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Abstract

There has been effort to investigate the spectrum of difference operators to paral-
lel that of differential operators. This has been done either through the subspace
theory or direct definition of the domain of the operator. Even though much has
been done to compare the spectral theory of differential and difference operators of
order two, few or limited comparative analysis exists beyond order two operators. In
particular, no comparative analysis has been done for order six operators on Hilbert
spaces and that of the fourth order has not been exhausted especially when the odd
order coefficients are unbounded. Of importance is to compare the results obtained
in differential operators to those of their discrete counterparts if the two operators
are of the same order under similar growth and decay conditions. The main aim of
this study was to conduct a comparative analysis of spectral theory of higher order
differential and difference operators on Hilbert spaces, when the odd order coeffi-
cients are unbounded. The specific objectives were; to evaluate and compare the
deficiency indices of the second order differential and difference operators with un-
bounded odd order coefficients, discuss the spectrum of the fourth order differential
and difference operators and finally apply asymptotic integration and summation to
analyze the spectral properties of sixth order differential and difference operators on
Hilbert spaces, with the third order coefficient unbounded. The comparative anal-
ysis was carried out by means of asymptotic integration and summation based on
Levinson’s and Levinson-Benzaid-Lutz theorems. For order two differential opera-
tor with unbounded odd order coefficients, the absolutely continuous spectrum was
the whole of the real line with spectral multiplicity as one. On the other hand, the
spectrum of their discrete counterparts only consisted of eigenvalues under similar
growth conditions. Similarly, order four differential operator resulted into absolutely
continuous spectrum with spectral multiplicity one whenever the third order coef-
ficient is unbounded while the spectrum of fourth order difference operator under
similar conditions is pure discrete. Finally, the absolutely continuous spectrum was
found to be the whole real line in the case of order six differential operator with sixth
order difference operator giving discrete spectrum when the third order coefficient
is unbounded. Since spectral theory have wide applications in other fields like quan-
tum mechanics, stability analysis of market prices as well as in epidemiology, the
results obtained in this research are applicable in stability analysis of market prices
because asymptotic integration and summation are perturbation processes. Due to
complexity in computations and analysis of the roots of degree six polynomials, only
three term sixth order operators were analyzed. In future, one can investigate the
spectral properties of order six operators with all the coefficients taken as non-zero.
This can be generalized to higher orders more than six.



Notations and Terminologies

LBL:
USI:

T
L*:
L:

Levinson Benzaid Lutz
Uniformly Square Integrable
symmetric differential expression
symmetric difference expression
minimal differential operator
maximal differential operator
maximal difference operator

minimal difference operator

O(.),o(.):Landau Symbols (the 'big-O’and ’little-0)
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Chapter 1

Introduction

This chapter presents a background of the study, definitions of terms used in this

study, statement of the problem, study objectives and significance of the study.

1.1 Background of the Study

There has been a number of papers investigating the spectrum of difference opera-
tors to parallel that of differential operators. Attempts have been made to compare
the spectral theory of differential and difference operators but only for second order
and to some extent fourth order operators (Nyamwala, 2010; Behncke & Nyamwala,
2013). Thus for higher orders, that is, of orders more than four, this is lacking
completely. We point out here that due to limiting techniques in constructing sym-
metric difference equations of odd orders, the analysis concentrated only on even
order operators.

We are considering even order differential and difference operators particularly, sec-
ond, fourth and sixth order generated by equations (1.1) and (1.2) respectively.

Let

3

Ty(e) = w@){Y (=1 (pr(z)y® (2))® (1.1)

k=0

- iZ(—1)(j)(Qj(w)y(j)(x))(j‘1) +(g;(2)yVD(2))"}

be a 6" order symmetric differential equation defined on £2([0, 00)) where py.(x), g;(z),
k=0,1,2,3 and j=1,2,3 are real-valued functions with ps(z),w(x) > 0, w(z) is a
weighted function and i = \/—1. Here, y*)(x) is the k™" derivative of y(z) with
respect to . In the case of 2"¢ and 4" orders, we will assume that p;(z) > 0 and

pa(z) > 0 respectively. The other coefficients of higher order will be taken as zero.



Then 7y(z) in (1.1) generates a differential operator on £3([0,00)). Similarly, let

3

Ly(t) = w_l(t){Z(—l)kAk[pk(t)Aky(t — k) (1.2)
- iZ(—l)(j)[ﬁj‘l(qj(t)ﬁjy(t — ) + A (q; (1) Ayt — 5+ 1))}

be a 6" order symmetric difference equation defined on ¢(N) where w(t) > 0 and
ps(t) > 0, pr(t),q;(t), k=0,1,2,3, j=1,2,3 are real valued functions with A a forward
difference operator defined by Af(t) = f(t + 1) — f(t). Then Ly(t) generates a
difference operator on *(N).

The interest of this study was in obtaining the deficiency indices of minimal op-
erators generated by (1.1) and (1.2) and the spectrum of self-adjoint extension of
these minimal operators. The two, that is, deficiency indices and the spectrum of
self-adjoint extensions, constitute the spectral theory of the operators generated by

(1.1) and (1.2) respectively.

1.2 Definition of Terms

In this section, we define the basic concepts in spectral theory that are commonly
used and are fundamental in comparative analysis of spectral theory of the differ-
ential and difference operators on Hilbert spaces.

Let T be an operator defined on the Hilbert space H. The symbol D(T') will be
used to denote the domain of 7'
Definition 1.2.1
Spectrum of 7' denoted by o(7T') is defined as the set of all complex numbers A,
such that (7' — X)~! does not exist. Mathematically, one writes o(T) = {\ €
C;(T — M)~! does not exist}. The spectrum has various components, namely;
essential spectrum, residual spectrum, absolutely continuous spectrum, point spec-
trum and singular continuous spectrum.

The set of all complex numbers A, such that (T'— AI)~! does not have a dense range



in ‘H is known as continuous spectrum of 7" and is denoted by o.(7). In symbols,
one writes 0.(T) = {\ € C;(T — X\)~! does not have a dense range} (Kreyszig,
1989).

The set of all complex numbers A, such that (T'— AI)~! does not exist since T' is not
injective is known as point spectrum of 7" and is denoted by 0,(7"). Symbolically,
one writes 0,(T) = {\ € C; (T — X )~" does not exist since T is not injective}.
Residual spectrum is the set of all complex numbers A, such that (T'— AI)~! does
not exist since 7" is not bounded away from zero and is denoted by o,(7"). Math-
ematically, one writes 0,.(T) = {\ € C;(T — AI)~! does not exist since T is not
bounded away from zero}.

The set of all complex numbers ), such that (T — AI)~! does not exist since T is
not a semi-fredholm operator (an operator whose range is closed and is finite dimen-
sional) is known as essential spectrum of 7" and is denoted by o¢ss(7'). In symbols,
one writes o..(T) = {\ € C; (T'—\I)~! does not exist since T' is not a semi-fredholm
operator}.

Definition 1.2.2

An operator T is said to be densely defined if D(T) is dense in H, that is, D(T) = H
, where, H is a Hilbert space.

Definition 1.2.3

An operator T defined on a Hilbert space H is said to be symmetric if 7" is densely
defined and T' C T, D(T') C D(T*), that is, < Tu,v >=< u, T*v >=< u, Tv > for
all u,v € D(T).

Definition 1.2.4

The maximal operator T* is defined on the largest possible domain in £2((0, c0), w)
which is mapped onto £3(]0, c0), w).

The domain of the maximal operator T™ generated by 7 is given by;

D(T*) = {y € £2(0,00 : w) : yl oM ¢y Bl 4l 9B are absolutely continuous in
(0, ), Ty € L*((0,00 : w), T*y = 1y for all y € D(T*)}.

Definition 1.2.5



An operator defined by restraining within bounds the domain of the maximal op-
erator only to those functions y with compact support is known as pre-minimal
operator. It is denoted by 77 and its domain is defined by

D(Ty) = {y € D(T*);y has compact support in (0, c0)}.

Ty = T*y = 7y for all y € D(T}). For unbounded domains, 7} is not necessarily
closed but is densely defined. The closure of the preminimal operator 77,7, is the
minimal operator spawned by (1.1) and (1.2) and is denoted by T.

Definition 1.2.6

In Eastham (1989), the deficiency index, defT’, is defined as the pair
defT = (dimNrp«i;, dimNp«_;).

Nrp«y; is the nullspace of T 44l and Np-_; is the nullspace of T* — ¢I. Thus Np«_;
is the set of all elements such that Ty = 4y. If one uses a nonreal complex spectral
parameter z, then for Imz > 0, one has dimNp«_; = dimNp«_, and dimNp«; =
dimNrp«_; with Ny = dimNp«_, and N_ = dimNp-_s. Although the definition of
the deficiency indices depend on z, the dimension of the nullspaces are independent
of z provided that z remains in either of the half-planes. For Imz > 0, N, and N_
may be finite or infinite. Thus defT = (N;, N_).

Definition 1.2.7

An operator T has self-adjoint extensions if both its deficiency indices are equal,
that is, defT = (r,7) and r is not equal to zero. Otherwise, for r = 0, the operator
is self-adjoint. Here, 3 < r < 6 as per the results proved by Naimark (1967), is the
range for order six.

Definition 1.2.8

The M-matrix generalises the m-function of the Weyl Titchmarsh and thus relates
the asymptotics of the eigenfunction of higher order differential operators to the

spectrum of their self-adjoint realisation. Given the Hamiltonian system of the form

Jy'(x) = [2A(x) + B(x)]y(z), (1.3)



where

0, —1I, A 0
I, 0, 0 0

and A = diag(w, 0, ....,0) with the assumption that A(x), B(x) are locally integrable
in the underlying interval [a,00) and B(z) = B*(x), A(z) > 0, (in the positive
definite sense), almost everywhere. The nonzero matrix elements of A(x) are Ay =

w while

—-C A
B:
A B

with the nonzero matrix elements of A, B and C' given by

q _
Ajjm=1 Apn=i—, Bun=p,"

Pn
Cij=pj-1, Cjjr=1q; = —Cj1;.

Let Y, (., 2) = (Ua(., 2), Va(., 2)) be a fundamental matrix with initial values

ay —a;
Ya(a,z) =
ay a

where g, ay are n by n complex-valued matrices described with rank(ay, as) = n
and

o] + agas =1,  aras — asad = 0,. (1.4)

The boundary conditions at the regular endpoint a are given by

(o, a9)y(a) = 0. (1.5)

U, V, are 2n by n complex-valued matrices whose every column solves 7u = zu.
Note that the boundary condition at a are satisfied by V,(.,2) and ay, s satisfy
(1.4) and (1.5). Therefore, the columns of Y, generates the 2n-dimensional vector

space of solutions of (1.3).



In the limit point case, self-adjoint extensions are realised by fixing the boundary
conditions at a. Now the boundary conditions to the right through a = (aq, as)
are fixed and the techniques of Hinton and Shaw (1981) applied for Imz # 0, the
M-matrix, M,(z) € C™*" is defined by;

I,
Xal(z,2) = Ya(z, 2) € CQ[a, 00).
M, (z)

M,(z) is analytic for Imz # 0 and ImM,(z) is positive definite in the upper half
plane. The columns of x,(z,z) form a basis for the square integrable solutions of
(1.3).

Similarly, for the difference case, in the limit point case with Imz > 0, one has a

matrix, M € C™*™ such that;

I,
Xo(Z,2) = Ya(z, 2) =Uy(t,2) + Vo (t, 2) M (2),
M(z)

where (¢, z) satisfies the boundary condition, (a1, as)y(a) = 0. As before M(z) is
determined from the solutions that stay absolutely square summable as Imz \, 0,
it is unique, analytic in both half planes and satisfies M*(z) = M(z). It has been
shown by Shi (2006), that if L is limit point at ¢ = oo, then one can construct the
M-matrix M(z) for the Hamiltonian restricted to [a,00) with Dirichlet boundary
conditions. To do this, let

Wi(a, 2)

Ws(a, 2)

be a system of n square summable solutions for I'mz > 0. Then from the theory

of Hinton and Shaw (1981) which was extended to discrete setting by Shi (2006),
I

it follows that these solutions arise from Y (t, 2) ! where Y, (t, z) is the
M(z)

fundamental solution of the system satisfying the appropriate boundary conditions

at a. If one compares both sets of solutions, it shows that there is an invertible n



by n matrix C' such that

Wi(a, z) I,
x(a,z) = C=Y(t2)
WQ(CL7 Z) M(z)

This in turn implies M(z) = Wa(a, 2)W;  (a,z). Now let F,(.,2) be n by 2n sys-
tem of square summable solutions of the Hamiltonian system satisfying boundary
conditions at a and infinity and z, 2’ ¢ R, then for F,(.,z) — F,(.,2") € D(H) and
by results of Remling (1998), it follows that (F,(., z), Fu(.,2)) = (Imz) ' ImM z) if

2! = z. Therefore, if z = pu + ie for some € > 0, then one has for p, = lim .o+ i€

ImM (py) = limeor ImM (pu + i€) = limeor€{(Fo(., py + i€), Fo (., s + i€)).

1.3 Statement of the Problem

It is well known that Sturm-Liouville equations and their discrete counterparts, Ja-
cobi matrices, can be analysed by closely related methods. Thus, many Schrodinger-
type results have their discrete counterparts and often a result in the discrete or
continuous sector leads to a result in the other area. A comparative analysis of the
spectral theory for fourth order operators has not been exhausted especially when
the odd order coefficients are unbounded while that of sixth order differential and

difference operators on £2[0,00) and ¢*(N) is lacking completely.

1.4 Objectives of the Study
In this section, we have given both the main and specific objectives of this research.
1.4.1 Main Objective

The main objective of this study was to conduct a comparative analysis of spectral
theory of higher order differential and difference operators on Hilbert spaces, when

the odd order coefficients are unbounded.



1.4.2 Specific Objectives

The specific objectives of this study were to:-

(i) Evaluate and compare the deficiency indices of second order differential and

difference operators on Hilbert spaces with unbounded odd order coefficient.

(ii) Discuss the spectrum of fourth order differential and difference operators on

Hilbert spaces when the third order coefficient is unbounded.

(iii) Apply the asymptotic integration and summation to investigate the spectral
theory of sixth order differential and difference operators when the third order

coeflicient is unbounded.

The results obtained are explained in the following subsections: Objective (i) is
achieved in sections 4.2 and 4.3, objective (ii) is achieved in sections 4.4 and 4.5

while those of the third objective are in sections 4.6 and 4.7.

1.5 Justification of the Study

In this study, we have conducted a clear and refined comparative analysis of the
spectral theory of the second and fourth order differential and difference operators
especially when the odd order coefficients are unbounded and gone ahead to do
the analysis of the sixth order differential and difference operators which is lacking

completely. This has been done for the completeness of the analysis.

1.6 Significance of the Study

The Differential operators have many applications in real life situation for example
in quantum mechanics where it is used to represent momentum in the field of ob-
servable. Here, 1) represents a state with variables as q, that is, ¢ = ¢(¢). Thus
for the momentum we have the operator D defined by Dw(q) = h/211i = di(q)/dq
which represents 1-dimensional Schrédinger equation in modern physics (second or-
der differential operator).

Symmetric and Hermitian matrices or operators are applicable in mathematical



modelling since any system of differential equations explaining this model results
into first order system (Hamiltonian system) with symmetric matrices whose eigen-
values are real and have physical meaning.

The results obtained in this research are also applicable in stability analysis of market

prices because asymptotic integration and summation are perturbation processes.

This thesis is divided into five chapters, namely; 1. Introduction, where the
background of the study, definition of the terms used in the study, objectives and
significance of the study have been outlined. 2.Literature Review, which examines
and acknowledges the contribution of other scholars and researchers 3. Methodology,
here, asymptotic integration and summation procedures are outlined. 4. Results and
Discussions, which extends the situation studied in (Agure, Ambogo, & Nyamwala,
2013; Behncke & Nyamwala, 2012) to the sixth order case and 5. Conclusion, which
is a summary of the main findings based on the research objectives and conclusions

drawn out of the results.
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Chapter 2

Literature Review

2.1 Introduction

This chapter examines and acknowledges the contributions of other researchers and
scholars on spectral theory which has been done through review of books, journals
and research work. A lot of research on spectrum of differential and difference oper-
ators on Hilbert spaces have been conducted (Hinton & Schneider, 1993; Nyamwala,
2010; Behncke, Hinton, & Remling, 2001; Remling, 1999; Nyamwala, 2015). The
focus here, is on literature on the spectrum and deficiency indices of differential and

difference operators of order two and four.

2.2 Spectral theory of difference and differential operators

A study on deficiency indices and spectrum of fourth order difference equations
with unbounded coefficients was carried out by Agure et al. (2013). The study
used subspace theory together with appropriate smoothness and decay conditions
to calculate the deficiency indices of fourth order difference equations and absolutely
continuous spectrum with unbounded coefficients. The results showed that if the
coefficients py, ¢, kK = 0,1,2, 7 = 1,2, are allowed to be unbounded and satisfy
appropriate smoothness and decay conditions, and the Hamiltonian satisfies the
definiteness and regular conditions, the deficiency indices of the minimal subspace
will be (n, n), where 2 < n < 4 and the absolutely continuous spectrum of the
selfadjoint extension subspace is the whole of R and has spectral multiplicity one.

An investigation on higher even order linear differential operators with unbounded
coefficients had been conducted in (Behncke & Nyamwala, 2012) For these oper-
ators, the eigenvalues of the characteristic polynomials fall into distinct classes or

clusters. In such a case, the spectral properties, deficiency indices and spectra, of
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the underlying differential operators are superpositions of the contributions from
the individual clusters. The results were based on a quantitative improvement of
Levinson’s Theorem. The investigation concludes that the method used can also be
applicable to other classes of linear differential operators.

In (Nyamwala, 2015), it was shown that the absolutely continuous spectrum exists
outside a certain bounded interval in a research on absolutely continuous spectrum of
fourth order difference equation with bounded coefficients. In addition, the spectral
multiplicity as well as the location of absolutely continuous spectrum of selfadjoint
subspace extension under certain asymptotic conditions were computed.

In a study on spectrum and deficiency indices of four term differential operator where
strengthening dichotomy condition and weakening decay conditions was applied, it
has been proved by Nyamwala (2010) that a four term 2n-th order differential oper-
ator with unbounded coefficients on half line is a nonlimit-point operator. It is also
proved that the deficiency index of this operator is determined by the behaviour of
the coefficients themselves and that the absolutely continuous spectrum had multi-
plicity of two.

Suppose that a difference operator has almost constant coefficients, it has been
proved by Behncke and Nyamwala (2011), that the operators whose coefficients are
approximately constant in a general sense have an absolutely continuous spectrum
which is equal to that of the corresponding constant coefficient operator or given by
that of the limiting constant coefficient operator. For such operators, the absolutely
continuous spectrum can be read off from the associated characteristic polynomial.
The approach is based on an analysis of the associated difference equation with the
help of uniform asymptotic summation techniques.

Levinson’s theorem in asymptotic integration of linear differential systems is strength-
ened in a quantitative way by Behncke (2010a). The results showed that any decay
in excess of absolute integration appears with a remainder.

The survey in the spectral theory of certain one-dimensional differential and finite

difference operators : Jacobi matrices, Krein systems and Schrodinger operators was
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carried out by Killip and Simon (2003) and the connection for these results is the
use of sum rules relating the coefficients and spectral data.

The asymptotic behaviour of large eigenvalues for a class of finite difference self-
adjoint operators with compact resolvents in £?(N) was investigated by Anne Boutet
De Monvel (2012). This was done by obtaining the simplest remainder estimates
and then computing further terms of the asymptotics with smaller remainder under
stronger conditions of smoothness imposed on the entries.

The relationship between the asymptotic behaviour of solutions of singular Sturm-
Liouville equation and spectral properties of the corresponding self-adjoint operators
is shown by Daphne (2005). The link between the number of points of the spec-
trum below an eigenvalue and the number of zeros in the associated eigenfunction
was noted. The extension of the theory to the related differential and difference
operators was also shown and the applications discussed in conjuction with other
asympotic methods.

A study on spectral analysis of higher order differential operators was carried out
by (Remling, 1998). The study interpreted the m-function in terms of Hilbert space
notions and showed that the classical m-function could be recovered as a part of the
more complicated one. Application of this led to results on spectral multiplicity and
stability process of the spectrum.

A discussion on spectral properties of higher order ordinary differential operators
was carried out by (Behncke et al., 2001). If the coefficients differed from constants
by small perturbations, then the spectral properties were preserved. The results
showed that the perturbed operators had the same spectral properties as the un-
perturbed one except that there may be additional point spectrum. Location and
multiplicity of the spectrum was also determined.

A study on deficiency index problem in which, as part of the spectral theory of self-
adjoint differential operators, the problem was to determine the number of linearly
independent solutions of the associated differential equation on a Hilbert space was

carried out in (Eastham, 1989). Applications of spectral theory were also carried out
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and the location of eigenvalues embedded in the continuous spectrum determined.

In (Weidmann, 1980), classes of linear operators were studied. The spectral the-
ory of self-adjoint operators (first for compact operators and then for the general
case) as well as some important consequences and a detailed characterisation of the
spectral properties was analysed. Von Neumann’s extension theory for symmetric
operators was developed and the results of perturbation theory for self-adjoint oper-
ators were found. Lastly, applications of partial differential operators, in particular
to Schrodinger and Dirac operators were shown.

The absolutely continuous spectrum of the constant coefficient operator and its
multiplicity was read off from the range of the characteristic polynomial on the unit
circle by Nyamwala (2010). It is also proved that the absence of singular continu-
ous spectrum under suitable smoothness assumptions for the coefficients is clearly
a perturbation result. This perturbation is not in the operator sense but rather
a perturbation of the M-function. These results may be extended to operators on
L?(R) and ¢%(Z) by using the decomposition method.

The spectral theory of higher order difference operators had been conducted by
means of asymptotic summation, thereby extending many results of differential op-
erators to discrete settings. The spectra of degenerate fourth-order operators was
also investigated by Behncke and Nyamwala (2013) and the results then compared
with those of corresponding differential operators. Even though there had been
many similarities between both classes of operators, the spectral results may be
quite distinct. The comparative analysis of spectral theory of the operators is not
exhausted for order four operators and is missing completely for operators of order
more than four.

This study has conducted a comparative analysis of spectral theory of order two,
four and six for differential and difference operators. The deficiency indices and the
spectral multiplicity have also been evaluated on the Hilbert space. The comparative
analysis has been carried out by means of asymptotic integration and summation

based on Levinson’s and Levinson-Benzaid-Lutz theorems.
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Chapter 3

Methodology

3.1 Introduction

In this chapter, we outline the methods that will be used to meet objectives of
the study. It outlines the procedure used to evaluate the deficiency indices of the
difference and the differential operator, prove the dichotomy condition and finally
investigate the spectral properties of the sixth order differential and difference op-
erators. The main procedure in solving symmetric differential equations of higher
order has been asymptotic integration. The theorem states that, the solutions of a

system

u'(z) = {A(@) + R(z)}u(z),  Az) = diag(Ae(z))

looks like the solutions of the unperturbed system «' = Aw if R(x) is sufficiently
small and A(x) = diag(\x(z)) satisfies a dichotomy condition (Eastham, 1989), here,
sufficiently small means absolutely integrable. The dichotomy condition amounts to;
for every unequal pair k,j, o <t <z <oo, Re{\(z,z)—A\;(z,z2)} has constant
sign modulo £!([a, 00) for all z € Q. Moreover, assuming that || R(z) [|< p(z) with

p(z) € L([a,00). Then
Y'(z,2) = [Nz, 2) + R(z, 2)]Y (z, 2)
has solutions yi(z, z), 1 < k < 2n with asymptotic form
Yi(x, 2) = (e + ri(x, z)).exp(/: i (t, 2)dt),

where e, denotes the kth unit vector and ri(x, z) depends analytically on z € Q and

tends to 0 z-uniformly as © — oo.
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For the difference operator, asymptotic summation which is based on the famous
Levinson-Benzaid-Lutz’s theorem has been used where the asymptotics of the eigen-
functions of the operators have been determined (Benzaid & Lutz, 1987). The di-
chotomy condition amounts to; for any pairs of indices k and j, such that k # j,

assume there exists 6 with 0 < 6 < 1 such that |Ag(¢,2)] > 0 for all ¢ > a. Then

either \%] >1+4or ]:\\’;((zz))\ < 1—9¢ for a large t. Here, the form of the solution
is given by;

Y(t, z) = [ex + ree] 25 (AL 2)),
where 74 (t, 2) = o(1).

3.2 System formulation

The first objective was achieved by system formulation of order two difference and
differential operators, converted them into first order by computing their quasidiffer-
ences and quasiderivatives respectively, then their characteristic polynomial. Since
the characteristic polynomials of order two operators were quadratic expressions,
the zeros were computed explicitly. Order four operators without odd order terms
resulted into biquadratic characteristic polynomials whose roots were similarly com-
puted explicitly. The deficiency indices were then read off from the asymptotics
of the eigenfunctions. Asymptotic integration was used in solving symmetric dif-
ferential equations of higher order while asymptotic summation was used for the
symmetric difference equations.

For the second objective, we begun by obtaining the first objective before determin-
ing the spectrum from analysis of the solutions. The z-uniformly square integrable
or summable eigenfunctions contributed to discrete spectrum. The eigenfunctions
that lost their square integrability as Imz — 0 contributed to absolutely contin-
uous spectrum with the multiplicity of the absolutely continuous spectrum equal
to the number of such eigenfunctions. The behaviour of the correction term deter-
mined the range of the spectral parameter which was used to locate the absolutely

continuous spectrum. The method of asymptotic integration excludes coefficients



16

whose derivatives decay too slowly, hence no singular continuous spectrum. The last
objective was a combination of the first and second objective.
The M-matrix M (z) was constructed for the Hamiltonian restricted to [a, c0) with

Dirichlet boundary conditions as outlined in Chapter One. This was done by letting

Wi(a, z)
Ws(a, 2)

be a system of 2n x n square summable solutions for Imz > 0. Then from the

theory of Hinton and Shaw (1981), it followed that these solutions arose from
I

Y(t,z) ! where Y, (¢, z) was the fundamental solution of the system satisfy-

M(z)

ing the appropriate boundary conditions at a. In this case, these are Y, (a, z) = I,.
A comparison was made for both sets of solutions and was shown that there was an

invertible n by n matrix C' such that

Wi(a, z) I,
x(a,z) = C=Y(tz2)

Wo(a, 2) M(z)

This in turn implied M(z) = Wy(a, 2)W, (a,z). Letting F,(.,z) be n by 2n sys-
tem of square summable solutions of the Hamiltonian system satisfying boundary

conditions at a and infinity and z, 2’ ¢ R, then
F.(.,2)—F,(.,2") € D(H)
and by results of Remling (1998), it followed that
(Fo(.,2), Fu(i,2)) = (Im2) ' ImM(2) if 2 ==z
Therefore, if z = p + i€ for some € > 0, then one has for u, = lim. o p + i€

ImM (py) = limesor ImM (o + i€) = limeor€{(Fn (., pig +€), Fo (., g + i€)).
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Chapter 4

Results and Discussions

4.1 Introduction

In this chapter, we present the main results and discussions of this research in
terms of lemmas and theorems. The results are grouped according to the research
objectives.

The main results and discussions are organized as follows:
Section 4.2 and 4.3: Evaluating and comparing the deficiency indices of second order
differential and difference operators with unbounded odd order coefficient.
Section 4.4 and 4.5: Discussing the spectrum of fourth order differential and differ-
ence operators when the third order coefficient is unbounded.
Section 4.6 and 4.7: Application of asymptotic integration and summation to in-
vestigate the spectral theory of the sixth order differential and difference operators

when the third order coefficient is unbounded.

4.2 Order Two Differential Operator

In this section, we consider (1.1) with p3 = ¢3 = g2 = p2 = 0, p1,q1,p0 # 0 S0
that we have order two differential equation generating a second order differential

operator. Thus, we consider the symmetric differential equation of the form

Ty(x) = —(p1(2)y ()" + ila(@)y () + (@ (@)y(@))] + po(x)y(2). (4.1)
The growth conditions are assumed to be;

lu(z)| S0, po,pr=o(q1),  Vze[0,00). (4.2)
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Further, we assume that the coefficients obey the following regularity and decay

conditions.
/ ) f// f/ 2 .
—eLl ) e (_> €L ) f:p()apl?ql? f:f(‘r) (43)

4.2.1 System formulation

We study the spectral theory of differential operators generated by (4.1) on £2(0, 0o)
by means of asymptotic integration. Note that v/, 3" will denote the first and sec-
ond derivatives of y while y!, 4 will denote the quasiderivatives of y in line with
Walker’s definition, see (Walker, 1974). £2(0, c0) will denote the underlying Hilbert
space of square integrable functions defined on [0, 00).

The coefficients p1, py and ¢; will satisfy conditions (4.2) and (4.3).

In (4.2), for f = o(q1), we mean that |f(x)] < |¢i(z)| for all z € [0,00) and
f = O(g) means that there exists k& > 0 such that k7| f(x)| =~ |g(x)| =~ k|f(z)]| for
all z € [0, 00).

Our starting point is the differential equation 7y(x) = zy(z), that is,

Ty(x) = —(pu(2)y ()" + ilq(2)y (=) + (@ (2)y(2))] + po(2)y () = zy(z)  (4.4)

on [0,00), where z is the spectral parameter. The coefficients pi,py and ¢ are
assumed to be real-valued.
By application of quasiderivatives as defined in Walker (1974), we can convert (4.4)

into its first order system. These are given by;

1

q
U=y =iy + —ys
b1 b1

Yyl =y, oy

[ tar,

b1

2
i . q
YW =py —iqy, YV =my) — (iqy) = (po — p_11>y[0] +

Here, y=y(x), pr=pi(z)and ¢; = q;(x).

One can define the maximal and minimal operator T* and T respectively, corre-
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sponding to 7 as done in Chapter One.

In order to apply asymptotic integration method, it is convenient to write (4.4)
as a first order system. The solutions of (4.4) via asymptotic integration is based
on the famous Levinson’s theorem which has undergone various modifications ei-
ther through strengthening the dichotomy or decay conditions. In our case, the

generalized version which has a spectral parameter z, suffices and is stated below.
4.2.2 Asymptotic Integration

One of the most significant results in asymptotic integration theory which is cru-
cial in solving the first order system of a higher order differential equation is the

Levinson’s Theorem. The theorem states that, the solutions of a system
U'(z) = {A(x) + R(x)}U(z), Ax) = diag(Ni(x)) i=1,2,...,2n

looks like the solutions of the unperturbed system v’ = Au if R(z) is sufficiently
small and A(z) = diag(\;(z)) satisfies a dichotomy condition. For more details, see
the book of Eastham (1989). In spectral theory, the matrix elements of \;(z) will
generally depend also on the spectral parameter z. Thus, one writes \; = \;(z, 2)
for this. In this case, it will be important to state Levinson’s Theorem uniformly
in z in order to control the z-dependence of the solution. The following z-uniform
version will suffice and is stated for a 2nth order system. Its proof can be found in

the paper of Behncke et al. (2001).

Theorem 4.2.1. Let Az, z) = diag(A\i(z, 2), ..., Aon(, 2)) and R(x) be 2nx2n ma-
trices which for all x, are analytic functions of z € Q2 C C. For any unequal pair of
indices i and j, i,j € [1,...,2n], assume that A = diag(\(z, 2), ..., Aan(z,2)) sat-
isfy the dichotomy condition uniformly in z, that is, for every unequal pairi,j, a <
t <z < oo, Re{\i(z, z)— Nz, 2)} has constant sign modulo L([a,0) for all

z € Q. Moreover, assume that || R(z) ||< p(z) with p(x) € L'([a,00). Then

Y'(z,2) = [A(z,2) + R(x, 2)]Y (z, 2) (4.5)
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has solutions y(x, z), 1 < k < 2n, with asymptotic form

Yi(z,2) = (e, + ri(z, z)).exp(/x Ai(t, 2)dt), (4.6)

where ey, denotes the kth unit vector and r(x, z) depends analytically on z € Q and

tends to 0 z-uniformly as x — 0.

Levinson’s theorem thus requires that (4.4) be converted into first order system
as well as in the form of (4.5). We need to compute the characteristic polynomial of
the first order associated with (4.4), the eigenvalues, prove the dichotomy conditions
and finally perform the diagonalisations. In order to apply asymptotic methods, it

is convinient to write (4.4) as a first order system and we will assume that f = f(x),

where f = po,p1,q1 and y = y(x).

Y = AY,
y[o] iq1 1
Y = and A= P , P
1 q iq
yl! Po— o p—ll

Here, z has been absorbed into pg, that is, pg can be read as py — z.
We will now proceed and diagonalise the system. This requires the eigenvalues
of A which are the roots of the characteristic polynomial P(A), that is, P(A) =

det(A — Aly). This results into;

P, 2) = \2— 2y _Po (4.7)
b1 D1

Multiplying althrough by p; and substituting A by —iv we obtain a Fourier polyno-

mial denoted by Pr(v,z, z) and is given by,

»Pr(v,2,2) = —p1v* — 2q1v — po.



21

Multiplying the resultant polynomial by -1 and equating it to zero we obtain,

—mPr(v,x,2) = p11/2 + 2q1v + po = 0. (4.8)

This is a polynomial with real coefficients if z is real, reflecting the symmetry of 7.
Remark 4.2.2 below explains how one avoids degeneracy cases, that is, double or

multiple roots that may lead to complications in diagonalisations.

Remark 4.2.2. Like in the paper of Behncke and Nyamwala (2012), it can be shown
that there exist finitely many spectral values z for which the roots of Pr(\, x, z) are
not distinct. Let wy < wy < ... < wy denote all of the real spectral values z leading
to multiple roots. Following (Behncke €& Nyamwala, 2012), the analysis will be
restricted to small complex neighborhoods of zy € (w;, w;+1), 1=0,...,k,  where,
wy = —00 and Wiy, = 00. For a given zy € (w;, w;11), now choose a > 0 and € > 0

so that Pr(\, z,2) = 0 has no multiple roots for any
z € K(z0) ={z||z — 20| < ¢,Imz >0} = K.

This is possible because the roots of Pr depends analytically on the coefficients.

Throughout the proof of some results, it may be necessary to adjust € repeatedly.

The zeros of equation (4.8) will be of the form,

—2q; £ 4(1% — 4pipo
2py

Vi =

1

_ 2
_ Chiﬂ{l_pop;}
D1 D1 2%

—q1 q1 Po _
~N—+ = F—+...+0(¢?
D1 1 2q1

A~ _22 + Po— = + O(q1—2) and Uy A2 _M + O(ql_Q) (49)

b1 2q1 2q1

Thus the eigenvalues, A\, = Ai(z,2), k = 1,2 are analytic functions of = and z

and can be approximated from v, and v, above for any z = 2y + in where 2, will be
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absorbed in py and I'mz = 7 such that 0 < n < € as

_ 2 (po—z)i  n
b 2q1 2q1

At

— 29)t
Ny — (po —z0)i , 0
2q, 2q1

The proof of dichotomy condition is simplified by Lemma 4.2.3 below and it implies
that the condition is proved only for real v-roots since the v-roots which are in the
complex conjugate pairs with non-zero imaginary parts will lead to equal number
of square and non-square integrable solutions irrespective of the uniform dichotomy

conditions. We, therefore, state the following Lemma whose proof can be found in

(Behncke, 2010a).

Lemma 4.2.3. Consider the system v’ = (A + R)u and assume

with A\j1 = o(1) and A\ia(x) conditionally integrable, i = 1,...,2n. Sort the eigenval-

ues into classes C1,...,Cy so that
(i) \; € Cy then Re\jy = oy, where oy is a constant.

(i) \i € C, \j € Cp, 1 % m then |[Re(Xig — Xjo)| > 9 > 0,l,m=1,.. k.
Now let my = maxy,ec,(Re(Ni1(z))+ and |Cy| denote the number of elements
in Cy. Then the system has |Cy| independent solutions u associated to C
satisfying Ky exp (oqx— [ my—(t)dt) <[l u(z) ||< Ky exp (qraz+ [, my+(t)dt),

where K1 and K5 are constants.

co [ Aattrar)

eliminates the conditionally integrable terms \;»(z) while preserving the £ nature

The transformation

of the off-diagonal terms. Let ay £ 101, ..., ar & 15k, Yokt1, - - - » Yon be the roots of

the Fourier polynomial P(\,z,z), where a;, 3,7 are functions of x and z, with
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a;(z,2), Bj(x,z), m(x,z) € R, then this lemma implies that the non-real eigen-
values lead to k square integrable solutions, which decay exponentially and a cor-
responding sets of exponentially increasing solutions in terms of magnitude. This
holds regardless of the dichotomy conditions. For real eigenvalues, one has by the

implicit function theorem

Yz, z) =z, 20) + (WP, 2, 2)) " (2 — 20)

for small |z — zg|. Thus, the dichotomy condition holds if

(OAP(m)) # (O\P(vm)), 1 #m,

because (0 \P(N)) is real, 0 < n < e. v = y(x,z) will then contribute to the
deficiency index if (0, P(;)) < 0, because the corresponding exponent is —i7y;(x, zo+
in) &~ —iy(x, 20) +N(O\P (i (x, 20)))*. The associated eigenfunctions, however, will
lose their square integrability as n — 0, if the coefficients are bounded. Since
the signs of (0\P(v)) are evenly distributed, half of the 7’s will lead to square
integrable solutions for n = Imz > 0 and complementary ~’s will lead to square
integrable solutions on the lower half plane. This shows that, with an even number of
eigenvalues say 2n for bounded coefficients, T is limit point and defT = (n,n). Some
of the y-eigenfunctions may stay square integrable as I'mz ~\, 0 if the coeflicients
are unbounded and 7" may be non-limit point. It suffices to check the dichotomy

condition only for the real roots of Pg(x, v, z) in all cases.

Theorem 4.2.4. Let T' be the minimal differential operator generated by (4.1) and
assume that condition (4.2) is satisfied, then for z € K, the eigenvalues of the

associated characteristic polynomial of T satisfies the dichotomy condition. Here,

K ={z||z — 20| < €}.

Proof. The proof will be offered in two different ways. Since the roots of Pr as given

in (4.9) are real, we prove the dichotomy condition off the real axis. Let z = 2o +in
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where zp,n7 € R, > 0 and relatively small, {0 < 7 < €}.

— (2o +12 _
L B L L eI
D1 2q1
— (20 + 1
Uy = _(pO ( 0 77)) —|—O(q1_2)
2q1

This implies that

Mz, z) = —i {—222_1 + W + O(qu)}

_ 2 (pp—=)i 7
Y4 2q1 2q1

and

—2¢1 | Po — Zo —2 }
ImAi(z,z) = — + +0 .
(o) == { B4R o)

Similarly, we have

No(,2) = —i {—w + 0(q1‘2>}

2¢1
and
Reds(w,2) = — + O(g7?)
2q1
Tma(r,2) = 252+ 0(a;”).
21

Even if ¢;(z) < 0 or ¢;(x) > 0, then either ReAi(z,z) > 0 or ReAj(z,2) < 0
respectively. A similar analysis is true for ReAy(x, z). This implies that in each case
of the sign of ¢;(x), one eigensolution will be bounded while the other is unbounded.
This is the required dichotomy condition. A similar proof can be obtained if we apply
the results of Lemma 4.2.3 directly. The correction term is given by a%PF(V, x,2) &
2p1v + 2q1, by application of implicit function theorem. Now substituting the values

of v; and vy, we obtain %Pp(ul,:c,z) ~ —2q1 + O(¢;?) and %PFO/Q,,CE, z) &~
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2q; + O(q;?). Since %Pp(m, x,z) # %PF(VQ, x, z) and they are of different signs,

this suffices for the z-uniform dichotomy condition between 4y and vs. O

4.2.3 Diagonalisation

In order to diagonalise the first order system, we require the corresponding eigenvec-
tors. These are obtained by solving the equation Av = \v, where A is a 2 X 2 matrix,
v is the eigenvector, while A is the eigenvalue. Normalising the first component of

v, leads to the equation,

Collecting like terms together we get

2
_ PobP1 — qq
P1AL — gy
The corresponding eigenvectors are
1
V1 = 5
PoP1—4q;
P1A1—iq1
and
1
Vg = 9
popP1—q7
p1A2+iq1

Note: The eigenvectors will be approximated using the leading terms only for sim-
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plicity in computation. Thus we have,

Pop1 — Q% _ —i(pop1 — (J%)

—iq q1

= ¢, '{ig; — ipop1} ~ iq1 + O(q; ")

1
v~
)
Similarly, for vy we have,
1
Vo =
—iq
So that
1 1
M=
i —iq
Here, det M (z,z) = O(q1) and
1
M-l | 2 Za
1 1
2 2iq

Using this matrix, M(x, z) to diagonalise the system by making a transformation of

the form Y'(z, z) = M(x, z)V (z, z), we have

V'(z,2) = [A(z,2) + R(z, 2)]V(z, 2)

Az, z) = diag( M\ (z, 2) + r1(z, 2),  Aa(z,2) + rea(z, 2)).

Here, 711(z,2) = O(q;!), raa(z,2) = O(gy?) are correction terms added to the di-
agonals as a result of diagonalisation. The remainder matrix R(z, z) has R;;(z, 2) =
0, j=1,2while Ry =O(f'.q;"), j,l=1,2, j# 1 Theseterms are both £
and L' terms.

A second diagonalisation can be carried out just like the first one. This is possible

since the coefficients were assumed to be twice differentiable. This can be done by
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normalising the first component of A;(v) as shown in (Behncke, 2010Db).

If T is in limit point at infinity, that is, defT = (n,n), then the self-adjoint exten-
sions H are defined by boundary conditions at a parametised by n X n matrices oy
and oy with

o] +agay =1, oo = awad.

Then Hy = T*y for all w € D(H), where

D(H) = {y € D(T")|(ax, 2)y(0) = 0}.

If T is non-limit-point, then additional boundary conditions at infinity are needed.
These are given as,

limg,—oovpJy(x) = 0.

The functions vy, ..., v, are linearly independent modulo D(T') at infinity and may

be choosen as eigenfunctions of T"v; = zv;, z € R. They also satisfy

limgy—oovp(x)Juj(z) =0

for j,k=1,...,n (Hinton & Schneider, 1993).

Theorem 4.2.5. Let T be the minimal differential operator generated by (4.1) on
£2]0,00) and assume that conditions (4.2) and (4.3) are satisfied. Then

(i) If |q1|~" is integrable, then defT = (2,2) and o(H) is discrete.

(ii) If |q1|~" is not integrable, then defT = (1,1). Suppose ¢ > 0 then o,.(H) C
[Do,00) and if g1 < 0 then o4,.(H) = R with spectral multiplicity 1. Here py =

lim sup po(x).

Proof. (i) The proof follows from the following steps; system formulation, di-
agonalisation, dichotomy condition and the M-matrix. One thus writes the
differential equation (4.1) into first order by using quasiderivatives. One then

applies two diagonalisations in order to bring the first order system into Levin-
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son’s form since the smooth part of the coefficients are twice differentiable.
The deficiency indices can be read off from the asymptotics of the eigenvalue

solution as I'mz 0. The form of the solution is given by

Yo, 2) = (e1 + 11 o, 2)) e (/ |2i?t)‘dt) da.

Thus assume |g;| 7! is integrable, then both the solutions are square integrable
in the upper and lower half planes and hence results into defT = (2,2). All

the solutions are z-uniformly square integrable and hence discrete spectrum.

(ii) If |q:|~" is not integrable, then y;(z) is square integrable in the upper half
plane if ¢; (x) > 0 and fails to be square integrable in the lower half plane. The
eigensolution y(x) is square integrable in the lower half plane if ¢;(x) > 0 but
fails in the upper half plane. The situation is reversed if ¢;(x) < 0. In each
half plane with the appropriate sign of ¢;(x), defT = (1,1). If |¢;|7" is not
integrable, then the correction term is given by % for w1 /2(z) solutions.

2lq

Thus y;(z) is square integrable since Re\(z,z) = , n > 0 but loses

—n
2|q1 ()]
its square integrability as 7 — 0%. Thus for ¢;(x) < 0, it implies that
—00 < z < 00, hence 0,.(H) = R with spectral multiplicity 1. On the other

hand, y»(x) is not integrable since ReXq(z,2) = n > 0. Thus for

_n__
2|q1 (=)’

¢1(x) > 0, it implies that py < z < 00, hence o,.(H) C [pgy, ).

4.2.4 Power Coefficients

Example 4.2.6. Let pi(z) = 2%, q1(z) = cxP,po(x) = 27 such that the following

conditions are satisfied,

a,y<0 and >0 so that q(x) =00 as x— o0. (4.10)
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Thus, we obtain the equation

Ty(z) = — (2 (2)) + i[ex’y'(x) + (ex’y(@))] + 2"y () (4.11)

Here, we solve the equation Ty(x) = zy(z) through asymptotic integration and in

line with the results of Theorem 4.2.5. The appropriate Fourier polynomial is given
by

Pe(v,z,2) = 2°0* 4+ 2caPv 4+ 27 — 2 (4.12)

Equating (4.12) to zero and solving its roots gives,

[NIES

vija(z, 2) = —ca’ ™ £ 17 {Pa® — 2%(27 — 2)}

Approximating to O(z=3#) we have,

vz, z) = —ZLCxB(Jc7 —2) + O(cz™)

1
vo(, 2) = =2 + 2—:76_’8(:1:7 — 2) 4+ O(ca™3)

c
Since A = —iv, then
Reli(x,z) = Lx*ﬁn + O(cz™9)
’ 2cx
LI ~38
ImA(z,2) = 2% (27 — 29) + O(cx™")
c

Similarly, we have

1
Rely(x,z) = —%afﬁn + O(cz ™)

1
ImMg(z, 2) = 2ca”™ — Q—x_ﬂ(x7 — 20) + O(cz™")
c

Given T, the minimal differential operator generated by (4.11) on [0, c0) and assume

that conditions (4.10) are satisfied, with 3 > 1, then 277 is integrable, defT = (2,2)
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and o(H) is discrete. On the other hand, if 0 < 8 < 1, it implies that 27" slowly

decays, defT = (1,1) and the spectrum is absolutely continuous.

4.3 Order Two Difference Operator

In this section, we consider (1.2) when ps(t) = ¢3(t) = q2(t) = p2(t) =0,

p1(t), q1(t), po(t) # 0 so that we have second order difference equation of the form;

Ly(t) = =Al(p () Ay(t — )] + il () Ay(t — 1) + Alqr(H)y(E))] + po(t)y(t). (4.13)

We assume the following decay conditions,

2 2
%, (%) el % €t f=popia (4.14)

and growth conditions similar to (4.2). Generally, (4.14) are discrete counterparts

of (4.3).
4.3.1 System formulation

Our starting point is the difference equation (4.13) defined on £2[0, 00). We will solve
the equation Ly(t) = zy(t), where z is considered as the spectral parameter. Here,
just like in Section (4.2), we are fixing the left regular point off the zero element so
that the operator is well defined for all £ > a > 0. The result can be extrapolated to
[0, 00) because deficiency indices do not depend on left regular endpoint (Remling,
1999; Shi, 2006).

In order to define the discrete Hamiltonian system for (4.13), one introduces quasi-

differences (Shi, 2006), for the equation (£ — z)y(t) = 0. These are given by;
u(t) = pr()(Ay(t = 1)) —iq()y(t)

z(t) =yt —1).

Taking the quasidifference elements as vectors, we also have, Y (t) = {x(t), u(t)}"

and the partial shift operator RY (¢) defined by RY () = {z(t + 1), u(t)}" where tr
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denotes the vector transpose. Therefore, after absorbing z into py, we have

D1 b1
q i
= [po — —Jz(t +1) + —u(?)
1 b1
since z(t + 1) = y(¢).
Aw(t) = Dot +1) + Lu) (4.15)
b1 P

x(t i L x(t+1
A ®) = P1 . ?’1 ( ) (4.16)
u(t) Do — Z—i ;ill u(t)

The above is one of the many ways of writing (4.13) into its first order. The form

that is easily convertible to Levinson-Benzaid-Lutz form is given by,
AY (t) = S(t,2)RY (t)

which is equivalent to,

o)Ll

Here, S(t, z) is a 2 X 2 matrix whose entries can be computed as follows;

In (4.16) above, taking

t 1
A= T )
this implies that,
—(f) = q1 (t)x 1 u
z(t+1) (1) (D) (t+1)+ .0 (t).
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Hence,
SR O ®) x v u
= Lo —an ™ ho—mo "
On the other hand,
o g0 ),
Ault) = fn) = o0+ 1) + Lt (4.17)
and
Au(t) = u(t + 1) — u(t). (4.18)
Rewriting u(t 4+ 1) using (4.17) and (4.18) we obtain,
u(t+1) = (po — Zq?—f)as(t +1)+(1+ Zpill)u(t)

Hence, the first order is given by Y (t + 1) = S(¢, 2)Y (t) where

p1 1

—1 —1
S(lf, Z) — p1 Q12 P1—1q1
_a iq1
Po 1+ "

p1

and the corresponding characteristic polynomial, det (S(t,z) — Aly) = P(t, A, z) re-

sults into,

. 2
P(t,A,z):/\Q—/\{lJr@Jr P }_ Do~ % (4.19)
P1 P1— 1 P1—qh

The zeros of equation (4.19) will be approximated as follows:

2 3
Aija(t, 2) = = (1+ﬂ+ P )i{<1+ﬂ+ by ) 4 4o ,ql)}
2 b1 P1— gy pPL P1—qa P1— iy

1 . |
Al/g(t,z>=—{<1+@+ o )i@+0<q12)}

2 P11 p1L—iqq D1

1qp 1 1 1 iy 9
~—4+-4+0 ~-+—+0 4.2

This implies that as ¢ — oo, then |\ (¢, 2)| — |§1—23| and |\y(t, z)| — 5 because

¢1(t) is dominant.
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To apply asymptotic summation method, it is convenient to write (4.13) as a first
order system. The solutions of (4.13) via asymptotic summation is based on the
famous Levinson-Benzaid-Lutz’s theorem, (Benzaid & Lutz, 1987) which has under-
gone various modifications either to strengthen the dichotomy condition or decay
conditions. In our case, we will state a generalized version which has a spectral

parameter z.
4.3.2 Asymptotic Summation

Levinson-Benzaid-Lutz Theorem states that, the solutions of a system
Y(t+1)={A@)+ R(t)}Y (1), (4.21)

where A(t) is diagonal and invertible, looks like the solutions of the unperturbed
system Y (t+ 1) = A(t)Y (¢) if R(t) is sufficiently small and A = diag(\;(t)) satisfies
a dichotomy condition. In Benzaid-Lutz results, small means absolutely summable,
that is, for all i = 1,...,2n, A 'R(t) € {*. As in the continuous case, in the spec-
tral theory of difference operators, the matrix elements \;(¢) will generally depend
on the spectral parameter z. Thus, one writes \; = \;(t,z) for this. In this case,
it will be important to prove LBL-Theorem uniformly in z in order to control the
z-dependence of the solution. The following z-uniform version will suffice for the

application of asymptotic summation in our case.

Theorem 4.3.1. Let A(t,z) = diag(A\i(t,2),...,Xon(t,2)) for t > a and where

z € K. Moreover, assume that the following conditions hold uniformly for all z € K,
(i) Ni(t,2) #0 forall1 <i<2n

(1) R(t) be a 2n x 2n matriz defined for all t > a, satisfying

[e.e]

2

t=a

1
— | || R(2
| R <o

foralli=1,2,...,2n
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(111) A(t,z) satisfies the following uniform dichotomy condition. For any pairs of
indices © and j, such that i # j, assume there exists § with 0 < § < 1 such

that |N\;(t,z)| > § for all t > a. Then either

)\i(t,z) )\i(t,z)
Neal 2 LorI5Esl < 1 fora
large t.

Then the linear system has a fundamental matriz satisfying, as t — 00,

Y(t, Z) = [ek + Tkk]Htil(A(l, Z)) (422)

l=a

where T (t, 2) = o(1).

Lemma 4.3.2 below greatly simplifies the proof of the dichotomy condition to
only those eigenvalues with magnitude 1. The Lemma is the discrete version of

Lemma 4.2.3. and its proof can be found in (Behncke, 2010).

Lemma 4.3.2. Let
Ult+1,2) =[A(t,z) + R(t,2)|U(t,z), t>a, (4.23)

A(t, z) = diag(M(t, 2),. .., Aon(t, 2))

be asymptotically constant difference equation such that

t—1

SR 2) | IA M E )] < oo,

t=a

Assume the eigenvalues \;(t, z) fori=1,...,2n satisfy \j(t,2) = Ao+ Xigx + Ai2,
with Ao constant, \;i1(t,z) — 0 as t — 00, \j2 is conditionally summable and A
distinct. Let h(t) > 0 be a nonsummable, monotonic function in N and assume the

eigenvalues can be sorted into classes Ch, ..., Cy, so that if \i(t, z), \;(t, z) € Cy, then

(B3 — 1) = o(hlt); if Ai(t, 2) € Ci, Ai(t,2) € Ciyk # 1 then (555) < 1= h(?)

\
or (K‘;Eiz;l‘) > 1+ h(t). For each At,z) now write |\(t,2)| = 1 + u(t,z) with

py = max(0, 1) and p— = min(0, u) and for each class k, define,

ag(t,z) = mazp(t,z)y and ag(t,z) = mazp(t,z)_.
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The above conditions are assumed to hold uniformly for all z € K. Then associated
to each Cy, there are |Cy|(|Ck| is the number of elements in the kth class) solutions

satisfying
KT, (1= bi(s, 2)) <[l u(t, 2) [|[< Ko, (1 + ax(s, 2))

for allt > a.

The conditionally summable terms can be removed by a simple transformation
M1 A (s, 2).
When A is a root of a polynomial P(t,),z), then A~! is also a root. Thus let
A, ):171, e A X, be roots of the polynomial P(t, A, z) which for ¢ — oo con-
verge to the appropriate limits. One can arrange these roots into two groups, that
is, ALATY o A, AL and Mg, .o, Mg, such that [N > 1, [N < 1, 1=
I,...,mand |[N| =1, j = 2m+1,...,2n. This lemma implies that the first
2m  A-roots lead to m square summable solution and m non-square summable
solution. This holds regardless of the uniform dichotomy condition. The other
2(n—m) A-roots with magnitude 1 can be written with their first order correction

terms as

Xj(2) = Xj(20) + (OP(t, g, 2)) 7 (2 — 20)
for small |z — zg|. Thus the dichotomy condition holds if
8)\P(ta )‘j7 Z) 7& a)\P(t7 )\ia Z)J 7& .7
It thus suffices to check the uniform dichotomy condition only for the A-roots of

P(t, A, z) with |A|=1 .

Lemma 4.3.3. Assume that (4.2) is satisfied, then the eigenvalues of the operator

generated by (4.13) satisfy the z-uniform dichotomy condition.

Proof. Since |\ (t, z)| ~ |Zi§g| /o0 as t —» oo while |A\s(t, )| & § as t —» 00, by

the results of Lemma 4.3.2, the z-uniform dichotomy condition is satisfied because
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IA1(t,2)| > 1 and |A\a(t, 2)| < 1. O

4.3.3 Diagonalisation

In order to diagonalise the first order system, we require the corresponding eigenvec-
tors. These are obtained by solving the equation S(t, z)v = Av, where S is the 2 x 2
matrix, v is the eigenvector, while X is the eigenvalue. This leads to the following

expression if we normalise the first component of the vector,

P L 1 1
p1—q1 pb1—q1 _
2 i o )\1
popP1—4q7 p1T91
p1 p1 K H
b 1
+ =\

- —
P1r—1q1 pP1—1a

2 .
bop1 —4q p1+1q
(0)54] 1+ 1 1/1:)\1#.
h y41

Collecting like terms together we get

2
B PopP1 — 41
p1AL —p1—iq
The corresponding eigenvectors are
1
V1 = 5
pbopP1—qy
P1A1I—P1—iq1
and
1
Vg = 9
pop1—qy
P1A2—Pp1—iq1

Just like in the differential case and for simplicity in computations, the eigenvec-

tors will be approximated using the leading terms only. The above vectors can be
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simplified as;

1
V1 =
4
p1
Similarly, the second component gives us,
1
Vo =
—iqq
so that
1 1
M(t,z) = q2
£
I 2
and
p1 p1 K2 p_%
-1 _ | pm—i@n iqi(p1—iq) ~ a1 q
M= (t,z) = ' ~ !
—iq1 p1 1 -2
pi—iqn  —iq1(p1—iq1) e

Even though the diagonalising matrix is unbounded, its inverse is bounded. Here,

the (detM(t,z))™' = O(p1q;?). The system is then transformed using

After diagonalisation, we have a first order system of the form
V(E+1,2) = [Nt 2) + Ralt, )]V (1, 2)

Ai(t,2) = diag(\(t, 2) + 01(t, 2), Aa(t,z) + 02(t, 2)). The oi(t, z) terms, k = 1,2,
are obtained as a result of diagonalisations and are basically bounded and summable.
The remainder matrix after first diagonalisation, R;(¢,z) has zeros in its main di-
agonal and the off-diagonal terms are given by (Ry);(t,2) = O(q; *.Af), 1,j =
1,2, 1 # j. These are ¢?> and ¢! terms by assumptions. We can also construct
a matrix S(t,z) consisting of A;(f,z) and (*terms from Ry(t,z), then a second

diagonalisation is possible using the eigenvectors of S (t~, z). For more details, see
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(Behncke, 2010b).

Theorem 4.3.4. Let L be the minimal difference operator generated by (4.13) on
(%]0,00) and assume that conditions (4.2) and (4.14) are satisfied, then the defL =

(1,1) and the spectrum is discrete.

Proof. The strategy of proof follows the outlay of Theorem 4.3.1. .The difference
equation (4.13) is converted to the first order system by use of quasi-differences
given on pages 30-32. Once the first order has been obtained, det(S(t, z) — AI) gives
the characteristic polynomial whose zeros are the eigenvalues of S(t, z) and likewise
those of L.

By application of Levinson’s-Benzaid-Lutz theorem (Theorem 4.3.1), we need to
establish the z-uniform dichotomy condition which is immediate from Lemma 4.3.3.
The system Y (t + 1,2) = S(t,2)Y(t,z) can be converted into LBL-form through
diagonalisations. These have been outlined in section 4.3.2. Application of Theorem

4.3.1 now shows that the eigenvalue solutions are of the form;

yk(t, z) = [ex(t, 2) + rix(t, z)]HfZé‘l()\k(l,z)); k=1,2.

The asymptotics of yx (¢, z) depends on |A\x(l, z)| as shown by Behncke and Nyamwala,
(Behncke & Nyamwala, 2013) and also (Shi, 2006). Here, if [A¢(l,2)| > 1, then
lyx(t, 2)|*> — o0 as t — oo and for |\(I, 2)| < 1, then |yx(t, 2)|* — 0 as t — oo.
A decay or bounded solution implies that the solution is square summable and hence
contribute to deficiency indices of L as shown by (Shi, 2006). Therefore, A (¢, z) will
lead to non-square summable solution and Ay(t, z) will lead to square summable
solution irrespective of the spectral parameter z, defL = (1,1) and the spectrum

of self-adjoint operator extension will consist of only eigenvalues. m
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4.3.4 Power Coefficients

Example 4.3.5. Let pi(t) = t*,qi(t) = ct’,po(t) = 7 such that the following

conditions are satisfied

a,y<0 and >0 so that ¢(t) =00 as t— oo. (4.24)

Thus we obtain the equation

Ly(t) = —At*Ay(t — D] +i[ct? Ay(t — 1) + A(ct®y(t)] + y(t). (4.25)

Solving the equation Ly(t) = zy(t) leads to the Fourier polynomial of the form

ct? 1o 1 — ct?8
e } i (4.26)

Pt A z) = -1 | .
(8,2, 2) { LT TR (T

Approximating the roots of (4.26) to O(t=2#) leads to,

tO[

m + O(t_z’g). (4.27)

_|_

DN | —

1
M(t,2) ~ict® + 5+ Ot™?), Na(t, 2) =

The magnitude of A (¢, z) is greater than 1 while the magnitude of A\y(¢, 2) is less than
1 ast — oo. Thus defL = (1,1) and since the two lead to one eigensolution which
is z-uniformly square summable and the other z-uniformly non-square summable,

the spectrum is discrete at most.

4.4 Order Four Differential Operator

In this section, we consider the fourth order version of (1.1), that is, ps(z) = ¢3(x) =

0, po(z) # 0 so that we have order four differential operator.

my(x) = (p2(2)y"(x))" = (p2(2)y (x))" + po(x)y(x) (4.28)

— il(@2(2)y" () + (g2(2)y' ()" — @1 (2)y () — (qu(x)y(=))].
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The case where |p;(z)] — oo had been considered by Remling (1999). So in our

case, we will assume the following,

|QQ<J])| /\ 0, Po, P1,DP2,490,491 = 0((]2), Vx € [07 OO) (429)

Further, assume that the coefficients obey the following growth conditions

2 2 1 1
Ipol5|p1| = o(q3) and |po|?|q:| = o(qs ). (4.30)

4.4.1 System formulation

We study the spectral theory of differential operators generated by (4.28) on £2(0, o)
by means of asymptotic integration.

Like in the case of order two, the coefficients are measurable, real-valued and satisfy
conditions (4.29) and (4.30).

To begin, we consider the differential equation 7y = zy, that is,

ty(x) = (p2(2)y"(2))" = (p1(2)y (2))" + po(@)y(x) (4.31)

— il(a(@)y" () + (@2(2)y (2))" — qa(@)y (z) — (qu(2)y(2))] = zy(x)

on (0,00) where z is considered as the spectral parameter.

4.4.2 Asymptotic Integration

In order to apply asymptotic integration methods (Eastham, 1989), it is more con-
venient to rewrite equation (4.28) as a first order system.

We introduce the quasiderivatives

(2] —

YO =y, Y=y Y =y iy,

(3]

Yo = —(py") + oy +igy" +i(ey) —iqy

1q 1
D2 D2



. 1q
(y[2])’ — _quy[ﬁ} + (p1 )y[ll + Qy[2] y[ ]
D2 P2

WB) = poy® + igyV
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to obtain;
u'(x) = Cla, 2)ule);  u=(y,y", 5, 4%, (4.32)
where
A B 0 1 0 0 P 1q
_ A= . B= o= " "
* % 1 . q3
C —A 0 % 0 P_2 —i1q1 PpP1— p—2
(4.32) explicitly becomes,
— — — - — -
ylo! 0 1 0 0 ylol
1 iq 1 1
yll _ 0 p_22 0 - yl!
y? po im0 0 | | y¥
. 2 i
| y i | U Pr— Z—z -1 % 1L yP i
where ) )
0 1 0 0

o = o 1

Do iqy 0

| i pi— 3k -1

Computing the characteristic polynomial of the matrix C by solving det(C' — A1) =

P(A x,2), gives;

21qy | 5 21qq

22ys_Pryo 2Ly L PO

P\, z,2) =\ —
D2 D2 D2 D2

Multiplying all through by ps we obtain,

PP\, 2, 2) = paA* — 2igae\® — pi A% + 2iqu A + po.
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The occurrence of the complex terms —2igy and 2i¢g; makes it desirable to use the

Fourier polynomial P instead. One thus obtains this by replacing A by —iv.
Pr(v,x,2) = pov* + 2q20° + p1? + 21 + po. (4.33)

Because of the assumptions in (4.29) and (4.30), we can apply the techniques of
Eastham, (Eastham, 1989), which have been used by Behncke and Nyamwala in
their work, see (Behncke & Nyamwala, 2012) for more details. Therefore, the roots

of Pr(v,x, z) can be approximated from the following polynomials
Pry & pav+2qa+p1v 200 2 4por°, P, & 2020+ potpar +pivi v (4.34)

The magnitudes of these v-roots are approximately |v1| ~ 2[2[ and [rp34| ~ |%|§

as the following results suggest.

Theorem 4.4.1. Assume (4.29) and (4.30) are satisfied. Then;
(i) The roots of Pr(v,z,z) can be approrimated from Pg, and Pg, in (4.34).
(ii) 1| = 2|12| and [va54] ~ |22]5.

(iii) If the U-root of Pr, is real or complex with non-imaginary part, then the
corresponding v-root of Pr(v,x, z) is real or complex with non-zero imaginary

part.

Proof. (i) Tt suffices to show that p;v=!, 2¢qv~2 and pov~ are o(1) in Pp,. Note

here that

' 7=

_ q2
Va2
D2

since |p2| < |go| and p1 = o(ga).

— D2
2q1v7| & 2|1 || =] = o(1)
q2
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again since |ps| < |g2| and |¢;| is bounded. Similarly,
- b2
pov | = [pol|==|* = o(1)
a2

because of (4.29).

In the case of Pr,, we show that |povt|, |piv?| and |pov| are o(1).
Do 4 Po (L —-1,Po
[p2v| 2 [p2l| =[5 ~ [p2| | =[5 |au[laa | 7' [P = o(1)
42 q2 42

because of (4.30).

(ii) This is immediate from (i) above since Pp, ~ pav + 2¢2 + o(1) and Pg, =~

(iii)

2¢o1% + o(1) + po.

This is proved by application of Banach fixed point theorem. Assume that

the root of Pp, is w;, with the corresponding root of Pr being w;. Then for

some constant ¢; >0, ¢; < £, we have |w; — w;| < ¢; through iteration and
application of Banach fixed point theorem, {1, }]Oil converges to w; uniquely.
Here, % has been picked for faster convergence of the iterates though other
constants of absolute value less than 1 may be preferred but at the expense of

compromising convergence rate. The v-roots can be approximated as follows;

—2q2
P2

1
Vo A ( (o ))
2¢>

=

po—zé 0+ 2mm .. [0+ 2mm
~ cos | ——— | twsn | ————
2qo 3 3
m = 0,1,2 and 6 is the argand of %. By application of fundamental

theorem of algebra, two of the 1434 roots will be complex conjugate pair of
the other while one root will be real. Thus if w; has non-zero imaginary part,

then w; also has non-zero imaginary part.
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[]

Theorem 4.4.2. Assume (4.29) and (4.30) are satisfied, then the eigenvalues of

the operator generated by (4.28) satisfy the dichotomy condition.

Proof. By application of implicit function theorem, the correction term is given by
0, Pr(z,v,2) ~ dpo® + 6qo* + 2p1v + 2q,.

Now substituting the values of v, and v, 34, we obtain

42 _

10, Pr| ~ lg2(==)%| = [p2| | ol *.

P2
This implies that |9, Pr|™! = |pa|?|q2| 2.  Similarly,

Po.2 1,0 _2

|Ous 5.4 Pr| = |C]2(g)3| ~ [ga|3|po| 5.

So that [0y, , ,Pr| ™! ~ 2|5 |pol5.

Since |0, Pp|™" # [0y, ,,Pr| " this suffices for the uniform dichotomy condition
between vy and vy 34. Here, if z = zp+1in, n > 0, then the eigenvalues A\ (z, z) will
be expressed as A\x (7, 2) = Apo(2, 2) +i(5—1—) where A\ro(z, 2) is the approximated

v Pr(z,2)

root while Z<8_7,77ﬁ) is the correction term. Because of Lemma 4.2.3, this only
v Pr(z,z

affects the pure real v-roots. Explicitly, we have Re(A(z, 2) — Agsa(z,2)) #0. O

4.4.3 Diagonalisation

In order to diagonalise the first order system, we require the corresponding eigen-
vectors. These are obtained by solving the equation C'v = v, where C'is a 4 x 4

matrix, v is the eigenvector, while A is the eigenvalue. This leads to the expression

0 1 0 0 1 1
i 1
0 p; 0 > 5 _ H1
Do iq 0 0 2 H2
. 2 i
=i pi— g -1 B s | 4 |
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Collecting like terms together and solving for pu;,i = 1,2, 3, we get

1= N, Ho = —iqi + D1, + 2@, — P2}, Hs = DA — iga)

The corresponding eigenvectors are

S _ 1 _
| o) | o))
1 Oz | 2 0(g3) + O(q1)
o) | | 0(¢3) - O(g;*) |
_ 1 _ S
| ow?) o)
3 0(615) —O(q1) | 4 O(QQ%)
| 0(63) +0(a, ") | O()) |

The eigenvectors can then be approximated from the above expressions. Hence, the

diagonalising matrix is given by
M(z,2) = [vi(x, 2),va(x, 2), v3(x, 2), v4(x, 2)].

Theorem 4.4.3. Let T be the minimal differential operator generated by (4.31) on
£2]0,00) and assume that conditions (4.29) and (4.30) are satisfied. Then

(i) Suppose that |go| 73 is integrable, then defT = (3,3) and o(H) is discrete.

(i) Suppose that |gs| ™ is integrable but || ™3 is not integrable, then defT" will
either be (3,2) or (2,3) depending on the sign of ¢ . Hence no self-adjoint

extension.
(iii) Suppose that |gs|~3 is not integrable, then defT = (2,2) and o,.(H) = R

Proof. (i) Here, the eigensolution associated to A;(z,z) will be square integrable

both in the upper and lower half plane since |q2|_% is integrable. On the other
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hand, two of the roots from the set Ag34(z,2) will be in complex conjugate
pair leading to one square integrable and one non-square integrable solution
in the complex plane. The other real root from the set Ao 34(z,2), will also
lead to a solution that is square integrable both in the upper and lower half

plane. Thus we have defT = (3,3) and hence the spectrum is pure discrete.

(ii) In this case, \(x,2) will be pure imaginary and since |gs| ™ is integrable, it
implies that the associated eigensolution will be square integrable both in the
upper and lower half planes. Similarly, two of the roots from the set \s 34(z, 2)
will be in complex conjugate pair thus contributing to one square integrable
and one non-square integrable solution in the complex plane. The remaining
real root from the set Ay 34(z,2) will lead to a solution that is either square
integrable in the upper complex plane but not in the lower complex plane and
vice versa depending on the sign of ¢o(z). Thus we have either defT = (3,2)

or (2,3) depending on the sign of ¢2(x). By Von Neumann theorem and since

defT # (r,r), T has no self-adjoint extension.

(iii) If |g2| 73 is not integrable, then the eigensolution associated to A (z, z) will ei-
ther be square integrable in the lower half plane but not in the upper half plane
and conversely. On the other hand, two of the roots from the set A\ 34(z, 2)
will be in complex conjugate pair leading to one square integrable and one non-
square integrable solution in the complex plane. The eigensolution associated
to the remaining real root from the set Ao 34(z, z) will either be integrable in
the upper complex plane but not in the lower complex plane and in reverse
depending on the sign of go(x). Thus we have defT = (2,2) with discrete
spectrum. By application of implicit function theorem and the sign of g(z),
there is no way the eigensolutions associated to Ai(x,z) and the real root
from the set Ay 34(,2) can both be square integrable in the same plane or
non-square integrable in the same plane. This rules out the possibility of hav-
ing defT = (1,3) or (3,1). Suppose that |qQ|_% is not integrable, then the

eigensolution associated to A;(x, z) will lose its square integrability as n — 0
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and hence will contribute to absolutely continuous spectrum of multiplicity

one.
[
4.5 Order Four Difference Operator
In this section, we consider the fourth order version of (1.2), that is, ps(t) = ¢3(t) =
0, p2(t) # 0 so that we have order four symmetric difference equation
Ly(t) = A’[p2(t)A%(t —2)] = Alpr(t) Ay(t — 1)) + po(t)y(t) (4.35)

— A (@()A%(t - 2)) —iA (g2(t) Ay(t — 1)) +iA (qu(t)y(t))

+ i (H)Ay(t —1).

The growth conditions in (4.29) and (4.30) will be assumed but with the indepen-
dent variable taken as t. In order to apply asymptotic summation, the following

smoothness and decay assumptions are necessary;

2

A2f (AF\? A
f <—f) S gl, _f € 14 ) f:p07p27QI7q2‘ (436)

O\ f f

4.5.1 System formulation

We study the spectral theory of the difference equation (4.35) defined on ¢2]0, 0o).

In this case, we solve the equation Ly = zy. Here z is a spectral parameter.
4.5.2 Asymptotic Summation

In order to write the Hamiltonian system of (4.35) one introduces quasi-differences,
)=yt —1), Az(t)=Ayt—1), z1(t+1)=y(t)

To(t) = Ay(t —2), Awxy(t) = A%yt —2), xo(t+1) = Ay(t —1).



This implies that, Az (t) = Ay(t — 1) = z2(t + 1).

) .
Axs(t) = A2yt — 2) = —us(t) + Lyt + 1)
P2 P2

w(t) = —A (pg(t)AQy(t — 2)) +p1(t)Ay(t — 1)

+ H{A (@) Ay(t — 1) + @) A%y(t - 2)} —iq(t)y(t)

ua(t) = pa(t) A%y (t — 2) — i(ga(t) Ay(t — 1))

Auy(t) = (po = 2)(O)2r (t +1) +iqu () zo(t + 1)

Aus(t) = (p1 — ]Z—Zz)xg(t +1) —iq () (t+ 1) + %@@(t) —uy ().

One can easily obtain the following relation

1 iq> 1 1G>
Axo(t) = —us(t) + —=Ay(t — 1) = —us(t) + —=ao(t +1).
o) = —uslt) + L8y = 1) = Sualt) + Lo+ 1)
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In order to determine the number of solutions that are square summable, we use

asymptotic summation that requires (4.35) to be converted into first order system.

The first order system of (4.35) is therefore given by

AY (t,z) = G(t,z)RY (t, 2)

where

Y(t,2) = [z1(t), 22(t), ur(t), ua (t)]".

R is the partial shift operator such that

R(Y/(t) = [w1(t+ 1), z2(t + 1), ur (), ua (1)),



here tr is the usual transpose of a vector or matrix.

G(t, z) is given below

0 1 0
0 oo
G(t,2) = P2

Do iq1 0
. 2
| —ig pi—r -1

We now write matrix G(¢, z) in block form as follows;

A B
G(t,Z):
Cc —A*
where
0 1 0 0
A= , B= , C=
0 ‘a2 0 L
p2 p2

Po— =% 1q1
2
— _
1 Pr— o,
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We can now apply the approach of Shi (Shi, 2006) so as to obtain the first order

system in the form Y (t + 1,2) = S(t, 2)Y (¢, 2) where

Y(t,2) = [x1(t, 2), 22(t, 2), ui(t, 2), ua(t, 2)]"".

Thus we obtain

E EB
Y(t+1,z2) =

Y(t,2)

CE [ -A"+CEB

where FE = (I, — A)~%.

Explicitly this gives,

E EB
S(t,z) =

CE [-A*"+CEB
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1 1 1
1 1_ 92 0 ])_2‘1,“772
P2 P2
1 1 1
0 _iap 0 P2 1_la2
o P2 p2
S(t,z) = , :
— Po—2+1q1 1 1 po—ztiqa
Po 122 p2’ -2
P2 p2 9
. Q2
—ig1—q2 ; P1—iq1— =
—q Lo S ' W92 4 - 7 P2
“h 1- 22 L+ =
L P2 b2 .

We thus compute the characteristic polynomial of matrix S(¢, z) using the formula
P(t, N, z) = det(S(t, z) — A\). Multiplying the resultant polynomial by ps — igy and
dividing with A? we obtain a polynomial of the form

P2 — iG2

)\2
+ po+ @1 =T =AHEA+ N + @A+ (N .

F(t,\2) Pt A 2) =pa(1 = N1 = A2+ pi (1= A)(1 =271

This leads to A-roots such that A™! are also roots. If we suppose that v = (1 —
A)(1—=A"1) =2—X— )2 then |\| = 1 can only be obtained if and only if v € [0, 4].
In order to eliminate the imaginary coefficients in the polynomial, we make unitary

transformations by letting
(is+1)

A= s =)

and then multiplying the resulting polynomial by (s* 4+ 1)? we obtain

s+ 1
t — (24 1)2F (2 t
Qlt.s,) = (177 (e

so that
Q(t,s,z) = (16py + 4p1 + po) + (16¢2 + 4q1)s + (4p1 + 2po)s2 +4q;5° + pos? (4.37)

Note that pg = pg — 2.
We can now apply conditions (4.29) and (4.36) to obtain the s-roots and then make

backward substitution to get A-roots. The s-roots of this polynomial can then be
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approximated as,

—(16 4
$1 ~ (16p> + 4p1 + po) + lower order terms.
16¢2 + 4q:

1
—16q, + 4 3
8234 = (M) + lower order terms
Po
Here, lower order terms are those terms approximately O(g; ?).

To obtain the A-roots, we make the following substitution

LA+ i 2N+

A —1 1=\

S

Theorem 4.5.1. Assume (4.29) and (4.36) are satisfied, then the eigenvalues of

the operator generated by (4.35) satisfy the dichotomy condition.

: 16p2-+4 _ :
Proof. Since |Ai(t,2)| =~ ]%ﬂfo)\ and |[Aos4(t,2)] ~ |%\ as t — oo, it
follows that |\ (¢, z)| < 1 and [Ag34(t, 2)| > 1. Irrespective of the uniform dichotomy
condition, A;(t, z) will lead to z-uniformly summable solution while Ay 3 4(%, 2) will

lead to non-square summable solution. This is the required dichotomy condition. [

Theorem 4.5.2. Let L be the minimal difference operator generated by (4.35) on
(%10, 00) and assume that condition (4.29) and (4.36) are satisfied. Then

(i) If |q2| ™" is summable, then defL = (3,3) and o(H) is discrete.
(ii) If |qo| ™2 is not summable, then defL = (2,2) with discrete spectrum.

Proof. (i) If |g2| ™! is summable, the eigenfunction associated to A;(t,z) will be 2-
uniformly square summable both in the upper and lower half plane. Similarly,
the eigensolution associated to the real root from the set Ao 34(t, 2) will also
be z-uniformly square summable both in the upper and lower complex plane.
More so, two of the roots from the set Ay34(%,2) are in complex conjugate
pair leading to one square summable and one non-square summable solution
in the complex plane. It follows that defL = (3,3) and hence the spectrum is

discrete at most.
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(ii) If |g2| 72 is not summable, then the eigensolution associated to A; (¢, z) will either
be z-square summable in the lower half plane but not in the upper half plane
and vice versa. On the other hand, the complex conjugate pair from the
set Ag34(t, 2) will contribute to one z-square summable and one non-square
summable solution in the complex plane. The remaining real root from the
set Aa34(t, z) will lead to a solution that is either z-square summable in the
upper complex plane but not in the lower complex plane and the other way

round . Thus we have defT = (2,2) with discrete spectrum.

4.6 Order Six Differential Operator

In this section, we consider (1.1) with p3(z), po(x),q2(z) # 0, pi(x) = pa(x) =
q1(x) = gs(x) = 0 and w(z) = 1, then (1.1) generates a sixth order symmetric

differential equation on £2[0,00) of the form

Ty(x) = —(ps(2)y" ()" —il(q2()y" (2))" + (q2(2)y'(x))"] + po()y(z).  (4.38)

The growth conditions will be as follows;

|@2(2)] /00, po,ps =o0(q2), pi(x) =p2(x) = q1(x) = q3(x) =0 Vaz € [0, 00)

(4.39)
g2 5 lpslE, [pol “F[a2lF = 0(1) (4.40)

/ 7 I\ 2
7 €L, f?a <f7) €Ll J = Do, ps3, @2 (4.41)

4.6.1 System formulation

We study the spectral theory of differential operators generated by (4.38) using
asymptotic integration. To begin, we consider the differential equation 7y(z) =

zy(x), on (0,00) where z is considered as the spectral parameter.
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4.6.2 Asymptotic Integration

To apply asymptotic integration methods, it is more convenient to rewrite equation
(4.38) as a first order system.

We introduce the quasiderivatives

Y=y, Y=y
yP =y B = pgy”
g = —y™ —igyy’

W = —y® 4 i {(goy') + g1}

(4]

W (x) = F(z,z)u(z); u=(yl% ylt, yB ¢yl ylH 4B (4.42)

This has been formulated in line with the formulations of Walker (Walker, 1974).

Here,

010 00 0
A B
F(x,z) = ., A=100 1|, B={00 0
C —A
000 00 L
p3
po—z 0 0
C= 0 0 g9
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(4.42) explicitly becomes,

ylo! 0 1 0 0 0 0 ylO)
yl! 0 0O 1 0 0 0 yl!
g 0 0 0 0 0 . yl2
ybo! - m—2 0 0 0 0 yl!
yl 0 0 i@ —1 0 0 yl
Yyl 0 —igg 0 0 -1 0 Yyl
so that the matrix F'(x, z) is given by
i 0 1 0 0 0 0 _

0 0O 1 0 0 0

Pz, o) = 0 o 0 0 0 &

Po— 2 0 0 0 0O 0

0 0 i@ —1 0 0

0 —igg 0 0 —1 0

Solving det(F — Ag) = P(\, z, z) we obtain,

PNz, z2) = —psA® — i\ + py — 2.

The occurrence of the complex term —2ig, makes it desirable to use the Fourier

polynomial Pr instead. One thus obtains this by replacing A by —iv

Pr(v, 7, 2) = psv/® + 2qo1° + po — 2. (4.43)

Therefore, the roots of Pr(v,z, z) can be approximated from the following polyno-
mials

Pr, ~ pav® + 2qa + pov° (4.44)
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Pr, ~ po + 2qu3 +p31/6. (4.45)

The magnitudes of these v-roots are approximately |vy 23] ~ \Z—g\é and |vg56| =~
2}
p3! "’
The roots of the polynomial in (4.43) can be approximated from (4.44) and (4.45)

and their existence are immediate from Theorem 4.4.1.

Theorem 4.6.1. Suppose (4.39), (4.40) and (4.41) are satisfied. Then |psvy, 5| =
o(1) and |povyssl = o(1) where |v123] ~ |%|% and |vy56| ~ |;—§|%. Moreover, the

v-root of Pr(v,x,z) can be approximated from (4.43) and (4.44).

Proof. 1t suffices to show that por=3 and ps1% are o(1) in Pp,. Here,

_ Q2 _ p -
pov 3| & Ipol| =17 = Ipol|=2| & Ipol|psllaz| ™ = o(1).
b3 q2

Do -
|psv°| & |p3||g|2 ~ |pollpsllg2l % = o(1)

since pg = 0(g2). The rest of the proof is immediate from the results of Theorem

4.4.1. [l

Lemma 4.6.2. Assume that condition (4.39), (4.40) and (4.41) are satisfied, then
the eigenvalues of the operator generated by (4.38) satisfies the z-uniform dichotomy

condition.

Proof. The correction term as a result of the spectral parameter z is approximately
(0,P(v,z,z)) ' (Behncke & Nyamwala, 2012). Hence for the vy, vy and 3, we have
10, Pr(v,x,2)| 7" & |ps|3|go|~3 while for vy, vs and vg we have |9, Pr(v,z,2)| ™ ~
Ipo|~3|g2| 3. Since 100155 Pr|™" # |05 Pr| ™" this suffices for the uniform dichotomy
condition between 1453 and v456. To prove the dichotomy condition within the
clusters, it suffices to analyze Im(A\y(z, z) — Aj(x, 2)) for k& > j. Since one of the
M 23(z, z) roots is real, assuming it is A (z, z) then it suffices to check the dichotomy
between Ao(x,z) verses Az(z,z). But A\ = —iv, then from the Implicit function

theorem, I'mAs(x, z) # ImAs(z, z) and have different signs. Similarly, if A\g(z, z) is
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real, then ImAy(x, z) # ImAs(x, z) and their signs are different, this suffices for the

uniform dichotomy condition. O]

Theorem 4.6.3. Let T' be the minimal differential operator generated by (4.38) on

L£2[0,00) and assume that condition (4.39), (4.40) and (4.41) are satisfied. Then

(i) Suppose that |ps|3|q|™3 and |po|~3|qe| ™3 are integrable, then defT = (4,4)

and o(H)=discrete.

(ii) Suppose that either |ps|3|qo| ™3 is integrable but |po|~3|qa| 3 is not or |ps|3 |qo| 3
is not integrable while |po| =3 |qo| 3 is integrable, then either defT = (3,4) or
(4,3) depending on the sign of g2(x),Vx C [0,00). Then T has no selfadjoint

extension.

(iii) If |ps|3|qe|™3 and |po|~3|qe| "3 are not integrable, then defT = (3,3) and
OacH C [Po,00) if qu > 0 while o,.(H) = R if go < 0 with spectral multi-

plicity 1.

Proof. (i) By Theorem 4.2.1 (Levinson’s Theorem), the differential equation (4.38)
is converted into first order system by use of quasiderivatives. We then com-
pute the characteristic polynomial of the matrix in the first order system whose
zeros can be obtained from the roots of P (v, x, z), then we show the z-uniform
dichotomy condition by application of Lemma 4.2.3. Theorem 4.2.1 now shows

that the solutions are of the form;

yr(x, 2) = (ep + ree(z, 2)).exp (/ )\k(l,z)> dr k=1,2,3,4,5,6.
0

If |ps|3|qo| =3 and |po|~3|ga| 3 are integrable, then A;(z, z) will be pure imagi-
nary and since |po|~3|gz| 3 is integrable, then the associated eigensolution will
be square integrable both in the upper and lower half planes. Since Ao 3(z, 2)
are in complex conjugate pair, they will contribute to one square integrable
and one non-square integrable solution in the complex plane. The eigenso-

lution associated to A4(z, z) will be square integrable both in the upper and
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lower halfplane. The remaining complex conjugate pair s (z, z), will also be
contributing to one square integrable and one non-square integrable solutions
to the complex plane. This leads to defT = (4,4) and the spectrum is discrete

at most.

(ii) If |ps|3|go| =3 is integrable but [po|~3|ge| 3 is not or |ps|3|gs| 3 is not integrable
while |po| 3 |go| 73 is integrable, then the eigensolution associated to A;(z, 2)
will be square integrable both in the upper and lower half planes. Since
A2 3(x, z) are in complex conjugate pair, they will contribute to one square
integrable and one non-square integrable solution in the complex plane. The
eigensolution associated to A4(x, z) will either be square integrable in the up-
per half plane but not in the lower half plane and the other way round. The
remaining complex conjugate pair As¢(z, 2), will also be contributing to one
square integrable and one non-square integrable solution to the complex plane.

This leads to defT = (4,3) or (3,4). Then T" has no selfadjoint extension.

(iii) If |ps|3|qz| "3 and |po| 3 |ge| "3 are not integrable, then the ecigensolution asso-
ciated to Ai(x, z) will either be square integrable in the upper complex plane
but not in the lower complex plane and conversely depending on the sign of
¢2(x). Since Ao 3(x, z) are in complex conjugate pair, they will contribute to
one square integrable and one non-square integrable solution in the complex
plane. Similarly, the eigensolution associated to \y(z, z) will either be square
integrable in the lower complex plane and not in the upper complex plane and
vice versa. The other complex conjugate pair A5 ¢(, z), will be contributing to
one square integrable and one non-square integrable solutions to the complex
plane. Due to the sign of ga(z), A123(x, 2) can either contribute (1,2) or (2,1)
to the deficiency indices and this will change if we consider the contribution
to the deficiency indices of \y56(z, 2) under similar conditions, that is, (2,1)
or (1,2). This leads to defT = (3,3) and hence discrete spectrum. If |go| =3
and |q2|_§ are not integrable, then the eigenfunction associated with A\;(z, 2)

loses its square integrability as 7 — 0F. Thus for ¢(x) < 0, it implies that
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—00 < z < 00, hence 0,.(H) = R with spectral multiplicity 1. On the other

hand, for go(z) > 0, it implies that py < z < oo, hence o4.(H) C [pg, 00).

4.7 Order Six Difference Operator

In this section, we consider the sixth order version of (1.2), that is, pa(t) = ¢1(t) =
pi(t) = 0, p3(t),q2(t), po(t) # 0 when n=3 so that we have order six symmetric

difference equation.

Ly(t) = —A%ps()A%(t = 3)] —i{A (@2(t) A%y(t — 2)) (4.46)

+ A% (@) Ay(t — 1))} +po(t)y(t).

The growth conditions in (4.39) will be assumed with the independent variable taken
as t.

The following smoothness and decay assumptions are necessary;

2 2
%7 (%) € el’ % € €2a .f = Po, 42, P3- (447)

4.7.1 System formulation

We study the spectral theory of difference operators of the form (4.46) defined on

(%[0, 00). In this case, we solve the equation Ly(t) = zy(t).
4.7.2 Asymptotic Summation and Results

In order to write the Hamiltonian system of (4.46) one introduces quasi-differences,
vi(t) =yt —1), z2(t) = Ay(t —2), w3(t) = A%(t - 3)

Az (t) = Ayt — 1) = zo(t + 1).
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ur(t) = A*(ps(t)A%(t - 3)) + i{ Alga(t) Ay (t — 1))

+ @) A%y(t —2)}

us(t) = —A(ps()A%(t — 1)) —iga(t)y(t — 1)
us(t) = ps(t) A%y(t — 3).
Now define the vector valued functions x(t),u(t) and Y (t) by
o(t) = (21(t), 22(t), w3(1)),  ult) = (ur(t),ua(t), us(t)), Y (t) = (x(t), u(t))”
and the partial shift R(Y (¢)) operator such that

RY (1) = [w1(t + 1), 20(t + 1), 25(t + 1), us (), ua(t), us(t)]",

where tr means the transpose of a vector or matrix.

Then (4.46) can be written in its discrete linear Hamiltonian form

TAY (1) = [zW(t) + P(t)|RY (¢)

where t € I, (t) and P(t) are 6 x 6 complex Hermitian matrices ,
W(t) = diag (w(t),0,0,0,0,0),w(t) > 0 is the weighted function and will be as-
sumed to be w(t) = 1 and J is a canonical symplectic matrix, that is,

0 —Is —C(t) A*(t)

J = , P(t)=
I; 0 At)  B(t)
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The first order form of equation (4.46) leads to,

x1(t) 0 1 0 0 0 0 z1(t+1)
xo(t) 0 0 1 0 0 O zo(t + 1)
A x3(t) _ 0 o 0 0 0 - z3(t+1) |
uq (t) pp—2 0 0 0 0 O uy (t)
U3(t) 0 —iQQ 0 0 -1 0 us (t)
So that _ .
0 1 0 0 0 0
0 0 1 0 0 0
0 o o0 o o L
H(t,2) = pa
po—z O 0O 0 0 O
0 0 i —1 0 O
0 —iqs 0 0 -1 0

Writing matrix H (¢, z) in block form gives,

A B
H(t z)=
C —A*
where
010 00 0 p—z 0 0
A=100 11|, B=|l00 0], C= 0 0 g
00 0 oo% 0 —igg O

By application of the approach of Shi, (Shi, 2006) we obtain the first order system
in the form Y (¢t + 1, 2) = S(¢, 2)Y (¢, z) where,

Y(t,2) = (z1(t, 2), 2(t, 2), 23(t, 2), ur (£, 2), ua(t, 2), us(t, ).
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Thus we obtain,

FE EB
Y(t+1,2) = Y(t,2)
CE I—-A*+CEB

where
0 00
E=(I,-—A)"" and A*=|1 0 0
010
so that

E EB
CE I-A"+CEB

1 1 1 0 0 L
p3
0 1 1 0 0 L
p3
0 0 1 0 0 L
Y(t+1,2)= bs Y(t,2)
Do Do Do 1 0 g—g

0 0 i -1 1 =

p3

0 —igy —igzp 0 —1 1-'2

p3

and py = py — 2.
One can now compute det(S(t, z) — Alg) = P(\, t, z). Multiplying P(\, ¢, z) by psA~3

we obtain a polynomial of the form

FAt,2) =ps(1=XNP1 = A + g1 = N1 = AEA+ (N7 +po — 2.

Substituting
(is+1)

A= s =)

and then multiplying the resulting polynomial by (s* — 1)? we obtain

Q(s,2) = pos® + 3pos* + 16q25> + 3pps® + 16q2s + 64ps + po. (4.48)
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Note that py = py — z.

The s-roots of this polynomial can then be approximated as,

1

—16 3

31’273%< qz) + lower order terms
Do

—3py + (9p3 — 102443)>
’ 32¢o

~ +i + lower order terms

—4ps3 Do

) 16¢2

Sg ~ + lower order terms.

Here, lower order terms are terms of the size O(gy?) for S456 and O(qy ") for $1.2,3-

Lemma 4.7.1. Assume that condition (4.39) and (4.47) are satisfied, then the
eigenvalues of the operator generated by (4.46) satisfies the z-uniform dichotomy

condition.

Proof. In this case, the corresponding A-roots are given by

(is123+1) _ —%—Fl N1$@+
(i81,2,3 - 1) _% -1 G

M3 =

A~ Az 4:@‘
42
Here, Ai(t, z) has magnitude approximately equal to one and so it remains to check
the uniform dichotomy for \o(t, z) verses A3(t, 2). If [Ao(t, 2)| < 1 and |A3(t, 2)| > 1,
this suffices for the z-uniform dichotomy condition between Ay(t,2) and A;(t, 2).
Moreover, s4(t,z) and s5(t, z) are purely imaginary so that if |A\4(¢,z)| > 1 while

|A5(t, 2)| < 1 uniformly in ¢, then the dichotomy condition is satisfied. |Ag(¢, 2)| ~ 1

as t — oo hence the desired dichotomy condition. O

Theorem 4.7.2. Let L be the minimal difference operator generated by (4.46) on
(?]0,00) and assume that condition (4.39) and (4.47) are satisfied. Then

(1) Suppose that |qa| ™' is summable, then defL = (4,4) and o(H) is discrete.
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(ii) Suppose that |qz| ™2 is not summable, then defL = (3,3) and o(H) is discrete

at most.

Proof. (i) The difference equation (4.46) is first converted into first order by use of
quasi-differences. Theorem 4.3.1. now shows that the eigenvalue solution are

of the form;

yr(t, 2) = (ex + rkk(a:,z)).ﬂﬁzg_l)\k(l, z) k=1,2,3,4,5,6.

If |go| ™! is summable, then since one of the s;93(t, z) roots is real, assuming it
is s1(t, z), then the solution ¥ (¢, z) of the associated root is square summable
both in the upper and lower half planes. s;3(t,2) are in complex conjugate
pair and hence their solution contributes to one square summable both in
the upper and lower half plane. Similarly, s45(t, z) are in complex conjugate
pair and therefore their solutions contribute to one square summable both
in the upper and lower half plane. The remaining solution yg(t, z) will also
contribute to one square summable in the lower and upper half plane which
leads to defL = (4,4). These solutions will be uniformly square summable

irrespective of the nature of z. Hence discrete spectrum.

(ii) If |g2| 72 is not summable, then y(t, z) will either be square summable in the
upper complex plane but not in the lower complex plane and vice versa de-
pending on the sign of ¢o(t). Since sy 3(t, 2) are in complex conjugate pair,
their solutions, y23(t, z), will contribute to one square summable and one non-
square summable solution in the complex plane. In the same way, y45(t, 2)
will be square summable both in the upper and lower complex plane since
s45(t, z) are in complex conjugate pair. The solution, ys(t, z), associated to
the root sg(t, z), will be contributing to either one square summable solution
in the lower and fails in the upper complex plane and conversely depending
on the sign of go(t). This leads to defL = (3,3) and hence discrete spectrum

at most.
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Chapter 5

Conclusions and Recommendations

5.1 Conclusions

(i) For order two differential operator with unbounded odd order coefficients, the
absolutely continuous spectrum was the whole of the real line with spectral
multiplicity as one. On the other hand, the spectrum of their discrete coun-
terparts only consisted of eigenvalues under the similar growth conditions.

The deficiency indices for order two differential operator were (2,2) whenever

-1 1

lg1(z)|~" was integrable and (1,1) when |g;(x)|~' was not integrable. How-

ever, the deficiency indices were (1,1) for the order two difference operator

irrespective of the summability of |q;(¢)|~!.

(ii) Order four differential operator with the third order coefficient unbounded re-
sulted to absolutely continuous spectrum which is the whole of the real line
with spectral multiplicity as one while the spectrum of order four difference
operator was pure discrete under similar growth and decay conditions. For

1

lg2(2)| 3 integrable and |go(¢)|~! summable, the deficiency indices in both

cases were (3,3).

(iii) Under similar growth and decay conditions, order six differential operator with
unbounded third order coefficients had absolutely continuous spectrum which
was the whole of real line while the spectrum of their discrete counterparts was
point spectrum at most. The deficiency index was (4,4) in both cases when
p3(2)[3|ga(z)| 73 and |po(z)| 3 |ga(z)| 3 were integrable and when |go(t)]|~! was

summable.
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5.2 Recommendations

In future, one can investigate the spectral properties of order six operators with all
the coefficients taken as non- zero. This can be generalized to higher orders more
than six. More so, when more than one coefficient is unbounded.

Different methods other than asymptotic integration and summation can be used,

that is, scattering methods in order to handle singular continuous spectrum.
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