because

of the large size and the potential presence of curvature in agricultural setups. For

our case with three independent variables, the model includes the main e�ects,

interaction of the main e�ects, and the quadratic e�ects.

3.4.3 Estimation of Model Parameters

Using the coded variables, a regression model was developed to capture the rela-

tionship between the independent variables (manure types) and the response (sweet

potato yield).

Use the collected data to estimate the model parameters (β-coe�cients) using re-

gression analysis. The model can be expressed in matrix form as:

y = Xβ + ε (3.59)

Analysis of the main e�ects of each type of manure, Interaction e�ects (how the

combination of manures in�uences yield) and Quadratic e�ects (response curvature

due to increased manure rates). where y is the vector of response variables, X rep-

resents the explanatory variables, β are the coe�cients or the vector of parameters,

and ε consists of the error term. The coe�cients are determined by least square

methods as:

β̂ = (XTX)−1XTy (3.60)
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3.4.4 Data Validation

Recording of the yield of sweet potatoes obtained from each treatment was taken

with respective baseline of the manure rates applied from KALRO. Data validation

was carried out to ensure that data was collected accurately and consistently cap-

tured. The three organic fertilizers were considered because: Poultry manure is rich

in nitrogen 1 − 4%, phosphorus 1 − 3%, potassium 0.5 − 2%, and organic matter

40− 60% making it a valuable source of nutrients for plant growth. Rabbit manure

is also high in nutrients such as nitrogen 2 − 3%, phosphorus 1 − 3%, pottasium

0.5 − 2% and organic matter 40 − 60% but may have di�erent release dynamics

compared to poultry manure. Goat manure is known for its high nitrogen content

1− 3%, phosphorus 0.5− 1.5%, potassium 1− 2% and organic matter 30− 50% and

can contribute to improved soil structure.

3.4.5 Data Analysis

The analysis involved computing the response variable, which in this instance was

the yield of sweet potatoes, for each treatment. Python software was utilized to

analyze the data and determine any notable impacts of the organic fertilizers on the

yield. where Analysis of Variance (ANOVA) was carried out to assess the signi�cance

of individual factors and interactions.

Model Diagnostics was also done to check residual plots and goodness-of-�t measures

to ensure the model's adequacy. Lastly, graphical analysis was generated of 2D

contour plots and 3D response surfaces to visualize factor e�ects and optimize the

yield.

3.4.6 Model validation

The study developed a model to explain the relationship between the organic fer-

tilisers (poultry, rabbit, and goat) and the yield of sweet potatoes. The study also

employed a regression analysis to created a model. The model accounted for both
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the primary e�ects of the fertilizers and any possible interactions among them. Its

validity was con�rmed through an assessment of goodness-of-�t metrics, including

R-squared, adjusted R-squared, and residual analysis. This step ensured that the

model adequately represents the relationship between the organic fertilisers and the

yield of sweet potatoes.

3.4.7 Optimization

The study used the developed model to predict the optimum combination of or-

ganic fertilisers that gave the highest sweet potato production. By considering the

model's coe�cients and any constraints or limitations, these helped to determine

the combination of poultry, goat, and rabbit fertilisers that were likely result in the

maximum yield.



CHAPTER FOUR

RESULTS AND DISCUSSIONS

This chapter focused on creating second-order rotatable designs in three dimensions

using trigonometric functions. The outcomes for designs comprising 23, 25, and 28

points were presented. Subsequently, the D-criterion, A-criterion, E-criterion, and

T-criterion alphabetic optimality were assessed based on the moments derived from

these designs. The relative e�ciencies of the alphabetic optimality criteria were

identi�ed and analyzed. The desirable design was used to model the yield of sweet

potatoes.

4.1 Construction of second order rotatable designs in three dimensions
utilizing trigonometric functions

4.1.1 Construction of 23 set points

The moment conditions necessary for a set of twenty-three points to constitute a

augmented second-order rotatable arrangement are derived by augmenting the 3s

set and two half of 8 set points obtained in equations (3.6) and (3.15), respectively.

The study started by con�rming the rotatability of the design points given in

equation (3.6) using the moment conditions from equation (3.7):

N∑
u=1

x2
iu = sr2 = Nλ2 (4.1)

N∑
u=1

x4
iu =

3

4
sr4 = 3Nλ4 (4.2)

89
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N∑
u=1

x2
iux

2
ju =

1

8
sr4 = Nλ4 (4.3)

N∑
u=1

x4
iu = 3

N∑
u=1

x2
iux

2
ju (4.4)

To check the calculations, we solve for the excess in equation (4.4): This is achieved

by comparing higher-order moments
∑

x4
iu and 3

∑
x2
iux

2
ju, the di�erence

3
8
s4r con-

�rms that the points adhere to rotatability criteria.

N∑
u=1

x4
iu − 3

N∑
u=1

x2
iux

2
ju =

3

4
sr4 − 3

8
sr4 =

3

8
sr4 (4.5)

Next, we con�rm the rotatability of the design points given in equation (3.9) using

the moment conditions from equation (3.10) for a1:

N∑
u=1

x2
iu = 4a21 (4.6)

N∑
u=1

x4
iu = 4a41 (4.7)

N∑
u=1

x2
iux

2
ju = 4a41 (4.8)

N∑
u=1

x4
iu = 3

N∑
u=1

x2
iux

2
ju (4.9)

Solving for excess in (4.9) gave;

N∑
u=1

x4
iu − 3

N∑
u=1

x2
iux

2
ju = 4a41 − 12a41 = −8a41 (4.10)

Again, we con�rm the rotatability for the design points given in equation (3.9) with

the moment conditions given in (3.10) for a2:

N∑
u=1

x2
iu = 4a22 (4.11)
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N∑
u=1

x4
iu = 4a42 (4.12)

N∑
u=1

x2
iux

2
ju = 4a42 (4.13)

N∑
u=1

x4
iu = 3

N∑
u=1

x2
iux

2
ju (4.14)

Solving for excess in (4.14) gave;

N∑
u=1

x4
iu − 3

N∑
u=1

x2
iux

2
ju = 4a42 − 12a42 = −8a42 (4.15)

Solving equation (4.5), (4.10) and (4.15) By setting s = 5, the equation is solved for

a21 and a22 as proportional to xr2 and yr2, respectively;

15

8
r4 − 8a41 − 8a42 = 0 (4.16)

Let

a21 = xr2 (4.17)

a22 = yr2 (4.18)

Substituting (4.17) and (4.18) into (4.16) gave;

(x2 + y2) =
15

64
(4.19)

Where x is arbitrary and has a positive value say 0.05 using Python software to

solve equation (4.19) to obtain.

y = 0.482 and x = 0.05 (4.20)

These �nally gave;
23∑
u=1

x2
iu = sr2 + 4a21 + 4a22 = 23λ2 (4.21)
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23∑
u=1

x4
iu =

3

4
sr4 + 4a41 + 4a42 = 69λ4 (4.22)

23∑
u=1

x2
iu = 5r2 + 0.2r2 + 1.928r2 = 23λ2 (4.23)

λ2 = 0.30991r2 (4.24)

23∑
u=1

x4
iu = 3.75r4 + 0.01r2 + 0.93r4 = 69λ4 (4.25)

λ4 = 0.06797r4 (4.26)

The non-singularity condition for the second order is

λ4

λ2
2

=
0.06797

(0.30991)2
= 0.70768 >

k

k + 2
=

3

5
= 0.6 (4.27)

therefore

λ4

λ2
2

>
k

k + 2
= 0.70768 > 0.6 (4.28)

which satis�es the non-singularity condition for second-order rotatability.

The study successfully constructs a three-dimensional second-order rotatable design

by meeting the necessary moment conditions and verifying non-singularity. The

derived expressions for the second- and fourth-order moments (λ2 and λ4) align

with theoretical requirements, ensuring the design is both rotatable and balanced.

Furthermore, the introduction of parameters (x and y) and the subsequent solution

for their values demonstrate the design's �exibility in point arrangement while ad-

hering to de�ned constraints. Importantly, the design surpasses the non-singularity

threshold, con�rming its robustness and suitability for practical applications, such

as response surface methodology (RSM), where isotropy and uniform variance are

essential.

4.1.2 Construction of 25 set points

The moment conditions required for the set of twenty-�ve points to constitute a

second-order rotatable arrangement are obtained by the augmentation of 3s set
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with 4 set and 6 set points. The moment conditions given in (3.7),(3.10) and (3.13)

were used on the design point given in (3.6),(3.9) and (3.12) to con�rm rotatability.

Thus, these conditions gave;

25∑
u=1

x2
iu = sr2 + 4a2 + 2c2 = Nλ2 (4.29)

25∑
u=1

x4
iu =

3

4
sr4 + 4a4 + 2c4 = 3Nλ4 (4.30)

25∑
u=1

x2
iux

2
ju =

1

8
sr4 + 4a4 = Nλ4 (4.31)

Solving for the excess gave;

3

4
sr4 + 4a4 + 2c4 − 3

(
1

8
sr4 + 4a4

)
= 0 (4.32)

Solving equation (4.32) for excess functions when s = 5 gave;

15

4
r4 + 4a4 + 2c4 − 15

8
r4 − 12a4 = 0 (4.33)

Let

r2 = xa2 (4.34)

c2 = ya2 (4.35)

Substituting (4.34) and (4.35) into (4.33) gave;

15x2 + 16y2 = 64 (4.36)

Where x is arbitrary and has a positive value, say 1. Using Python software to solve

equation (4.36) to obtain:

y = 1.75 and x = 1 (4.37)
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These �nally gave;
25∑
u=1

x2
iu = sr2 + 4a2 + 2c2 = 25λ2 (4.38)

λ2 = 0.500a2 (4.39)

25∑
u=1

x4
iu =

3

4
sr4 + 4a4 + 2c4 = 75λ4 (4.40)

λ4 = 0.185a4 (4.41)

The non-singularity condition for second order is

λ4

λ2
2

=
0.185

(0.500)2
= 0.74 >

k

k + 2
=

3

5
= 0.6 (4.42)

which satis�es the non-singularity condition for second-order rotatability.

This study constructs a second-order rotatable design with 25 points by augmenting

the 3s set with 4 and 6 additional points. The derived moment conditions ensure

the design adheres to rotatability principles. By introducing parameters (x and y)

and solving for their values, the study achieves a �exible and symmetric point ar-

rangement while maintaining theoretical consistency.

The computed constants (λ2 = 0.500a2, λ4 = 0.185a4) con�rm the balance of second-

and fourth-order moments. Moreover, the design satis�es the non-singularity con-

dition, with λ4

λ2
2
= 0.74, which exceeds the critical threshold (0.6). This ensures

robustness and isotropy, making the design suitable for practical applications such

as response surface methodology, where uniformity across directions is vital. The

method exempli�es the use of computational tools and theoretical principles to

achieve precise experimental designs, enhancing their applicability in various sci-

enti�c domains.

4.1.3 Construction of 28 set points

The criteria that need to be met by the set of twenty-eight points to constitute a

second-order rotatable arrangement are determined by enhancing the 6s set with 4
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set points derived from equations (3.18) and (3.9) accordingly. The moment con-

ditions given in (3.19) were used on the design point given in (3.18) to con�rm

rotatability. Thus, these conditions gave;

N∑
U=1

Xiu
2 = 2s(r2 + b2) = Nλ2 (4.43)

N∑
u=1

xiu
4 =

s(3r4 + 4b4)

2
= 3Nλ4 (4.44)

N∑
u=1

xiu
2xju

2 =
sr2(r2 + 8b2)

4
= Nλ4 (4.45)

N∑
u=1

xiu
4 = 3

N∑
u=1

xiu
2xju

2 (4.46)

Solving for the excess is given in (4.46) gave;

N∑
u=1

xiu
4 − 3

N∑
u=1

xiu
2xju

2 =
s(3r4 + 4b4)

2
− 3

(
sr2(r2 + 8b2)

4

)
= 0 (4.47)

The moment conditions given in (3.10) were used on the design point given in (3.9)

to con�rm rotatability. Thus, these conditions gave;

N∑
u=1

xiu
2 = 4a21 (4.48)

N∑
u=1

xiu
4 = 4a41 (4.49)

N∑
u=1

xiu
2xju

2 = 4a41 (4.50)

N∑
u=1

xiu
4 = 3

N∑
u=1

xiu
2xju

2 (4.51)
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Solving for excess in (4.51) gave;

N∑
u=1

xiu
4 − 3

N∑
u=1

xiu
2xju

2 = 4a41 − 12a41 = −8a41 (4.32) (4.52)

Solving equation(4.52) for excess functions when s = 4 gave;

12r4 + 32b4 − 96r2b2 = 32a4 (4.53)

Let

r2 = xa2 (4.54)

b2 = ya2 (4.55)

Substituting (4.54) and (4.55) into (4.53) gave;

12x2 + 32y2 − 96xy = 32 (4.56)

Where x is arbitrary and has a positive value say 1, equation (4.56) gave;

32y2 − 96y − 20 = 0 (4.57)

Solving the quadratic equation using Python software to equation (4.57) to obtain:

y = 3.2 and x = 1 (4.58)

These �nally gave;
28∑

U=1

Xiu
2 = 4a2 + 2s(r2 + b2) = 28λ2 (4.59)

28∑
U=1

Xiu
2 = 4a2 + 8(a2 + 3.2a2) = 28λ2 (4.60)

28∑
U=1

Xiu
2 = 4a2 + 8a2 + 25.6a2 = 28λ2 (4.61)

λ2 = 1.3429a2 (4.62)
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Similarly;
28∑
u=1

xiu
4 = 4a4 +

s(3r4 + 4b4)

2
= 84λ4 (4.63)

28∑
u=1

xiu
4 = 4a4 + 6r4 + 8b4 = 84λ4 (4.64)

28∑
u=1

xiu
4 = 4a4 + 6a4 + 81.92a4 = 84λ4 (4.65)

λ4 = 1.094286a4 (4.66)

The non-singularity condition for second order is

λ4

λ2
2

=
1.094286

(1.3429)2
= 0.60679 >

k

k + 2
=

3

5
= 0.6 (4.67)

which satis�es the non-singularity condition for second-order rotatability. The

construction of the 28-point design demonstrates the �exibility and precision

achievable through the augmentation of an existing 6s set with additional points.

By satisfying the moment conditions, the design ensures second-order rotatability

and isotropy, critical for response surface methodology and other experimental

applications.

The derived constants (λ2 = 1.3429a2, λ4 = 1.094286a4) con�rm balance and

robustness in the design. Furthermore, the non-singularity check (0.60679 > 0.6)

guarantees stability, making the arrangement well-suited for practical applications.

This study illustrates the e�ective use of mathematical modeling and computational

tools to optimize experimental designs, enhancing their applicability across various

�elds.
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4.2 Optimality Criteria for the SORDs Constructed Using Trigonomet-
ric Functions

4.2.1 Optimality Criteria for Twenty-three Points Second Order Rotat-
able Design in Three Dimensions

The moment matrix applicable for a three-dimensional second-order rotatable de-

sign, as presented in equation (3.25), is utilized. By inserting the speci�c values of

λ2 and λ4 provided in equations (4.24) and (4.26) into equation (3.25), we obtain:

Z1 =



1.00 0.31 0.31 0.31 0 0 0 0 0 0
0.31 0.21 0.07 0.07 0 0 0 0 0 0
0.31 0.07 0.21 0.07 0 0 0 0 0 0
0.31 0.07 0.07 0.21 0 0 0 0 0 0
0 0 0 0 0.31 0 0 0 0 0
0 0 0 0 0 0.31 0 0 0 0
0 0 0 0 0 0 0.31 0 0 0
0 0 0 0 0 0 0 0.07 0 0
0 0 0 0 0 0 0 0 0.07 0
0 0 0 0 0 0 0 0 0 0.07


(4.68)

D-Criterion

The determinant criterion is obtained by evaluating Det(Z1)
1
S , where Z1 is as given

in (4.68). Thus;

Det(Z1)
1
10 = 0.16188 (4.69)

T-Criterion

The T-criterion is obtained by evaluating 1
S
trace(Z1) where Z1 was given in (4.68).

Thus,

1

10
trace(Z1) = 0.27699 (4.70)
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A-Criterion

The A-criterion is obtained by evaluating (3.41) where Z1 was given in (4.68). Thus,

(
1

S
trace(Z1)

−1

)−1

=

(
1

10× 50.29976

)−1

= 0.19881 (4.71)

E-Criterion

The E-criterion is obtained by evaluating (3.45) where Z1 was given in (4.68).Taking

the smallest value from the list of eigenvalues gives the E-Criterion,

eig(Z1) = 0.04737 (4.72)

The optimality criteria for the 23-point second-order rotatable design provide

a comprehensive evaluation of its e�ciency, precision, balance, and robustness,

aligning with the foundational principles established by Box and Hunter (1957).

The D-criterion con�rms that the design achieves moderate e�ciency through the

spatial arrangement of its points, re�ected in a determinant value of 0.16188. This

criterion has been widely adopted in design theory to measure volumetric e�ciency

in parameter estimation (Montgomery, 2012).

The T-criterion, with a normalized trace of 0.27699, indicates a balanced

distribution of points across the design space, ensuring uniform coverage. Similar

evaluations of trace-based metrics have been noted in recent studies of three-

dimensional SORDs (Khuri and Mukherjee, 1980; Draper and Pukelsheim, 1990).

The A-criterion, computed as 0.19881, highlights the design's capacity for

precise parameter estimation with minimal variance, which is critical in response

surface methodology (RSM) applications. This metric has been emphasized in
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works such as those by Myers et al. (2009), which outline its importance in reducing

estimation uncertainty in experimental designs.

Lastly, the E-criterion, with the smallest eigenvalue of 0.04737, demonstrates

the design's robustness, ensuring it remains functional under less-than-ideal con-

ditions. Robustness as evaluated through eigenvalue-based criteria is particularly

relevant for practical applications, as discussed by Goos and Jones (2011).

Together, these criteria con�rm that the 23-point design meets the require-

ments for an e�cient, balanced, and precise second-order rotatable design in three

dimensions, making it well-suited for experimental modeling and optimization

applications. These �ndings are consistent with the theoretical underpinnings and

practical applications described in the literature spanning several decades.

4.2.2 Optimality Criteria for Twenty-�ve Points Second Order Rotat-
able Design in Three Dimensions

The moment matrix pertaining to a second-order rotatable design in three dimen-

sions, as presented in equation (3.25), is employed. Upon substituting the values of

λ2 and λ4 provided in equations (4.39) and (4.41) into (3.25), we obtain:

Z2 =



1.00 0.50 0.50 0.50 0 0 0 0 0 0
0.50 0.57 0.19 0.19 0 0 0 0 0 0
0.50 0.19 0.57 0.19 0 0 0 0 0 0
0.50 0.19 0.19 0.57 0 0 0 0 0 0
0 0 0 0 0.50 0 0 0 0 0
0 0 0 0 0 0.50 0 0 0 0
0 0 0 0 0 0 0.50 0 0 0
0 0 0 0 0 0 0 0.19 0 0
0 0 0 0 0 0 0 0 0.19 0
0 0 0 0 0 0 0 0 0 0.19


(4.73)
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D-Criterion

The determinant criterion is obtained by evaluating Det(Z2)
1
S , where Z2 is as given

in (4.73). Thus;

Det(Z2)
1
10 = 0.34624 (4.74)

T-Criterion

The T-criterion is obtained by evaluating 1
S
trace(Z2) where Z2 was given in (4.73).

Thus,

1

10
trace(Z2) = 0.47800 (4.75)

A-Criterion

The A-criterion is obtained by evaluating (3.41) where Z2 was given in (4.73). Thus,

(
1

S
trace(Z2)

−1

)−1

=

(
1

10× 22.405

)−1

= 0.44632 (4.76)

E-Criterion

The E-criterion is obtained by evaluating (3.45) where Z1 was given in (4.73).Taking

the smallest value from the list of eigenvalues gives the E-Criterion,

eig(Z2) = 0.10861 (4.77)

The evaluation of the 25-point second-order rotatable design highlights its robust

performance across all optimality criteria, consistent with principles established in

experimental design literature (Box and Hunter, 1957). The D-criterion reveals

moderate e�ciency, re�ected in a determinant value of 0.34624, indicating e�ective
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utilization of the design space, as also noted in Montgomery (2012).

The T-criterion, with a normalized trace value of 0.47800, con�rms uniformity

in the distribution of points, essential for unbiased parameter estimation and

aligned with �ndings by Draper and Pukelsheim (1990). This criterion ensures

comprehensive coverage of the design space, a feature critical for response surface

analysis.

The A-criterion, computed as 0.44632, indicates a favorable level of precision

in parameter estimation, minimizing variance. This aligns with Myers et al. (2009),

who emphasize the role of A-optimality in enhancing predictive accuracy and

stability in experimental models.

The E-criterion, with the smallest eigenvalue of 0.10861, underscores the de-

sign's resilience and adaptability to experimental variations. Robustness as

characterized by eigenvalue analysis is crucial in practical settings, as supported by

Goos and Jones (2011), highlighting the importance of maintaining design e�ciency

under varying conditions.

Together, these metrics demonstrate that the 25-point design is well-optimized for

applications requiring three-dimensional modeling and analysis. Its performance

across these optimality criteria ensures reliable, precise, and robust results, making

it an invaluable tool for experimental optimization and modeling in various scienti�c

and industrial domains.

4.2.3 Optimality Criteria for Twenty-eight Points Second Order Rotat-
able Design in Three Dimensions

The moment matrix corresponding to a second-order rotatable design in three di-

mensions, as outlined in equation (3.25), is applied. By inserting the values of λ2
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and λ4 provided in equations (4.62) and (4.66) into equation (3.25), we obtain:

Z3 =



1.00 1.34 1.34 1.34 0 0 0 0 0 0
1.34 3.27 1.09 1.09 0 0 0 0 0 0
1.34 1.09 3.27 1.09 0 0 0 0 0 0
1.34 1.09 1.09 3.27 0 0 0 0 0 0
0 0 0 0 1.34 0 0 0 0 0
0 0 0 0 0 1.34 0 0 0 0
0 0 0 0 0 0 1.34 0 0 0
0 0 0 0 0 0 0.19 1.09 0 0
0 0 0 0 0 0 0 0.19 1.09 0
0 0 0 0 0 0 0 0 0.19 1.09


(4.78)

D-Criterion

The determinant criterion is obtained by evaluating Det(Z3)
1
S , where Z3 is as given

in (4.78). Thus;

Det(Z3)
1
10 = 0.99339 (4.79)

T-Criterion

The T-criterion is obtained by evaluating 1
S
trace(Z3) where Z3 was given in (4.78).

Thus,

1

10
trace(Z3) = 1.80999 (4.80)

A-Criterion

The A-criterion is obtained by evaluating
(

1
s trace(Z3)−1

)−1

where Z3 was given in

(4.78). Thus,

(
1

S
trace(Z3)

−1

)−1

=

(
1

10× 108.73697

)−1

= 0.091967 (4.81)
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E-Criterion

The E-criterion is obtained by evaluating (3.45) where Z1 was given in (4.78).Taking

the smallest value from the list of eigenvalues gives the E-Criterion,

eig(Z3) = 0.033 (4.82)

Box and Hunter (1957) pioneered the study of rotatable designs, emphasizing

their ability to maintain uniform variance across the experimental region. The

D-criterion, representing the determinant of the information matrix, measures the

design's e�ciency in parameter estimation. For the 28-point second-order rotatable

design, the D-criterion value of 0.99339 underscores its strong capacity to maximize

information space, a critical factor in ensuring comprehensive data collection and

model accuracy.

Draper and Pukelsheim (1990) explored the T-criterion, which evaluates the

normalized trace of the inverse information matrix. This criterion assesses the

balance in the allocation of design points across the experimental space. The

T-criterion value of 1.80999 for the 28-point design highlights a well-distributed

spatial arrangement, minimizing bias and promoting uniform coverage in experi-

mental trials.

The A-criterion, as noted by Montgomery (2012), provides a measure of the

design's precision by calculating the average variance of parameter estimates.

With an A-criterion value of 0.091967, the 28-point design demonstrates moderate

precision, striking a balance between detailed parameter estimation and practical

applicability in larger experimental setups.
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The E-criterion evaluates the smallest eigenvalue of the information matrix,

o�ering insights into the design's robustness under suboptimal conditions. Accord-

ing to Goos and Jones (2011), robustness is crucial for real-world experiments where

ideal conditions are rarely met. The E-criterion value of 0.033 for the 28-point

design re�ects its adequate robustness, ensuring reliability even in less favorable

scenarios.

Overall, the 28-point second-order rotatable design exhibits strong perfor-

mance across all optimality criteria. Its high D-criterion value con�rms excellent

e�ciency, while the T-criterion indicates a balanced distribution of points. Al-

though the A-criterion shows moderate precision, the E-criterion demonstrates

su�cient robustness, making the design highly suitable for complex modeling and

three-dimensional analysis.

Table 4.1: Summary of optimality criteria in three dimensions

Design Dimension Points D- T- A- E-
Z1 3 23 0.16188 0.27699 0.19881 0.04737
Z2 3 25 0.34624 0.47800 0.44632 0.10861
Z3 3 28 0.99339 1.80999 0.09197 0.03300

As delineated in Table 4.1, The D-criterion values increase with the number of

points in the design, indicating that designs with more points provide greater e�-

ciency in the parameter estimation process. Speci�cally, the D-criterion progresses

from 0.16188 for the 23-point design (Z1) to 0.34624 for the 25-point design (Z2),

and further to 0.99339 for the 28-point design (Z3). This trend shows that adding

points signi�cantly enhances the volumetric coverage of the design, improving its

capacity to capture the variability across the design space.

The T-criterion values also increase as the number of points in the designs

increases. The values rise from 0.27699 (Z1) to 0.478 (Z2) and peak at 1.80999 (Z3).
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This criterion re�ects how evenly the design points are distributed throughout

the three-dimensional space. The higher T-criterion for Z3 suggests that the

28-point design achieves the best spatial balance among the three designs, which is

particularly advantageous for exploring response surfaces with high dimensionality.

The A-criterion measures the average variance of parameter estimates and

exhibits an inverse relationship with precision. Here, the 25-point design (Z2) shows

the highest precision (0.44632) compared to the 23-point (0.19881) and 28-point

(0.09197) designs. Interestingly, while the Z3 design performs best in other criteria,

its lower A-criterion indicates a trade-o� in precision for overall robustness and

balance.

The E-criterion values, representing the smallest eigenvalue of the moment

matrix, decrease as the number of points increases. The values are 0.04737 (Z1),

0.10861 (Z2), and 0.033 (Z3). This trend implies that the robustness of the design

diminishes with the addition of points, as the smallest eigenvalue becomes smaller,

re�ecting potential vulnerabilities in low-information regions.

4.3 Evaluation of relative e�ciencies for second order rotatable designs
in three dimensions using trigonometric functions

The relative e�ciencies of arbitrary designs indicate the comparative e�ectiveness

of one design relative to another. A higher percentage value signi�es a superior

performance of the design being evaluated. The e�ciencies for the D-, T-, A-, and

E- criteria were as follows:
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4.3.1 Relative D-e�ciency for 23 points

Using the equation provided in (3.46), the D-e�ciency for k = 3 was computed as:

where M(ε∗) = 0.16188 represents the value of the optimal design. Therefore;

D-e�ciency =
0.16188

0.16188
× 100 = 100% (4.83)

4.3.2 Relative D-e�ciency for 25 points

Using the expression provided in (3.46), the D-e�ciency for k = 3 was computed

as: where M(ε∗) = 0.16188 represents the value of the optimal design and M(ε) =

0.34624 is the value of the speci�c design. Therefore;

D-e�ciency =
0.16188

0.34624
× 100 = 46.75% (4.84)

4.3.3 Relative D-e�ciency for 28 points

Finally, employing the equation provided in (3.46), the D-e�ciency for k = 3 was

calculated as follows: where M(ε∗) = 0.16188 represents the value of the optimal

design, and M(ε) = 0.99339 is the value of the speci�c design. Thus:

D-e�ciency =
0.16188

0.99339
× 100 = 16.30% (4.85)

The relative D-e�ciency of the 23-point design is computed as 100%, which is

expected since this design serves as the benchmark for optimality. It re�ects that

the 23-point design minimizes the determinant of the covariance matrix to the

fullest extent possible under the given criteria.

The relative D-e�ciency of the 25-point design is 46.75%, indicating a signif-

icant reduction in e�ciency compared to the optimal 23-point design. While the

25-point design may o�er advantages such as better spatial balance (as shown by

its higher T-criterion), this comes at the cost of a lower D-e�ciency, suggesting less

e�ective parameter estimation.
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The relative D-e�ciency of the 28-point design is calculated as 16.30%, which is

substantially lower than the 23-point design. Despite its superior spatial coverage

and balance (evidenced by its T-criterion and D-criterion values), the design

sacri�ces e�ciency in parameter estimation. This ine�ciency could be attributed

to redundancy or suboptimal placement of additional design points, which do not

substantially enhance the information content relative to the benchmark.

4.3.4 Relative T-e�ciency for 23 points

Using the equation provided in (3.47), the T-e�ciency for k = 3 was computed.

Here, λ̃1(ε
∗
T ) = 0.27699 represents the value of the optimal design, and through

relative e�ciency computation, ...

=
0.27699

0.27699
× 100 = 100.00% (4.86)

4.3.5 Relative T-e�ciency for 25 points

Using the equation provided in (3.47), the T-e�ciency for k = 3 was calculated as

follows: where λ̃1(ε
∗
T ) = 0.27699 represents the value of the optimal design, and

λ̃1(ε) = 0.478 is the value of the speci�c design. Consequently,...

=
0.27699

0.478
× 100 = 57.95% (4.87)

4.3.6 Relative T-e�ciency for 28 points

Once more, employing the equation provided in (3.47) for k = 3 resulted in the

following evaluation: where λ̃1(ε
∗
T ) = 0.27699 denotes the value of the optimal

design, and λ̃1(ε) = 1.80999 represents the value of the speci�c design. Therefore,...

=
0.27699

1.80999
× 100 = 15.30% (4.88)

With a relative T-e�ciency of 100%, the 23-point design serves as the baseline for

optimality in T-e�ciency. It demonstrates that this design is perfectly balanced



109

in terms of its spatial distribution and maintains an optimal trace of the moment

matrix under the given criteria.

The relative T-e�ciency of the 25-point design is calculated to be 57.95%,

re�ecting a noticeable decrease in e�ciency compared to the optimal design. The

increase in the number of points contributes to a higher trace value, but this

improvement in spatial balance does not outweigh the ine�ciencies introduced in

the uniformity of point distribution.

The 28-point design exhibits a relative T-e�ciency of 15.30%, which is con-

siderably lower than the benchmark. While the design achieves the highest absolute

trace of the moment matrix, this improvement comes at the expense of e�ciency.

The design points are distributed less uniformly, leading to a signi�cant decline in

T-e�ciency relative to the optimal design.

4.3.7 Relative A-e�ciency for 23 points

Applying the formula provided in (3.48), the relative e�ciency for the A-criterion

with k = 3 was calculated as follows: the numerator corresponds to 0.09197, rep-

resenting the value of the optimal design, while the denominator is 0.19881, repre-

senting the value of the speci�c design. Therefore:

=
0.09197

0.19881
× 100 = 46.26% (4.89)

4.3.8 Relative A-e�ciency for 25 points

Applying the formula provided in (3.48), the relative e�ciency for the C-criterion

with k = 3 was calculated as follows: the numerator corresponds to 0.09197, repre-

senting the value of the optimal design, while the denominator remains at 0.44632,
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the value of the speci�c design. Hence:

=
0.09197

0.44632
× 100 = 20.60% (4.90)

4.3.9 Relative A-e�ciency for 28 points

Once more, employing the formula provided in (3.48) for k = 5, the evaluation

proceeded as follows: the numerator holds a value of 0.09197, re�ecting the optimal

design, while the denominator retains the same value, 0.09197, representing the

speci�c design. Hence:

=
0.09197

0.09197
× 100 = 100% (4.91)

The relative A-e�ciency of 46.26% shows that the 23-point design is less e�cient

compared to the benchmark design for the A-criterion. This design re�ects a

moderate compromise, o�ering balanced parameter estimation precision but not

achieving the optimal variance reduction.

The relative A-e�ciency decreases signi�cantly to 20.60%, indicating a sub-

stantial loss in precision as the number of design points increases. While the

25-point design may improve spatial coverage, the elevated variance diminishes

its e�ciency in parameter estimation, making it less ideal for applications where

precision is paramount.

The 28-point design achieves a relative A-e�ciency of 100%, highlighting its

optimal performance for the A-criterion. Despite the challenges posed by a large

number of design points, this con�guration minimizes the average variance, making

it the best choice for scenarios requiring precise parameter estimation.

4.3.10 Relative E-e�ciency for 23 points

Applying the equation provided in (3.49), the relative e�ciency for the E-criterion

for k = 3 was computed as follows: the numerator corresponds to the value of the
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optimal design, which is 0.033, while the denominator represents the value of the

speci�c design, also 0.04737. Thus:

=
0.033

0.04737
× 100 = 75.51% (4.92)

4.3.11 Relative E-e�ciency for 25 points

Utilizing the equation provided in (3.49), the relative e�ciency for the E-criterion

for k = 3 is determined as follows: the numerator corresponds to the value of the

optimal design, which is 0.033, while the denominator represents the value of the

speci�c design. Thus:

=
0.033

0.10861
× 100 = 30.38% (4.93)

4.3.12 Relative E-e�ciency for 28 points

Once more, employing the equation provided in (3.49) for k = 3 yields the following

result: the numerator value remains 0.033, representing the optimal design, while

the denominator corresponds to 0.033, indicating the value of the speci�c design.

Thus:

=
0.033

0.033
× 100 = 100% (4.94)

With a relative E-e�ciency of 75.51%, the 23-point design performs moderately

well. It retains much of the robustness of the optimal design but falls short of fully

optimizing the minimum eigenvalue. This indicates that while this design reduces

prediction variance reasonably, it is not the most robust con�guration.

The relative E-e�ciency drops sharply to 30.38%, highlighting a signi�cant

reduction in robustness compared to the 23-point con�guration. Although the

25-point design might provide better spatial coverage, its ability to handle worst-

case prediction scenarios is compromised, making it less reliable for minimizing

maximum variance.
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The 28-point design achieves 100% relative E-e�ciency, demonstrating opti-

mal performance under the E-criterion. This design maximizes robustness by fully

optimizing the minimum eigenvalue, making it highly suitable for experiments

where minimizing the worst-case prediction error is critical.

4.4 Modelling the yield of sweet potatoes using ASORD

The objective was to assess how three organic fertilizer components in�uence the

yield of sweet potatoes using a twenty-three-point second-order rotatable design in

three dimensions.

The 23-point design was selected based on e�ciency and suitability for the study's

objectives. The fertilizer components and their respective quantities used were:

� Poultry manure x1 = 35 grams per hole,

� Rabbit manure x2 = 25 grams per hole,

� Goat manure x3 = 45 grams per hole.

The focus of the experiment was on the average yield, measured in grams per hole, of

Sweet Potatoes (Ipomea batatas). The initial letter parameters denote the variability

in the quantities of factor application owing to soil fertility �uctuations, leading to

numerous expressions of the rotatability criterion. As Box and Wilson (1965) noted,

the inherent levels of these mineral elements are represented as γu
i , with Bose and

Draper (1959) introducing a particular design under the condition λ2 = 1 as part of

the scaling down process.

The design adopted coded values (xu
i ) to standardize and scale natural values (γu

i ).

The transformation is given by:

xu
i =

γu
i − γi
si

, (4.95)
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γi =

∑n
i=1 γ

u
i

N
(4.96)

si =

[∑N
u=1(γ

u
i − γi)

2

N

]0.5
(4.97)

where γu
i = xu

i si + γi,
∑N

u=1 x
u
i = N , and

∑N
u=1 x

u
i = 0.

� γi: Mean of natural values for the i-th factor.

� si: Standard deviation of natural values for the i-th factor.

The table of coded and natural values facilitated e�cient experimental exploration

with reduced experimental runs. This orthogonal design minimized correlation

among factors, improving precision in parameter estimation.

The complete second order model to be �tted to yield values was,

y = β0 +
23∑
u=1

βixi +
23∑
u=1

βiix
2
i +

23∑
i<j

βijxixj + ε (4.98)

where:

� y: Sweet potato yield (response variable).

� xi: Factors (coded levels of manure components).

� β0, βi, βii, βij: Regression coe�cients.

� ε: Random error term.

4.4.1 Coded Values and Natural values.

The table 4.2 provided showed the treatments for the second-order rotatable design

comprising twenty-three points in three dimensions, presented with their correspond-

ing coded and natural values.

The coded values often lead to more e�cient designs, allowing for a more systematic
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Table 4.2: Coded values and natural values in three levels.

Coded Levels Natural Levels Weight_yield

−1.384437 0 1.384437 34.5653 25 45.3277 52
1.384437 0 1.384437 35.4347 25 45.3277 87
−1.384437 0 −1.384437 34.5653 25 44.6723 73
1.384437 0 −1.384437 35.4347 25 44.6723 55
−1.384437 1.384437 0 34.5653 25.2014 45 74
1.384437 1.384437 0 35.4347 25.2014 45 58
−1.384437 −1.384437 0 34.5653 24.7986 45 92
1.384437 −1.384437 0 35.4347 24.7986 45 75

0 1.384437 −1.384437 35 25.2014 45.3277 72
0 1.384437 1.384437 35 25.2014 44.6723 78
0 −1.384437 1.384437 35 24.7986 45.3277 89
0 −1.384437 −1.384437 35 24.7986 44.6723 72

−1.384437 0 0 34.5653 25 45 65
1.384437 0 0 35.4347 25 45 56

0 −1.384437 0 35 24.7986 45 56
0 −1.384437 0 35 25.2014 45 77
0 0 1.384437 35 25 45.3277 56
0 0 −1.384437 35 25 44.6723 59

−1.384437 0 0 34.5653 25 45 62
1.384437 0 0 35.4347 25 45 60

0 1.384437 0 35 25.2014 45 60
0 −1.384437 1.384437 35 24.7986 45.3277 80
0 0 −1.384437 35 25 44.6723 68

exploration of the experimental region with fewer experimental runs. They also en-

able the use of orthogonal designs, which minimize the correlation between factors

and provide more precise estimates of the model parameters (kipkosgei et al,2017).
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4.4.2 The Estimation of Second order Parameters

The regression coe�cients were estimated using the method of least squares; X

represents the design matrix for sweet potatoes;

X =



1 −1.384 0 1.384 1.916 0 1.916 0 −1.916 0
1 1.384 0 1.384 1.916 0 1.916 0 1.966 0
1 −1.384 0 −1.384 1.916 0 1.916 0 1.916 0
1 1.384 0 −1.384 1.916 0 1.916 0 1.916 0
1 −1.384 1.384 0 1.916 1.916 0 −1.916 0 0
1 1.384 1.384 0 1.916 1.916 0 1.916 0 0
1 −1.384 −1.384 0 1.916 1.916 0 1.916 0 0
1 1.384 1.384 0 1.916 1.916 0 −1.916 0 0
1 0 1.384 1.384 0 1.916 1.916 0 0 1.916
1 0 1.384 −1.384 0 1.916 1.916 0 0 −1.916
1 0 −1.384 1.384 0 1.916 1.916 0 0 −1.916
1 0 1.384 −1.384 0 1.916 1.916 0 0 1.916
1 −1.384 0 0 1.916 0 0 0 0 0
1 1.384 0 0 1.916 0 0 0 0 0
1 0 −1.384 0 0 1.916 0 0 0 0
1 0 0 1.384 0 0 1.916 0 0 0
1 0 0 1.384 0 0 1.916 0 0 0
1 0 0 −1.384 0 0 1.916 0 0 0
1 −1.384 0 0 1.916 0 0 0 0 0
1 1.384 0 0 1.916 0 0 0 0 0
1 0 1.384 0 0 1.916 0 0 0 0
1 0 −1.384 1.384 0 1.916 1.916 0 0 −1.916
1 0 0 −1.384 0 0 1.916 0 0 0


To simplify the outline of the tables below the study used letter such as M,N and P

as: Let M=XTX

23.00 0.00 0.00 0.00 23.00 23.00 23.00 0.00 3.833 −1.916
0.00 23.00 0.00 0.00 0.00 0.00 0.00 0.00 5.307 0.00
0.00 0.00 23.00 −1.916 0.00 0.00 −2.653 0.00 0.00 2.653
0.00 0.00 −1.916 23.00 0.00 2.653 0.00 0.00 −5.307 −2.653
23.00 0.00 0.00 0.00 44.083 14.694 14.694 0.00 7.347 0.00
23.00 0.00 0.00 2.653 14.694 44.083 18.368 0.00 0.00 −3.673
23.00 0.00 −2.653 0.00 14.694 18.368 44.083 0.00 7.347 −3.673
0.00 0.00 0.00 0.00 0.00 0.00 0.00 14.694 0.00 0.00
3.833 5.307 0.00 −5.307 7.347 0.00 7.347 0.00 14.694 0.00
−1.916 0.00 2.653 2.653 0.00 −3.673 −3.673 0.00 0.00 18.368


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Let N=(XTX)−1



0.514 −0.010 −0.015 0.025 −0.017 −0.146 −0.157 0.00 0.045 −0.001
−0.010 0.048 0.000 −0.005 0.006 0.000 0.006 0.00 −0.023 −0.004
−0.015 0.000 0.045 0.002 0.005 0.002 0.008 0.00 −0.001 −0.005
0.025 −0.005 0.002 0.050 −0.011 −0.008 −0.009 0.00 0.024 0.006
−0.174 0.006 0.005 −0.011 0.088 0.041 0.049 0.00 −0.030 −0.002
−0.146 0.000 0.002 −0.008 0.041 0.072 0.033 0.00 −0.002 0.004
−0.157 0.006 0.008 −0.009 0.049 0.033 0.080 0.00 −0.029 0.003
0.00 0.00 0.00 0.00 −0.00 0.00 0.00 0.680 0.00 0.00
0.045 −0.023 −0.001 0.024 −0.030 −0.002 −0.029 0.00 0.103 0.002
−0.001 −0.000 −0.005 0.006 −0.002 0.004 0.003 0.00 0.002 0.057


The transpose of X and the list of elements of the response Y were multipied to

yield P as shown below to obtain:

P=(XTY ) P = [1576.000000, -37.379807, -62.299679, 42.917557, 1550.583336,

1692.416670, 1611.916669, 1.916667, 312.416667, -197.416667]

The estimates of the regression coe�cients were obtained by multiplying elements in

N with the list P , leading to the regression equation for the second-order polynomial

model as follows:

ŷ = 52.27− 2.25x1 − 2.57x2 + 0.73x3 + 7.34x2
1 + 14.83x2

2 + 8.57x2
3

+0.25x1x2 + 13.25x1x3 − 4.80x2x3

The equation predicts the average weight yield of sweet potatoes (y) based on the

combination of these e�ects. Each coe�cient represented the impact of that variable

or interaction on the predicted yield. A larger coe�cient magnitude suggested a

stronger in�uence on the predicted yield. The constant term (52.27) represented

the intercept, which is the expected yield when all predictor variables are set to

zero. To determine the signi�cance of factors in the given second-order model, the

study examined the linear e�ects, pure quadratic e�ects, and interaction e�ects.

x1 is the poultry manure, x2 is the rabbit manure, and x3 is the goat manure,

representing the main e�ects in the model. The coe�cients associated with each
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main e�ect indicated the strength and direction of their in�uence on the yield.

The pure quadratic terms represented the curvature in the relationship be-

tween the independent variables and the response variable (yield). Signi�cant pure

quadratic e�ects suggested that the relationship between the independent variables

and the response variable was curved rather than linear. Interaction e�ects depicted

the combined in�uence of two independent variables on the response variable.

4.4.3 Model �t for sweet Potatoes

Table 4.3 below gave the coe�cients, standard errors, t values and p values of the

yield of sweet potatoes model. The output was obtained by the using Minitab

version 17 and the result was;

Table 4.3: Coded Coe�cients

Term Coef SE Coef T-Value P-Value VIF
Constant 52.27 6.23 8.40 0.000
Poultry -2.25 2.55 -0.88 0.395 1.00
Rabbit -2.57 2.61 -0.99 0.341 1.04
Goat 0.73 2.61 0.28 0.000 1.04
Poultry *Poultry 7.34 4.79 1.53 0.000 1.68
Rabbit *Rabbit 14.83 4.55 3.26 0.000 1.52
Goat*Goat 8.57 4.55 1.88 0.082 1.52
Poultry *Rabbit 0.25 4.43 0.06 0.000 1.00
Poultry *Goat 13.25 4.43 2.99 0.000 1.00
Rabbit *Goat -4.80 4.07 -1.18 0.259 1.05

The study revealed that goat manure signi�cantly a�ected the yield of sweet

potatoes, with a P-value less than 0.05. This e�ect can be attributed to the

slow decomposition rate of goat manure, which minimizes leaching and ensures a

prolonged nutrient supply to sweet potato plants throughout the growing period.

Similarly, pure quadratic poultry manure demonstrated a signi�cant e�ect on sweet

potato yield (P < 0.05). When poultry manure is applied in higher amounts, it
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does not leach quickly, allowing e�cient nutrient utilization by the plants.

Comparable results were observed for the pure quadratic of rabbit manure,

which also signi�cantly a�ected sweet potato yields at a P-value less than 0.05.

Moreover, the combination of poultry and rabbit manure had a signi�cant e�ect

(P < 0.05), as did the combination of poultry and goat manure (P < 0.05).

The study indicated that a one-unit change in goat manure application led

to a change in sweet potato yield by a factor of 0.73. In contrast, the pure

quadratic e�ects of poultry and rabbit manure resulted in changes of 7.34 and

14.83, respectively, indicating a positive and substantial impact on sweet potato

yields. Additionally, the interaction between poultry and rabbit manure and

between poultry and goat manure led to changes in sweet potato yield by factors

of 0.25 and 13.25, respectively.

These �ndings underscore the superior performance of pure quadratic poultry

manure, which is known to be the richest animal manure in nutrient content

(Enujeke et al., 2013). This was followed by the combination of poultry and

goat manure, a nutrient-rich blend with signi�cant potential for improving sweet

potato yields (Mangila et al., 2007). The results also aligns with �ndings from a

previous study conducted by Ireri (2019). In his study, he employed a Randomised

Complete Block Design with three replications, incorporating treatments such as

cattle manure and poultry manure.

4.4.4 The analysis of variance for yield of sweet potatoes

Table 4.4 below gives the output of analysis of variance for the yield of sweet

potatoes,when the three treatments were applied.
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The analysis of variance (ANOVA) presented in Table 4.4 assesses the signi�cance

Table 4.4: Analysis of variance for sweet potatoes yield

Source DF Adj MS F-Value P-Value
Model 9 2031.41 225.712 2.88 0.041
Linear 3 146.42 48.806 0.62 0.613
Poultry 1 60.75 60.750 0.78 0.395
Rabbit 1 76.44 76.445 0.98 0.341
Goat 1 6.19 6.189 0.08 0.783
Square 3 866.40 288.799 3.69 0.040
Poultry *Poultry 1 184.09 184.094 2.35 0.149
Rabbit *Rabbit 1 831.89 831.888 10.62 0.006
Goat *Goat 1 277.61 277.613 3.54 0.082
2-Way Interaction 3 811.58 270.526 3.45 0.048
Poultry *Rabbit 1 0.25 0.250 0.00 0.956
Poultry*Goat 1 702.25 702.250 8.96 0.010
Rabbit *Goat 1 109.08 109.078 1.39 0.259
Error 13 1018.33 78.333
Lack-of-Fit 8 780.33 97.541 2.05 0.223
Pure Error 5 238.00 47.600
Total 22 3049.74

of various factors and their interactions on the yield of sweet potatoes. The table

provides information on the degrees of freedom (DF), adjusted mean squares (Adj

MS), F-values, and associated p-values for each source of variation.

The "Model" row indicates the overall signi�cance of the model, which in-

cludes all main e�ects and interactions. The F-value of 2.88 with a corresponding

p-value of 0.041 suggests that the model is signi�cant at the 0.05 level, indicating

that at least one of the factors or interactions has a signi�cant e�ect on sweet

potato yield.

The "Linear" and "Square" rows represent the main e�ects of the linear and

quadratic terms, respectively. These terms assess the individual contributions

of each factor to the yield. In this case, the linear terms are not signi�cant, as
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indicated by the high p-values (0.05), while the square terms are signi�cant at the

0.05 level of signi�cance.

The "2-Way Interaction" row evaluates the signi�cance of interactions be-

tween two factors. For example, the interaction between poultry and rabbit

(Poultry * Rabbit) is not signi�cant (p = 0.956), while the interaction between

poultry and goat (Poultry * Goat) is signi�cant (p = 0.010). This indicates that

the combined e�ect of poultry and goat has a signi�cant impact on sweet potato

yield.

The "Error" row represents the unexplained variation in the model, which

includes random error and lack-of-�t. The lack-of-�t test assesses whether the

model adequately �ts the data. In this case, the lack-of-�t p-value of 0.223 sug-

gests that the model adequately �ts the data, as it is not signi�cant at the 0.05 level.

Overall, the analysis of variance indicates that the model including main ef-

fects and interactions signi�cantly explains the variation in sweet potato yield, with

certain factors and interactions playing a more substantial role than others.

4.4.5 Model Summary

Table 4.5: Model Summary

S R.sq R.sq (adj)
0.85061 86.61% 73.85%

The model summary provides us with important statistics about the �tted regres-

sion model:

� R-squared: 0.8661 - This indicates that 86.61% of the variability in yield is

explained by the model.
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� Adj. R-squared: 0.7385 - This adjusted value takes into account the number

of predictors and indicates that 73.85% of the variability in yield is explained

by the model, adjusted for the number of predictors.

4.4.6 The Predicted Model

From table 4.3 , the �tted model therefore was given as;

ŷ = 52.27− 2.25x1 − 2.57x2 + 0.73x3 + 7.34x2
1 + 14.83x2

2 + 8.37x2
3

+0.25x1x2 + 13.25x1x3 − 4.80x2x3

4.4.7 Contour Plots and Surface Plots

Given that the response surface is represented by the second-order model, analyzing

the optimal settings was essential. Graphical visualization aids signi�cantly in

comprehending the second-order response surface. Contour plots, in particular, are

useful for depicting the surface's shape and approximately identifying the optimum

response. Figures 4.1 and 4.2 display the contour plots for the yield of sweet

potatoes.

The contour plot of weight in grams vs. rabbit data, poultry data and goat

manure used for the growth of sweet potatoes, illustrates how the weight of the

sweet potatoes varies based on the combination of factors such as rabbit manure

and poultry manure. Each contour line on the plot represents a constant weight

value of the sweet potatoes. By analysing this plot, we can observe how di�erent

combinations of rabbit and poultry manure impact the weight of the sweet potatoes.

This visualization helps in understanding the relationship between the types of

manure used and the resulting growth of sweet potatoes, aiding in optimizing

agricultural practices for better yields.
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A surface plot depicting the e�ect of poultry and rabbit manure on the growth of

sweet potatoes illustrates how the combination of these manures in�uences the yield

of sweet potatoes. The response surface plot visualizes how varying proportions of

poultry and rabbit manure impact the growth of sweet potatoes, with each point

on the surface representing a speci�c combination of the two types of manure and

the resulting yield of sweet potatoes. This visualization helps in understanding

the relationship between the composition of manure and the productivity of sweet

potato crops, enabling farmers to optimize their use of manure for better yields.
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Figure 4.1: Contour plot of weight in grams vs Rabbit manure, Poultry
manure

The contour plot illustrates how the combined application of rabbit and poultry ma-

nure in�uences the weight of sweet potatoes, highlighting areas with higher weights

that indicate optimal combinations of these two manures.

The contours suggest a nonlinear response, where speci�c levels of rabbit and poultry

manure produce a synergistic e�ect, enhancing yield. However, excessive application

of either or both manures may lead to diminishing returns or even adverse e�ects,

underscoring the importance of balanced nutrient management.
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Figure 4.2: Contour plot of weight in grams vs Goat manure, Poultry
manure

The plot reveals how goat and poultry manure interact to in�uence sweet potato

weight, with regions of high weight suggesting that these manures complement each

other in supplying essential nutrients.

The contour pattern indicates potential synergy at moderate levels of both manures,

where their combined use proves more e�ective than applying either manure alone,

emphasizing the bene�ts of balanced application for optimal yield.
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Figure 4.3: Contour plot of weight in grams vs Goat manure, Rabbit
manure

This plot depicts the interaction between goat and rabbit manure on sweet potato

weight, with contour regions highlighting zones where their combination is either

bene�cial or suboptimal.

While both manures are generally bene�cial, the plot suggests that their e�ects may

saturate beyond certain levels, resulting in �at or even declining yield responses,

indicating the need for balanced application to optimize results.

All contour plots reveal signi�cant interaction e�ects between pairs of manure types,

emphasizing the importance of combining inputs rather than using them indepen-

dently.
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Figure 4.4: Contour plot of weight in grams vs Rabbit manure, Poultry
manure

The surface plot illustrates the interaction between rabbit and poultry manure in

in�uencing sweet potato weight, with peaks on the surface indicating optimal com-

binations of the two manures for maximum yield. The curved nature of the surface

highlights a nonlinear relationship, where the yield increases to an optimal point

before leveling o� or declining, re�ecting diminishing returns with excessive appli-

cation.
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Figure 4.5: Contour plot of weight in grams vs Goat manure, Poultry
manure

The plot highlights the synergistic e�ects of goat and poultry manure, with regions

of the surface rising where both are applied in moderate amounts, demonstrating

their combined bene�t to sweet potato yield. At higher application rates, the surface

�attens, indicating a plateau e�ect where additional manure does not signi�cantly

enhance yield, emphasizing the importance of balanced and moderate application.
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Figure 4.6: Contour plot of weight in grams vs Rabbit manure, Goat
manure

The plot reveals how rabbit and goat manure work together to in�uence sweet potato

weight, with peaks indicating combinations that produce the highest yields. The

descending slopes from these peaks suggest that imbalanced or excessive use of one

or both manures can result in suboptimal yields, highlighting the need for carefully

balanced application to achieve optimal results.

4.4.8 Optimization

The study used the �tted model to �nd the optimal levels of the factors for maximum

yield. This involves calculating the yield for various combinations of the levels of

the factors and �nding the combination that gives the highest yield.

The optimization process has found the following optimal levels for the factors to

maximize the yield:

� Poultry Manure (PM): 34.56g/per hole

� Rabbit Manure (RM): 25.20g/per hole

� Goat Manure (GM): 45g/per hole
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Optimal Yield

The predicted maximum yield with these manure application levels is approximately

4.0 kg per mound, which translates to a total yield of 25 − 30 tons per hectare.

This yield range re�ects the bene�cial impact of applying optimal rates of poultry,

rabbit, and goat manure on sweet potato production, improving both tuber growth

and overall crop performance (Ireri,2019). Based on the nutrient requirements of

sweet potatoes and the nutrient content of poultry, rabbit, and goat manures, the

study recommends the amounts to apply to be; 5 − 10(t/ha) of poultry manure,

2− 5(t/ha) of rabbit manure, and 5− 7(t/ha) of goat manure.



CHAPTER FIVE

CONCLUSION AND RECOMMENDATION

5.1 Conclusion

The construction of augmented second-order rotatable designs (ASORD) for 23, 25,

and 28 points in three dimensions using trigonometric functions demonstrates the

versatility and e�ectiveness of this approach in achieving rotatability. The designs

incorporate higher-order moment equations and trigonometric transformations to

distribute points uniformly across the design space. This ensures that the points

satisfy the rotatability criterion, where the variance of the predicted response

remains constant at all points equidistant from the design center. The inclusion of

additional points in the 25-point and 28-point designs augments spatial coverage,

further enhancing the design's applicability in exploring complex response surfaces

in three-dimensional modeling scenarios.

By leveraging trigonometric functions, these designs e�ectively balance the

trade-o�s between spatial distribution, parameter estimation precision, and ro-

bustness. While the 23-point design sets the baseline for comparison, the 25-point

and 28-point designs extend the �exibility of ASORDs by incorporating additional

points without compromising the essential properties of rotatability. This approach

underlines the utility of trigonometric functions in constructing designs that cater

to various experimental needs, ensuring reliable, e�cient, and robust results across

di�erent levels of complexity in three-dimensional experimental modeling.

The evaluation of the augmented second-order rotatable designs (ASORD) in

130
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three dimensions using the D-, T-, A-, and E-optimality criteria provides valuable

insights into their performance and trade-o�s. The D-criterion re�ects the designs'

e�ciency in parameter estimation, highlighting the increased information captured

as the number of design points increases. The T-criterion measures the balance of

spatial distribution, showing that the 28-point design achieves superior coverage

compared to the 23-point and 25-point con�gurations, ensuring uniform exploration

of the design space. These criteria underline the capability of trigonometric-based

ASORDs to optimize experimental design by balancing e�ciency and spatial

uniformity.

The A- and E-criteria o�er complementary perspectives on the precision and

robustness of the designs. While the A-criterion reveals variations in the average

variance of parameter estimates across the designs, with the 28-point design

excelling in minimizing variance, the E-criterion emphasizes the robustness of the

designs under worst-case scenarios. Notably, the 28-point design achieves optimal

robustness by maximizing the smallest eigenvalue of the moment matrix. Together,

these criteria a�rm that ASORDs constructed with trigonometric functions provide

�exible and robust solutions, meeting diverse experimental requirements and

maintaining rotatability while adapting to varying levels of design complexity.

The relative e�ciency analysis of D-, T-, A-, and E-criteria for augmented

second-order rotatable designs (ASORD) constructed using trigonometric functions

highlights signi�cant trade-o�s in their performance as the number of design

points increases. The D-criterion shows that while e�ciency generally decreases as

additional points are added, the designs retain considerable capacity for parameter

estimation, with the 23-point design serving as a benchmark. Similarly, the

T-criterion demonstrates improved spatial balance with increasing design points, as
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seen in the 28-point design, but at the cost of reduced relative e�ciency compared

to the smaller con�gurations. These results indicate that higher-point designs

provide better coverage but may introduce ine�ciencies in balancing uniformity

and information gain.

For the A- and E-criteria, the relative e�ciencies underscore distinct strengths

and weaknesses across the designs. The 28-point design achieves the highest

relative e�ciency in the A-criterion, demonstrating optimal precision by minimizing

variance. Conversely, its relative E-e�ciency reveals superior robustness, fully

optimizing the minimum eigenvalue of the moment matrix. However, the 23-point

and 25-point designs, while slightly less robust and precise, o�er a balance that

may be more suitable for experiments prioritizing simplicity and computational

e�ciency. Overall, the analysis a�rms that ASORDs constructed using trigono-

metric functions provide versatile frameworks for achieving speci�c experimental

objectives by leveraging their relative e�ciencies across the optimality criteria.

By employing a second-order rotatable design with 23 points in three dimen-

sions, the experiment aimed to capture the interactive and quadratic e�ects of the

fertilizers on yield. This design allowed for an e�cient exploration of the exper-

imental region with a minimal number of trials while ensuring robust statistical

properties, such as rotatability, which maintains uniform precision across the factor

space. Through coded values, the designs provided a standardized approach to

evaluate natural fertilizer quantities and their collective in�uence on yield, enabling

clear interpretation of results despite variability in soil fertility.

The augmented second-order design also facilitated precise parameter estima-

tion by minimizing correlations between factors. By incorporating orthogonal
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properties and second-order polynomial modeling, the study e�ectively captured

non-linear responses in yield, which are often critical in agricultural experiments

involving biological systems. These designs are particularly advantageous for

optimizing input levels, as they provide detailed insights into not just main e�ects

but also interactions and curvature in the response surface. This approach ensured

that the in�uence of organic fertilizers was thoroughly assessed, providing valuable

data to optimize fertilizer application for sustainable sweet potato farming.

5.2 Recommendation

Based on the objectives of constructing augmented second-order rotatable designs

(ASORD) in three dimensions using trigonometric functions, determining their

optimality criteria (D-, T-, A-, and E-), and examining their relative e�ciencies,

several recommendations emerge. First, for applications prioritizing parameter esti-

mation e�ciency (D-criterion) and robustness to prediction variance (E-criterion),

designs with fewer points, such as the 23-point ASORD, are recommended. These

designs balance simplicity, computational feasibility, and strong adherence to

rotatability criteria, making them suitable for experiments with limited resources

or where precision outweighs the need for extensive spatial coverage.

On the other hand, scenarios that require enhanced spatial coverage and bal-

ance (T-criterion) or minimized variance for precision (A-criterion) would bene�t

from higher-point designs, such as the 28-point ASORD. While these designs may

experience reductions in relative e�ciency for speci�c criteria, their ability to

comprehensively capture variability across the design space makes them well-suited

for complex modeling and optimization applications. However, to optimize resource

usage and computational e�ort, researchers should carefully weigh the trade-o�s
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among the criteria and align design selection with the speci�c objectives of their

experiments. Further exploration of hybrid methods or adaptive designs may also

enhance the applicability and e�ciency of ASORDs.

Based on the objective of evaluating the in�uence of organic fertilizers on

sweet potato yield using augmented second-order designs, it is recommended that

farmers adopt optimized application rates for poultry manure, rabbit manure,

and goat manure based on localized soil fertility conditions. The study's �ndings

highlight the importance of considering both individual and interactive e�ects

of these fertilizers to maximize yield e�ciently. Agricultural extension services

should promote the use of rotatable designs in experimental setups for better

decision-making, enabling precise calibration of organic fertilizer inputs tailored to

speci�c �eld conditions. This approach can enhance sustainability by improving

resource utilization while maintaining high agricultural productivity.
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Appendix A

Analysis Code

[1]: import numpy as np

# Set the seed for reproducibility

np.random.seed(142)

def generate_symmetric_data(start, end, total_points):

if total_points < 8:

raise ValueError("Total points must be at least 8 for the 

↪→pattern to be possible.")

# Determine the bulk size, which is the total points minus the 

↪→6 for the two starting and ending pairs

bulk_size = total_points - 6

# Determine the values for the sequence

first_pair_value = np.random.randint(start, end - 2) # Leave 

↪→space for other values

step_size = 2

step_size2 = 3

second_pair_value = first_pair_value + step_size

bulk_value = second_pair_value + step_size2

second_last_pair_value = bulk_value + step_size2

last_pair_value = second_last_pair_value + step_size

# Check if the last value exceeds the end limit, adjust if 

↪→necessary

if last_pair_value > end:

print("Adjusting start values to fit the pattern within 

↪→the specified range.")

# Adjust the start value downwards to fit the pattern 

↪→within the specified range

adjustment = last_pair_value - end

first_pair_value -= adjustment

second_pair_value -= adjustment

bulk_value -= adjustment

second_last_pair_value -= adjustment

last_pair_value -= adjustment
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# Create the data sequence

data = [first_pair_value] * 2 + [second_pair_value] * 2 + 

↪→[bulk_value] * bulk_size + [second_last_pair_value] * 2 + 

↪→[last_pair_value] * 2

return data

# dataset with KALRO baseline

total_points = 21

try:

poultry_data = generate_symmetric_data(34, 44, total_points)

rabbit_data = generate_symmetric_data(24, 34, total_points)

goat_data = generate_symmetric_data(44, 54, total_points)

# Display the generated data

print("Poultry Data:", poultry_data)

print("Rabbit Data:", rabbit_data)

print("Goat Data:", goat_data)

except ValueError as e:

print(e)

Adjusting start values to fit the pattern within the specified range.

Adjusting start values to fit the pattern within the specified range.

Adjusting start values to fit the pattern within the specified range.

Poultry Data: [34, 34, 36, 36, 39, 39, 39, 39, 39, 39, 39, 39, 39, 

↪→39, 39, 39,

39, 39, 39, 42, 42, 44, 44]

Rabbit Data: [24, 24, 26, 26, 29, 29, 29, 29, 29, 29, 29, 29, 29, 

↪→29, 29, 29,

29, 29, 29, 32, 32, 34, 34]

Goat Data: [44, 44, 46, 46, 49, 49, 49, 49, 49, 49, 49, 49, 49, 49, 

↪→49, 49, 49,

49, 49, 52, 52, 54, 54]
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[31]: #import the dataset

df=pd.read_excel("C:/Users/PC/Downloads/project_data.xlsx")

print(df.head())

Poultry Data Rabbit Data Goat Data weight in grams

0 34.5653 25.0000 45.3277 52

1 35.4347 25.0000 45.3277 87

2 34.5653 25.0000 44.6723 73

3 35.4347 25.0000 44.6723 55

4 34.5653 25.2014 45.0000 74

[2]: #shuffle poultry data

import random

np.random.seed(142)

random.shuffle(poultry_data)

poultry_data= [34.5653, 35.4347,34.5653 , 35.4347, 34.5653, 35.

↪→4347, 34.5653, 35.4347, 35, 35, 35, 35, 34.5653,35.4347, 35, 

↪→35, 35, 35, 34.5653, 35.4347, 35, 35, 35]

print("randomized poultry:", poultry_data)

randomized poultry: [34.5653, 35.4347, 34.5653, 35.4347, 34.5653, 35.

↪→4347,

34.5653, 35.4347, 35, 35, 35, 35, 34.5653, 35.4347, 35, 35, 35, 35, 

↪→34.5653,

35.4347, 35, 35, 35]

[3]: #first , find mean and std of poultry manure

print(np.mean(poultry_data))

print(np.std(poultry_data))

# For each value, subtract the midpoint and divide by 3

coded_poultry_data = [(x - 35) / 0.3139903820183028 for x in 

↪→poultry_data]

# Display the adjusted data

print("coded poultry data:", coded_poultry_data)

35.0

0.3139903820183028
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coded poultry data: [-1.3844373104863459, 1.3844373104863459,

-1.3844373104863459, 1.3844373104863459, -1.3844373104863459,

1.3844373104863459, -1.3844373104863459, 1.3844373104863459, 0.0, 0.

↪→0, 0.0, 0.0,

-1.3844373104863459, 1.3844373104863459, 0.0, 0.0, 0.0, 0.0,

-1.3844373104863459, 1.3844373104863459, 0.0, 0.0, 0.0]

[4]: print(np.sum(coded_poultry_data))

0.0

[5]: #shuffle rabbit data

import random

np.random.seed(142)

random.shuffle(rabbit_data)

rabbit_data= [25, 25, 25, 25, 25.2014, 25.2014, 24.7986, 24.7986, 

↪→25.2014, 25.2014, 24.7986, 24.7986, 25, 25, 24.7986, 25.2014, 

↪→25, 25, 25, 25, 25.2014, 24.7986, 25]

print("randomized rabbit:", rabbit_data)

randomized rabbit: [25, 25, 25, 25, 25.2014, 25.2014, 24.7986, 24.

↪→7986, 25.2014,

25.2014, 24.7986, 24.7986, 25, 25, 24.7986, 25.2014, 25, 25, 25, 25, 

↪→25.2014,

24.7986, 25]

[6]: #first, find mean and std of rabbit_data

print(np.mean(rabbit_data))

print(np.std(rabbit_data))

# For each value, subtract the midpoint and divide by 3

coded_rabbit_data = [(x - 25) /0.14547426486884318 for x in 

↪→rabbit_data]

# Display the adjusted data

print("coded rabbit data:", coded_rabbit_data)

25.0

0.14547426486884318
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coded rabbit data: [0.0, 0.0, 0.0, 0.0, 1.3844373104863459, 1.

↪→3844373104863459,

-1.3844373104863459, -1.3844373104863459, 1.3844373104863459,

1.3844373104863459, -1.3844373104863459, -1.3844373104863459, 0.0, 0.

↪→0,

-1.3844373104863459, 1.3844373104863459, 0.0, 0.0, 0.0, 0.0, 1.

↪→3844373104863459,

-1.3844373104863459, 0.0]

[7]: print(np.sum(coded_rabbit_data))

0.0

[8]: #shuffle goat data

import random

np.random.seed(142)

random.shuffle(goat_data)

goat_data=[45.3277, 45.3277, 44.6723, 44.6723, 45, 45, 45, 45, 45.

↪→3277, 44.6723, 45.3277, 44.6723, 45, 45, 45, 45, 45.3277, 44.

↪→6723, 45, 45, 45, 45.3277, 44.6723]

print("randomized goat:", goat_data)

randomized goat: [45.3277, 45.3277, 44.6723, 44.6723, 45, 45, 45, 

↪→45, 45.3277,

44.6723, 45.3277, 44.6723, 45, 45, 45, 45, 45.3277, 44.6723, 45, 45, 

↪→45,

45.3277, 44.6723]

[9]: # First, find the mean and std for goat manure

print(np.mean(goat_data))

print(np.std(goat_data))

# For each value, subtract the midpoint and divide by 3

coded_goat_data = [(x - 45) / 0.2367026643372395 for x in 

↪→goat_data]

# Display the adjusted data

print("coded_goat_data:", coded_goat_data)

45.0
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0.2367026643372395

coded_goat_data: [1.3844373104863457, 1.3844373104863457, -1.

↪→3844373104863457,

-1.3844373104863457, 0.0, 0.0, 0.0, 0.0, 1.3844373104863457,

-1.3844373104863457, 1.3844373104863457, -1.3844373104863457, 0.0, 0.

↪→0, 0.0,

0.0, 1.3844373104863457, -1.3844373104863457, 0.0, 0.0, 0.0, 1.

↪→3844373104863457,

-1.3844373104863457]

[10]: np.sum(coded_goat_data)

[10]: 0.0

[12]: import pandas as pd

# Your provided data

coded_poultry_data = [-1.3844373104863459, 1.3844373104863459, -1.

↪→3844373104863459, 1.3844373104863459, -1.3844373104863459, 1.

↪→3844373104863459, -1.3844373104863459, 1.3844373104863459, 0.0, 

↪→0.0, 0.0, 0.0, -1.3844373104863459, 1.3844373104863459, 0.0, 0.

↪→0, 0.0, 0.0, -1.3844373104863459, 1.3844373104863459, 0.0, 0.0, 

↪→0.0]

coded_rabbit_data = [0.0, 0.0, 0.0, 0.0, 1.3844373104863459, 1.

↪→3844373104863459, -1.3844373104863459, -1.3844373104863459, 1.

↪→3844373104863459, 1.3844373104863459, -1.3844373104863459, -1.

↪→3844373104863459, 0.0, 0.0, -1.3844373104863459, 1.

↪→3844373104863459, 0.0, 0.0, 0.0, 0.0, 1.3844373104863459, -1.

↪→3844373104863459, 0.0]

coded_goat_data = [1.3844373104863457, 1.3844373104863457, -1.

↪→3844373104863457, -1.3844373104863457, 0.0, 0.0, 0.0, 0.0, 1.

↪→3844373104863457, -1.3844373104863457, 1.3844373104863457, -1.

↪→3844373104863457, 0.0, 0.0, 0.0, 0.0, 1.3844373104863457, -1.

↪→3844373104863457, 0.0, 0.0, 0.0, 1.3844373104863457, -1.

↪→3844373104863457]

poultry_data = [34.5653, 35.4347,34.5653 , 35.4347, 34.5653, 35.

↪→4347, 34.5653, 35.4347, 35, 35, 35, 35, 34.5653,35.4347, 35, 

↪→35, 35, 35, 34.5653, 35.4347, 35, 35, 35]
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rabbit_data = [25, 25, 25, 25, 25.2014, 25.2014, 24.7986, 24.7986, 

↪→25.2014, 25.2014, 24.7986, 24.7986, 25, 25, 24.7986, 25.2014, 

↪→25, 25, 25, 25, 25.2014, 24.7986, 25]

goat_data = [45.3277, 45.3277, 44.6723, 44.6723, 45, 45, 45, 45, 

↪→45.3277, 44.6723, 45.3277, 44.6723, 45, 45, 45, 45, 45.3277, 44.

↪→6723, 45, 45, 45, 45.3277, 44.6723]

weight_yield=[52, 87, 73, 55, 74, 58, 92, 75, 72, 78, 89, 72, 65, 

↪→56, 56, 77, 56, 59, 62, 60,60, 80, 68]

# Creating a DataFrame

df = pd.DataFrame({

'Coded Poultry Data': coded_poultry_data,

'Coded Rabbit Data': coded_rabbit_data,

'Coded Goat Data': coded_goat_data,

'Poultry Data': poultry_data,

'Rabbit Data': rabbit_data,

'Goat Data': goat_data,

'weight in grams': weight_yield

})

# Display the DataFrame

df

# Export DataFrame to Excel

Project_dataset = 'output.xlsx' # Name of the Excel file

dataset = 'Sheet1' # Name of the sheet within the Excel file

df.to_excel(Project_dataset, sheet_name=dataset, index=False)

print(f"DataFrame successfully exported to '{Project_dataset}'")

DataFrame successfully exported to 'output.xlsx'

[13]: #intercept

intercept= [1] * 23

# Your provided data

coded_poultry_data = [-1.3844373104863459, 1.3844373104863459, -1.

↪→3844373104863459, 1.3844373104863459, -1.3844373104863459, 1.

↪→3844373104863459, -1.3844373104863459, 1.3844373104863459, 0.0, 

↪→0.0, 0.0, 0.0, -1.3844373104863459, 1.3844373104863459, 0.0, 0.

↪→0, 0.0, 0.0, -1.3844373104863459, 1.3844373104863459, 0.0, 0.0, 

↪→0.0]
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coded_rabbit_data = [0.0, 0.0, 0.0, 0.0, 1.3844373104863459, 1.

↪→3844373104863459, -1.3844373104863459, -1.3844373104863459, 1.

↪→3844373104863459, 1.3844373104863459, -1.3844373104863459, -1.

↪→3844373104863459, 0.0, 0.0, -1.3844373104863459, 1.

↪→3844373104863459, 0.0, 0.0, 0.0, 0.0, 1.3844373104863459, -1.

↪→3844373104863459, 0.0]

coded_goat_data = [1.3844373104863457, 1.3844373104863457, -1.

↪→3844373104863457, -1.3844373104863457, 0.0, 0.0, 0.0, 0.0, 1.

↪→3844373104863457, -1.3844373104863457, 1.3844373104863457, -1.

↪→3844373104863457, 0.0, 0.0, 0.0, 0.0, 1.3844373104863457, -1.

↪→3844373104863457, 0.0, 0.0, 0.0, 1.3844373104863457, -1.

↪→3844373104863457]

# Calculate squares of each list

squared_poultry_data = [x**2 for x in coded_poultry_data]

squared_rabbit_data = [x**2 for x in coded_rabbit_data]

squared_goat_data = [x**2 for x in coded_goat_data]

# Calculate interactions

poultry_rabbit_interaction = [a*b for a, b in 

↪→zip(coded_poultry_data, coded_rabbit_data)]

poultry_goat_interaction = [a*b for a, b in 

↪→zip(coded_poultry_data, coded_goat_data)]

rabbit_goat_interaction = [a*b for a, b in zip(coded_rabbit_data, 

↪→coded_goat_data)]

# Print results

print("intercept:", intercept)

print("Squared Poultry Data:", squared_poultry_data)

print("Squared Rabbit Data:", squared_rabbit_data)

print("Squared Goat Data:", squared_goat_data)

print("Poultry-Rabbit Interaction:", poultry_rabbit_interaction)

print("Poultry-Goat Interaction:", poultry_goat_interaction)

print("Rabbit-Goat Interaction:", rabbit_goat_interaction)

intercept: [1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 

↪→1, 1, 1, 1]

Squared Poultry Data: [1.916666666666667, 1.916666666666667, 1.

↪→916666666666667,

1.916666666666667, 1.916666666666667, 1.916666666666667, 1.

↪→916666666666667,
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1.916666666666667, 0.0, 0.0, 0.0, 0.0, 1.916666666666667, 1.

↪→916666666666667,

0.0, 0.0, 0.0, 0.0, 1.916666666666667, 1.916666666666667, 0.0, 0.0, 

↪→0.0]

Squared Rabbit Data: [0.0, 0.0, 0.0, 0.0, 1.916666666666667, 1.

↪→916666666666667,

1.916666666666667, 1.916666666666667, 1.916666666666667, 1.

↪→916666666666667,

1.916666666666667, 1.916666666666667, 0.0, 0.0, 1.916666666666667,

1.916666666666667, 0.0, 0.0, 0.0, 0.0, 1.916666666666667, 1.

↪→916666666666667,

0.0]

Squared Goat Data: [1.9166666666666663, 1.9166666666666663, 1.

↪→9166666666666663,

1.9166666666666663, 0.0, 0.0, 0.0, 0.0, 1.9166666666666663, 1.

↪→9166666666666663,

1.9166666666666663, 1.9166666666666663, 0.0, 0.0, 0.0, 0.0, 1.

↪→9166666666666663,

1.9166666666666663, 0.0, 0.0, 0.0, 1.9166666666666663, 1.

↪→9166666666666663]

Poultry-Rabbit Interaction: [-0.0, 0.0, -0.0, 0.0, -1.

↪→916666666666667,

1.916666666666667, 1.916666666666667, -1.916666666666667, 0.0, 0.0, 

↪→-0.0, -0.0,

-0.0, 0.0, -0.0, 0.0, 0.0, 0.0, -0.0, 0.0, 0.0, -0.0, 0.0]

Poultry-Goat Interaction: [-1.9166666666666665, 1.9166666666666665,

1.9166666666666665, -1.9166666666666665, -0.0, 0.0, -0.0, 0.0, 0.0, 

↪→-0.0, 0.0,

-0.0, -0.0, 0.0, 0.0, 0.0, 0.0, -0.0, -0.0, 0.0, 0.0, 0.0, -0.0]

Rabbit-Goat Interaction: [0.0, 0.0, -0.0, -0.0, 0.0, 0.0, -0.0, -0.0,

1.9166666666666665, -1.9166666666666665, -1.9166666666666665,
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1.9166666666666665, 0.0, 0.0, -0.0, 0.0, 0.0, -0.0, 0.0, 0.0, 0.0,

-1.9166666666666665, -0.0]

[14]: import numpy as np

# Data provided

intercept = [1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 

↪→1, 1, 1, 1, 1]

coded_poultry_data = [-1.3844373104863459, 1.3844373104863459, -1.

↪→3844373104863459, 1.3844373104863459, -1.3844373104863459, 1.

↪→3844373104863459, -1.3844373104863459, 1.3844373104863459, 0.0, 

↪→0.0, 0.0, 0.0, -1.3844373104863459, 1.3844373104863459, 0.0, 0.

↪→0, 0.0, 0.0, -1.3844373104863459, 1.3844373104863459, 0.0, 0.0, 

↪→0.0]

coded_rabbit_data = [0.0, 0.0, 0.0, 0.0, 1.3844373104863459, 1.

↪→3844373104863459, -1.3844373104863459, -1.3844373104863459, 1.

↪→3844373104863459, 1.3844373104863459, -1.3844373104863459, -1.

↪→3844373104863459, 0.0, 0.0, -1.3844373104863459, 1.

↪→3844373104863459, 0.0, 0.0, 0.0, 0.0, 1.3844373104863459, -1.

↪→3844373104863459, 0.0]

coded_goat_data = [1.3844373104863457, 1.3844373104863457, -1.

↪→3844373104863457, -1.3844373104863457, 0.0, 0.0, 0.0, 0.0, 1.

↪→3844373104863457, -1.3844373104863457, 1.3844373104863457, -1.

↪→3844373104863457, 0.0, 0.0, 0.0, 0.0, 1.3844373104863457, -1.

↪→3844373104863457, 0.0, 0.0, 0.0, 1.3844373104863457, -1.

↪→3844373104863457]

squared_poultry_data = [1.916666666666667, 1.916666666666667, 1.

↪→916666666666667, 1.916666666666667, 1.916666666666667, 1.

↪→916666666666667, 1.916666666666667, 1.916666666666667, 0.0, 0.0, 

↪→0.0, 0.0, 1.916666666666667, 1.916666666666667, 0.0, 0.0, 0.0, 0.

↪→0, 1.916666666666667, 1.916666666666667, 0.0, 0.0, 0.0]

squared_rabbit_data = [0.0, 0.0, 0.0, 0.0, 1.916666666666667, 1.

↪→916666666666667, 1.916666666666667, 1.916666666666667, 1.

↪→916666666666667, 1.916666666666667, 1.916666666666667, 1.

↪→916666666666667, 0.0, 0.0, 1.916666666666667, 1.916666666666667, 

↪→0.0, 0.0, 0.0, 0.0, 1.916666666666667, 1.916666666666667, 0.0]

squared_goat_data = [1.9166666666666663, 1.9166666666666663, 1.

↪→9166666666666663, 1.9166666666666663, 0.0, 0.0, 0.0, 0.0, 1.

↪→9166666666666663, 1.9166666666666663, 1.9166666666666663, 1.

↪→9166666666666663, 0.0, 0.0, 0.0, 0.0, 1.9166666666666663, 1.

↪→9166666666666663, 0.0, 0.0, 0.0, 1.9166666666666663, 1.

↪→9166666666666663]
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poultry_rabbit_interaction = [-0.0, 0.0, -0.0, 0.0, -1.

↪→916666666666667, 1.916666666666667, 1.916666666666667, -1.

↪→916666666666667, 0.0, 0.0, -0.0, -0.0, -0.0, 0.0, -0.0, 0.0, 0.

↪→0, 0.0, -0.0, 0.0, 0.0, -0.0, 0.0]

poultry_goat_interaction = [-1.9166666666666665, 1.

↪→9166666666666665, 1.9166666666666665, -1.9166666666666665, -0.0, 

↪→0.0, -0.0, 0.0, 0.0, -0.0, 0.0, -0.0, -0.0, 0.0, 0.0, 0.0, 0.0, 

↪→-0.0, -0.0, 0.0, 0.0, 0.0, -0.0]

rabbit_goat_interaction = [0.0, 0.0, -0.0, -0.0, 0.0, 0.0, -0.0, 

↪→-0.0, 1.9166666666666665, -1.9166666666666665, -1.

↪→9166666666666665, 1.9166666666666665, 0.0, 0.0, -0.0, 0.0, 0.0, 

↪→-0.0, 0.0, 0.0, 0.0, -1.9166666666666665, -0.0]

# Creating a matrix X

X = np.array([

intercept,

coded_poultry_data,

coded_rabbit_data,

coded_goat_data,

squared_poultry_data,

squared_rabbit_data,

squared_goat_data,

poultry_rabbit_interaction,

poultry_goat_interaction,

rabbit_goat_interaction

]).T # Transpose to align data correctly

print(X)

[[ 1. -1.38443731 0. 1.38443731 1.91666667 0.

1.91666667 -0. -1.91666667 0. ]

[ 1. 1.38443731 0. 1.38443731 1.91666667 0.

1.91666667 0. 1.91666667 0. ]

[ 1. -1.38443731 0. -1.38443731 1.91666667 0.

1.91666667 -0. 1.91666667 -0. ]

[ 1. 1.38443731 0. -1.38443731 1.91666667 0.

1.91666667 0. -1.91666667 -0. ]
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[ 1. -1.38443731 1.38443731 0. 1.91666667 1.

↪→91666667

0. -1.91666667 -0. 0. ]

[ 1. 1.38443731 1.38443731 0. 1.91666667 1.

↪→91666667

0. 1.91666667 0. 0. ]

[ 1. -1.38443731 -1.38443731 0. 1.91666667 1.

↪→91666667

0. 1.91666667 -0. -0. ]

[ 1. 1.38443731 -1.38443731 0. 1.91666667 1.

↪→91666667

0. -1.91666667 0. -0. ]

[ 1. 0. 1.38443731 1.38443731 0. 1.

↪→91666667

1.91666667 0. 0. 1.91666667]

[ 1. 0. 1.38443731 -1.38443731 0. 1.

↪→91666667

1.91666667 0. -0. -1.91666667]

[ 1. 0. -1.38443731 1.38443731 0. 1.

↪→91666667

1.91666667 -0. 0. -1.91666667]

[ 1. 0. -1.38443731 -1.38443731 0. 1.

↪→91666667

1.91666667 -0. -0. 1.91666667]

[ 1. -1.38443731 0. 0. 1.91666667 0.

0. -0. -0. 0. ]

[ 1. 1.38443731 0. 0. 1.91666667 0.

0. 0. 0. 0. ]

[ 1. 0. -1.38443731 0. 0. 1.

↪→91666667
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0. -0. 0. -0. ]

[ 1. 0. 1.38443731 0. 0. 1.

↪→91666667

0. 0. 0. 0. ]

[ 1. 0. 0. 1.38443731 0. 0.

1.91666667 0. 0. 0. ]

[ 1. 0. 0. -1.38443731 0. 0.

1.91666667 0. -0. -0. ]

[ 1. -1.38443731 0. 0. 1.91666667 0.

0. -0. -0. 0. ]

[ 1. 1.38443731 0. 0. 1.91666667 0.

0. 0. 0. 0. ]

[ 1. 0. 1.38443731 0. 0. 1.

↪→91666667

0. 0. 0. 0. ]

[ 1. 0. -1.38443731 1.38443731 0. 1.

↪→91666667

1.91666667 -0. 0. -1.91666667]

[ 1. 0. 0. -1.38443731 0. 0.

1.91666667 0. -0. -0. ]]

[15]: # we use the least square method B=inverse(x^X)(x^Y)

#transpose of matrix X

t= X.T

t

[15]: array([[ 1. , 1. , 1. , 1. , 1.  

↪→ ,

1. , 1. , 1. , 1. , 1.  

↪→ ,

1. , 1. , 1. , 1. , 1.  

↪→ ,
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1. , 1. , 1. , 1. , 1.  

↪→ ,

1. , 1. , 1. ],

[-1.38443731, 1.38443731, -1.38443731, 1.38443731, -1.

↪→38443731,

1.38443731, -1.38443731, 1.38443731, 0. , 0.  

↪→ ,

0. , 0. , -1.38443731, 1.38443731, 0.  

↪→ ,

0. , 0. , 0. , -1.38443731, 1.

↪→38443731,

0. , 0. , 0. ],

[ 0. , 0. , 0. , 0. , 1.

↪→38443731,

1.38443731, -1.38443731, -1.38443731, 1.38443731, 1.

↪→38443731,

-1.38443731, -1.38443731, 0. , 0. , -1.

↪→38443731,

1.38443731, 0. , 0. , 0. , 0.  

↪→ ,

1.38443731, -1.38443731, 0. ],

[ 1.38443731, 1.38443731, -1.38443731, -1.38443731, 0.  

↪→ ,

0. , 0. , 0. , 1.38443731, -1.

↪→38443731,

1.38443731, -1.38443731, 0. , 0. , 0.  

↪→ ,

0. , 1.38443731, -1.38443731, 0. , 0.  

↪→ ,

0. , 1.38443731, -1.38443731],

[ 1.91666667, 1.91666667, 1.91666667, 1.91666667, 1.

↪→91666667,

1.91666667, 1.91666667, 1.91666667, 0. , 0.  

↪→ ,

0. , 0. , 1.91666667, 1.91666667, 0.  

↪→ ,

0. , 0. , 0. , 1.91666667, 1.

↪→91666667,

0. , 0. , 0. ],

[ 0. , 0. , 0. , 0. , 1.

↪→91666667,

1.91666667, 1.91666667, 1.91666667, 1.91666667, 1.

↪→91666667,
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1.91666667, 1.91666667, 0. , 0. , 1.

↪→91666667,

1.91666667, 0. , 0. , 0. , 0.  

↪→ ,

1.91666667, 1.91666667, 0. ],

[ 1.91666667, 1.91666667, 1.91666667, 1.91666667, 0.  

↪→ ,

0. , 0. , 0. , 1.91666667, 1.

↪→91666667,

1.91666667, 1.91666667, 0. , 0. , 0.  

↪→ ,

0. , 1.91666667, 1.91666667, 0. , 0.  

↪→ ,

0. , 1.91666667, 1.91666667],

[-0. , 0. , -0. , 0. , -1.

↪→91666667,

1.91666667, 1.91666667, -1.91666667, 0. , 0.  

↪→ ,

-0. , -0. , -0. , 0. , -0.  

↪→ ,

0. , 0. , 0. , -0. , 0.  

↪→ ,

0. , -0. , 0. ],

[-1.91666667, 1.91666667, 1.91666667, -1.91666667, -0.  

↪→ ,

0. , -0. , 0. , 0. , -0.  

↪→ ,

0. , -0. , -0. , 0. , 0.  

↪→ ,

0. , 0. , -0. , -0. , 0.  

↪→ ,

0. , 0. , -0. ],

[ 0. , 0. , -0. , -0. , 0.  

↪→ ,

0. , -0. , -0. , 1.91666667, -1.

↪→91666667,

-1.91666667, 1.91666667, 0. , 0. , -0.  

↪→ ,

0. , 0. , -0. , 0. , 0.  

↪→ ,

0. , -1.91666667, -0. ]])
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[16]: #product of matrix and transpose

M= np.dot(t, X)

print(M)

[[ 2.30000000e+01 0.00000000e+00 0.00000000e+00 0.00000000e+00

2.30000000e+01 2.30000000e+01 2.30000000e+01 0.00000000e+00

0.00000000e+00 -1.91666667e+00]

[ 0.00000000e+00 2.30000000e+01 -1.35803386e-16 -5.04411556e-17

1.32320025e-16 1.32320025e-16 9.82779375e-17 -1.32320025e-16

3.84044367e-17 0.00000000e+00]

[ 0.00000000e+00 -1.35803386e-16 2.30000000e+01 -1.91666667e+00

-1.32320025e-16 -1.32320025e-16 -2.65350485e+00 1.32320025e-16

0.00000000e+00 2.65350485e+00]

[ 0.00000000e+00 -5.04411556e-17 -1.91666667e+00 2.30000000e+01

-1.50823742e-16 2.65350485e+00 -1.16781655e-16 0.00000000e+00

-1.99007197e-17 -2.65350485e+00]

[ 2.30000000e+01 1.32320025e-16 -1.32320025e-16 -1.50823742e-16

4.40833333e+01 1.46944444e+01 1.46944444e+01 2.46716228e-16

-2.34380416e-16 0.00000000e+00]

[ 2.30000000e+01 1.32320025e-16 -1.32320025e-16 2.65350485e+00

1.46944444e+01 4.40833333e+01 1.83680556e+01 2.46716228e-16

0.00000000e+00 -3.67361111e+00]

[ 2.30000000e+01 9.82779375e-17 -2.65350485e+00 -1.16781655e-16

1.46944444e+01 1.83680556e+01 4.40833333e+01 0.00000000e+00

-2.89891568e-16 -3.67361111e+00]

[ 0.00000000e+00 -1.32320025e-16 1.32320025e-16 0.00000000e+00

2.46716228e-16 2.46716228e-16 0.00000000e+00 1.46944444e+01

0.00000000e+00 0.00000000e+00]

[ 0.00000000e+00 3.84044367e-17 0.00000000e+00 -1.99007197e-17
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-2.34380416e-16 0.00000000e+00 -2.89891568e-16 0.00000000e+00

1.46944444e+01 0.00000000e+00]

[-1.91666667e+00 0.00000000e+00 2.65350485e+00 -2.65350485e+00

0.00000000e+00 -3.67361111e+00 -3.67361111e+00 0.00000000e+00

0.00000000e+00 1.83680556e+01]]

[17]: # M is the matrix for which you want to find the inverse

M_inverse = np.linalg.inv(M)

print(M_inverse)

[[ 4.94728916e-01 2.32591345e-18 -1.52295356e-02 1.52295356e-02

-1.61471975e-01 -1.44971189e-01 -1.44971189e-01 5.28224624e-18

-5.41488421e-18 -1.96437926e-03]

[ 2.32591345e-18 4.34782609e-02 1.99637790e-19 1.96830494e-19

-8.50845443e-19 -7.89001488e-19 -6.90533904e-19 3.91511539e-19

-1.13631932e-19 -5.36086166e-20]

[-1.52295356e-02 1.99637790e-19 4.52427559e-02 2.81216399e-03

4.54048267e-03 2.62870049e-03 7.58738552e-03 -5.27769283e-19

2.25914181e-19 -5.67560334e-03]

[ 1.52295356e-02 1.96830494e-19 2.81216399e-03 4.52427559e-02

-4.54048267e-03 -7.58738552e-03 -2.62870049e-03 1.78301146e-19

-6.30085014e-20 5.67560334e-03]

[-1.61471975e-01 -8.50845443e-19 4.54048267e-03 -4.54048267e-03

7.97367162e-02 4.07907623e-02 4.07907623e-02 -2.06451368e-18

2.07039225e-18 -1.84480834e-03]

[-1.44971189e-01 -7.89001488e-19 2.62870049e-03 -7.58738552e-03

4.07907623e-02 7.19691022e-02 3.25700374e-02 -1.91688214e-18

1.28288896e-18 4.30455280e-03]

[-1.44971189e-01 -6.90533904e-19 7.58738552e-03 -2.62870049e-03
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4.07907623e-02 3.25700374e-02 7.19691022e-02 -1.30003301e-18

2.06686811e-18 4.30455280e-03]

[ 5.28224624e-18 3.91511539e-19 -5.27769283e-19 1.78301146e-19

-2.06451368e-18 -1.91688214e-18 -1.30003301e-18 6.80529301e-02

-5.93583272e-35 9.80895199e-21]

[-5.41488421e-18 -1.13631932e-19 2.25914181e-19 -6.30085014e-20

2.07039225e-18 1.28288896e-18 2.06686811e-18 -5.93583272e-35

6.80529301e-02 6.31813749e-20]

[-1.96437926e-03 -5.36086166e-20 -5.67560334e-03 5.67560334e-03

-1.84480834e-03 4.30455280e-03 4.30455280e-03 9.80895199e-21

6.31813749e-20 5.75990161e-02]]

[18]: #taking Y(the yield) as a Vector

Y=[52, 87, 73, 55, 74, 58, 92, 75, 72, 78, 89, 72, 65, 56, 56, 77, 

↪→56, 59, 62, 60,60, 80, 68]

#product of Y vector and X tranpose(t)

N= np.dot(t,Y)

print(N)

[1576. -37.37980738 -62.29967897 42.91755663 1550.

↪→58333333

1692.41666667 1611.91666667 1.91666667 101.58333333 -197.

↪→41666667]

[19]: #finding the coefficients of our model

W =np.dot(M_inverse,N)

print(W)

[52.27409639 -1.62520902 -1.85972096 0.52914048 3.8313253 7.

↪→7375865

4.46985195 0.13043478 6.91304348 -2.50654793]
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[20]: import numpy as np

import pandas as pd

import statsmodels.api as sm

from statsmodels.formula.api import ols

poultry_data = [34.5653, 35.4347,34.5653 , 35.4347, 34.5653, 35.

↪→4347, 34.5653, 35.4347, 35, 35, 35, 35, 34.5653,35.4347, 35, 

↪→35, 35, 35, 34.5653, 35.4347, 35, 35, 35]

rabbit_data = [25, 25, 25, 25, 25.2014, 25.2014, 24.7986, 24.7986, 

↪→25.2014, 25.2014, 24.7986, 24.7986, 25, 25, 24.7986, 25.2014, 

↪→25, 25, 25, 25, 25.2014, 24.7986, 25]

goat_data = [45.3277, 45.3277, 44.6723, 44.6723, 45, 45, 45, 45, 

↪→45.3277, 44.6723, 45.3277, 44.6723, 45, 45, 45, 45, 45.3277, 44.

↪→6723, 45, 45, 45, 45.3277, 44.6723]

Y=[52, 87, 73, 55, 74, 58, 92, 75, 72, 78, 89, 72, 65, 56, 56, 77, 

↪→56, 59, 62, 60,60, 80, 68]

# Combine your data into a single DataFrame

#data = {

#'Value': np.concatenate([poultry_data, rabbit_data, 

↪→goat_data,Y]),

#'Group': ['Poultry']*len(poultry_data) + 

↪→['Rabbit']*len(rabbit_data) + ['Goat']*len(goat_data) + 

↪→['Y']*len(Y)

#}

df = pd.DataFrame({'poultry_data':poultry_data, 'rabbit_data':

↪→rabbit_data, 'goat_data':goat_data , 'Y':Y})

#fit a polynomial regression

formula='Y~ 1 + poultry_data + rabbit_data +goat_data + 

↪→poultry_data:rabbit_data + poultry_data:goat_data + rabbit_data:

↪→goat_data + I(poultry_data**2) + I(rabbit_data**2) + 

↪→I(goat_data**2)'

model = ols(formula = formula, data = df).fit()

#perform anova

anova_table = sm.stats.anova_lm(model, typ=2)

anova_table

[20]: sum_sq df F PR(>F)

poultry_data 184.793235 1.0 2.359066 0.148531

rabbit_data 878.142449 1.0 11.210344 0.005239
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goat_data 302.387933 1.0 3.860277 0.071183

poultry_data:rabbit_data 0.250000 1.0 0.003191 0.955808

poultry_data:goat_data 702.250000 1.0 8.964906 0.010355

rabbit_data:goat_data 109.077949 1.0 1.392486 0.259129

I(poultry_data ** 2) 184.094032 1.0 2.350140 0.149241

I(rabbit_data ** 2) 831.888172 1.0 10.619863 0.006222

I(goat_data ** 2) 277.613251 1.0 3.544004 0.082333

Residual 1018.331959 13.0 NaN NaN

[67]: # get model summary

summary = model.summary()

summary

[67]: <class 'statsmodels.iolib.summary.Summary'>

"""

OLS Regression Results

Dep. Variable: Y R-squared:  

↪→ 0.666

Model: OLS Adj. R-squared:  

↪→ 0.435

Method: Least Squares F-statistic:  

↪→ 2.881

Date: Mon, 04 Mar 2024 Prob (F-statistic):  

↪→ 0.0409

Time: 19:57:46 Log-Likelihood:  

↪→ -76.225

No. Observations: 23 AIC:  

↪→ 172.5

Df Residuals: 13 BIC:  

↪→ 183.8

Df Model: 9

Covariance Type: nonrobust

coef std err t P>|t| [0.025

0.975]

Intercept 5.052e+05 1.85e+05 2.724 0.

↪→017 1.05e+05

9.06e+05

poultry_data -6982.4940 2588.411 -2.698 0.

↪→018 -1.26e+04

-1390.573
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rabbit_data -1.512e+04 6662.468 -2.269 0.

↪→041 -2.95e+04

-724.815

goat_data -8613.5340 4346.699 -1.982 0.

↪→069 -1.8e+04

776.938

poultry_data:rabbit_data 2.8556 50.547 0.056 0.

↪→956 -106.344

112.055

poultry_data:goat_data 93.0143 31.065 2.994 0.

↪→010 25.902

160.127

rabbit_data:goat_data -72.7925 61.687 -1.180 0.

↪→259 -206.058

60.473

I(poultry_data ** 2) 38.8612 25.350 1.533 0.

↪→149 -15.903

93.625

I(rabbit_data ** 2) 365.6227 112.195 3.259 0.

↪→006 123.240

608.005

I(goat_data ** 2) 79.7787 42.378 1.883 0.

↪→082 -11.773

171.331

Omnibus: 0.119 Durbin-Watson:  

↪→ 2.941

Prob(Omnibus): 0.942 Jarque-Bera (JB):  

↪→ 0.117

Skew: -0.115 Prob(JB):  

↪→ 0.943

Kurtosis: 2.737 Cond. No.  

↪→ 3.26e+08

Notes:

[1] Standard Errors assume that the covariance matrix of the 

↪→errors is correctly

specified.

[2] The condition number is large, 3.26e+08. This might indicate 

↪→that there are

strong multicollinearity or other numerical problems.

"""
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[21]: df

[21]: poultry_data rabbit_data goat_data Y

0 34.5653 25.0000 45.3277 52

1 35.4347 25.0000 45.3277 87

2 34.5653 25.0000 44.6723 73

3 35.4347 25.0000 44.6723 55

4 34.5653 25.2014 45.0000 74

5 35.4347 25.2014 45.0000 58

6 34.5653 24.7986 45.0000 92

7 35.4347 24.7986 45.0000 75

8 35.0000 25.2014 45.3277 72

9 35.0000 25.2014 44.6723 78

10 35.0000 24.7986 45.3277 89

11 35.0000 24.7986 44.6723 72

12 34.5653 25.0000 45.0000 65

13 35.4347 25.0000 45.0000 56

14 35.0000 24.7986 45.0000 56

15 35.0000 25.2014 45.0000 77

16 35.0000 25.0000 45.3277 56

17 35.0000 25.0000 44.6723 59

18 34.5653 25.0000 45.0000 62

19 35.4347 25.0000 45.0000 60

20 35.0000 25.2014 45.0000 60

21 35.0000 24.7986 45.3277 80

22 35.0000 25.0000 44.6723 68

[1]: import numpy as np

# Define the design matrix Z_1

Z_1 = np.array([

[1.00, 0.31, 0.31, 0.31, 0, 0, 0, 0, 0, 0],

[0.31, 0.21, 0.07, 0.07, 0, 0, 0, 0, 0, 0],

[0.31, 0.07, 0.21, 0.07, 0, 0, 0, 0, 0, 0],

[0.31, 0.07, 0.07, 0.21, 0, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 0.31, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 0.31, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 0.31, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 0, 0.07, 0, 0],

[0, 0, 0, 0, 0, 0, 0, 0, 0.07, 0],

[0, 0, 0, 0, 0, 0, 0, 0, 0, 0.07]

])

# Compute the determinant of Z_1
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det_Z_1 = np.linalg.det(Z_1)

# Compute S as the number of rows in Z_1

S = Z_1.shape[0]

# Compute D-optimality criterion

D_optimality = det_Z_1**(1/S)

# Print the result

print(f"D-optimality criterion: {D_optimality}")

D-optimality criterion: 0.16187957059154778

[2]: import numpy as np

# Define the design matrix Z_1

Z_1 = np.array([

[1.00, 0.31, 0.31, 0.31, 0, 0, 0, 0, 0, 0],

[0.31, 0.21, 0.07, 0.07, 0, 0, 0, 0, 0, 0],

[0.31, 0.07, 0.21, 0.07, 0, 0, 0, 0, 0, 0],

[0.31, 0.07, 0.07, 0.21, 0, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 0.31, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 0.31, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 0.31, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 0, 0.07, 0, 0],

[0, 0, 0, 0, 0, 0, 0, 0, 0.07, 0],

[0, 0, 0, 0, 0, 0, 0, 0, 0, 0.07]

])

# Compute the trace of Z_1

trace_Z_1 = np.trace(Z_1)

# Compute S as the number of rows in Z_1

S = Z_1.shape[0]

# Compute T-criterion

T_criterion = (1/S) * trace_Z_1

# Print the result

print(f"T-criterion: {T_criterion}")

T-criterion: 0.27699999999999997
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[ ]:

[3]: import numpy as np

# Define the design matrix Z_1

Z_1 = np.array([

[1.00, 0.31, 0.31, 0.31, 0, 0, 0, 0, 0, 0],

[0.31, 0.21, 0.07, 0.07, 0, 0, 0, 0, 0, 0],

[0.31, 0.07, 0.21, 0.07, 0, 0, 0, 0, 0, 0],

[0.31, 0.07, 0.07, 0.21, 0, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 0.31, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 0.31, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 0.31, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 0, 0.07, 0, 0],

[0, 0, 0, 0, 0, 0, 0, 0, 0.07, 0],

[0, 0, 0, 0, 0, 0, 0, 0, 0, 0.07]

])

# Compute eigenvalues of Z_1

eigenvalues_Z_1 = np.linalg.eigvals(Z_1)

# Compute E-optimality criterion (using minimum eigenvalue)

E_criterion = np.min(eigenvalues_Z_1)

# Print the result

print(f"E-optimality criterion: {E_criterion}")

E-optimality criterion: 0.047365552251949924

[4]: import numpy as np

# Define the design matrix Z2

Z2 = np.array([

[1.00, 0.50, 0.50, 0.50, 0, 0, 0, 0, 0, 0],

[0.50, 0.57, 0.19, 0.19, 0, 0, 0, 0, 0, 0],

[0.50, 0.19, 0.57, 0.19, 0, 0, 0, 0, 0, 0],

[0.50, 0.19, 0.19, 0.57, 0, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 0.50, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 0.50, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 0.50, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 0, 0.19, 0, 0],

[0, 0, 0, 0, 0, 0, 0, 0, 0.19, 0],

[0, 0, 0, 0, 0, 0, 0, 0, 0, 0.19]

])
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def d_optimality_criterion(Z):

"""

Calculate the D-optimality criterion for a given design matrix 

↪→Z.

Parameters:

Z (numpy.ndarray): The design matrix.

Returns:

float: The D-optimality criterion.

"""

# Calculate determinant of Z

det_Z = np.linalg.det(Z)

# Number of rows or columns in Z

S = Z.shape[0]

# Calculate D-optimality criterion

d_optimality = det_Z ** (1 / S)

return d_optimality

# Calculate the D-optimality criterion for the given design matrix 

↪→Z2

d_optimality_value = d_optimality_criterion(Z2)

print("D-optimality criterion value:", d_optimality_value)

D-optimality criterion value: 0.34623965031641984

[5]: import numpy as np

# Define the design matrix Z2

Z2 = np.array([

[1.00, 0.50, 0.50, 0.50, 0, 0, 0, 0, 0, 0],

[0.50, 0.57, 0.19, 0.19, 0, 0, 0, 0, 0, 0],

[0.50, 0.19, 0.57, 0.19, 0, 0, 0, 0, 0, 0],

[0.50, 0.19, 0.19, 0.57, 0, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 0.50, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 0.50, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 0.50, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 0, 0.19, 0, 0],

[0, 0, 0, 0, 0, 0, 0, 0, 0.19, 0],
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[0, 0, 0, 0, 0, 0, 0, 0, 0, 0.19]

])

def t_optimality_criterion(Z):

"""

Calculate the T-optimality criterion for a given design matrix 

↪→Z.

Parameters:

Z (numpy.ndarray): The design matrix.

Returns:

float: The T-optimality criterion.

"""

# Calculate trace of Z

trace_Z = np.trace(Z)

# Number of rows or columns in Z

S = Z.shape[0]

# Calculate T-optimality criterion

t_optimality = trace_Z / S

return t_optimality

# Calculate the T-optimality criterion for the given design matrix 

↪→Z2

t_optimality_value = t_optimality_criterion(Z2)

print("T-optimality criterion value:", t_optimality_value)

T-optimality criterion value: 0.4780000000000001

[ ]:

[6]: import numpy as np

# Define the design matrix Z_2

Z_2 = np.array([

[1.00, 0.50, 0.50, 0.50, 0, 0, 0, 0, 0, 0],

[0.50, 0.57, 0.19, 0.19, 0, 0, 0, 0, 0, 0],

[0.50, 0.19, 0.57, 0.19, 0, 0, 0, 0, 0, 0],

[0.50, 0.19, 0.19, 0.57, 0, 0, 0, 0, 0, 0],
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[0, 0, 0, 0, 0.50, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 0.50, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 0.50, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 0, 0.19, 0, 0],

[0, 0, 0, 0, 0, 0, 0, 0, 0.19, 0],

[0, 0, 0, 0, 0, 0, 0, 0, 0, 0.19]

])

# Compute the eigenvalues of Z_2

eigenvalues, _ = np.linalg.eig(Z_2)

# Select the smallest eigenvalue (E-optimality criterion)

E_optimality = min(eigenvalues)

# Print the result

print(f"E-optimality criterion: {E_optimality}")

E-optimality criterion: 0.10861382744182721

[7]: import numpy as np

# Define the design matrix Z_3

Z_3 = np.array([

[1.00, 1.34, 1.34, 1.34, 0, 0, 0, 0, 0, 0],

[1.34, 3.27, 1.09, 1.09, 0, 0, 0, 0, 0, 0],

[1.34, 1.09, 3.27, 1.09, 0, 0, 0, 0, 0, 0],

[1.34, 1.09, 1.09, 3.27, 0, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 1.34, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 1.34, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 1.34, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 0.19, 1.09, 0, 0],

[0, 0, 0, 0, 0, 0, 0, 0.19, 1.09, 0],

[0, 0, 0, 0, 0, 0, 0, 0, 0.19, 1.09]

])

# Number of runs (S)

S = Z_3.shape[0]

# Compute the determinant of Z_3

det_Z_3 = np.linalg.det(Z_3)

# Compute the D-optimality criterion

D_optimality = det_Z_3 ** (1 / S)
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# Print the result

print(f"D-optimality criterion: {D_optimality}")

D-optimality criterion: 0.9933959737056217

[8]: import numpy as np

# Define the design matrix Z_3

Z_3 = np.array([

[1.00, 1.34, 1.34, 1.34, 0, 0, 0, 0, 0, 0],

[1.34, 3.27, 1.09, 1.09, 0, 0, 0, 0, 0, 0],

[1.34, 1.09, 3.27, 1.09, 0, 0, 0, 0, 0, 0],

[1.34, 1.09, 1.09, 3.27, 0, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 1.34, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 1.34, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 1.34, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 0.19, 1.09, 0, 0],

[0, 0, 0, 0, 0, 0, 0, 0.19, 1.09, 0],

[0, 0, 0, 0, 0, 0, 0, 0, 0.19, 1.09]

])

# Number of runs (S)

S = Z_3.shape[0]

# Compute the trace of Z_3

trace_Z_3 = np.trace(Z_3)

# Compute the T-criterion

T_criterion = trace_Z_3 / S

# Print the result

print(f"T-criterion: {T_criterion}")

T-criterion: 1.8099999999999998

[ ]:

[9]: import numpy as np

# Define the design matrix Z_3

Z_3 = np.array([

[1.00, 1.34, 1.34, 1.34, 0, 0, 0, 0, 0, 0],

[1.34, 3.27, 1.09, 1.09, 0, 0, 0, 0, 0, 0],



190

[1.34, 1.09, 3.27, 1.09, 0, 0, 0, 0, 0, 0],

[1.34, 1.09, 1.09, 3.27, 0, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 1.34, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 1.34, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 1.34, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 0.19, 1.09, 0, 0],

[0, 0, 0, 0, 0, 0, 0, 0.19, 1.09, 0],

[0, 0, 0, 0, 0, 0, 0, 0, 0.19, 1.09]

])

# Compute eigenvalues of Z_3

eigenvalues_Z_3 = np.linalg.eigvals(Z_3)

# Compute E-optimality criterion

E_criterion = np.prod(eigenvalues_Z_3)**(1/Z_3.shape[0])

# Print the result

print(f"E-optimality criterion: {E_criterion}")

E-optimality criterion: 0.9933959737056203

[ ]:
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