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ABSTRACT

The theory of linear operators in Hilbert spaces has seen substantial progress, particularly
for integral operators of inner product-type, which are known to satisfy fundamental in-
equalities like Cauchy-Schwarz and Landau within unitarily invariant norm ideals. While
these inequalities provide explicit formulas for operator norms, they do not inherently
characterize or exclude the study of numerical range and spectrum - rather, they offer
complementary information that bounds these spectral properties without fully describing
them. This reveals a significant gap: explicit norm formulas exist but leave the numerical
range, spectrum, and their relationship uncharacterized. This research addresses these
gaps by systematically investigating the numerical range and spectrum of inner product-
type integral operators. Using operator-theoretic techniques including rank-one operators
and tensor products, we construct the algebraic numerical range. Through spectral anal-
ysis employing abelian properties, commutators, and von Neumann algebra methods,
we classify the spectrum into point, continuous, and residual components. Convexity
arguments via the Toeplitz-Hausdorff theorem and norm inequalities establish bounds
for the numerical range and ensure spectral inclusion. Our results demonstrate that the
numerical range maintains essential classical properties, with the spectrum contained
within its closure. The applications are substantial in quantum mechanics, providing a
rigorous framework for characterizing quantum states and observables, with direct impli-
cations for evaluating system stability and dynamical behavior. We recommend future
work develop more refined techniques - specifically, sharper spectral decomposition and
numerical range characterization - to enable precise quantum dynamical predictions and

extend these structures to open quantum systems.



Contents

Title Page . . . . . . . o il
Declaration . . . . . . . . i
Acknowledgements . . . . . . .. ... iii
Dedication . . . . . . . .. iv
Abstract . . . . . . v
Table of Contents . . . . . . . . . . . .. v
Index of Notations . . . . . . . . .. ... viii
INTRODUCTION 1
1.1 Mathematical Background . . . . . . . . .. ... ... ... .. ... .. 1

1.1.1 Examples of Integral Transforms . . . . . .. ... .. ... ... 5
1.2 Infinite Summation and Convergence Conditions . . . . . . . . . .. ... 13
1.3 Spectral Properties and Applications . . . . . . . . ... ... ... ... 14
1.4 Definitions and Terminologies . . . . . . . . . .. .. ... ... ... 22
1.5 Statement of the Problem . . . . . . .. ... ... ... ... ... ... 26
1.6 Objectives of the study . . . . . . . . .. ... .. L 26

1.6.1 Main Objective . . . . . . . . . .. . 26

1.6.2 Specific Objectives . . . . . . . . . . .. ... ... 27
1.7 Significance of the Study . . . . . . . .. ..o oo 27
1.8 Justification of the Study . . . . . . . .. .. ..o 0oL 28
LITERATURE REVIEW 30
2.1 Inner Product Type Integral Transformers . . . . . . ... .. ... ... 30
2.2 The Numerical Range of an Operator in Hilbert Spaces . . . . . . .. .. 44
2.3 The Classical Spectral Theory . . . . . . . .. ... ... ... ... ... 79

2.3.1 Numerical Radius . . . . .. .. .. .. ... ... 85

2.3.2 The Relationship Between the Spectrum and the Numerical Range 88

2.4 Elementary Operators . . . . . . . . . . . . ... ... 91

vi



3 RESEARCH METHODOLOGY 96

3.1 Imtroduction . . . . . . . ... 96
3.2 Foundational Operator Theory and Basic Inequalities . . . . . . . . . .. 96
3.2.1 Linearity, Boundedness, and Norm Estimation . . ... ... .. 97
3.2.2  Self-Adjointness via Quadratic Forms . . . . .. ... ... ... 97

3.3 Elementary Operators Framework . . . . . . . . ... ... ... ..... 97
3.4 Algebraic Numerical Range Construction . . . . . . .. . ... ... ... 98
3.4.1 Generalization to ®ippy . . . . ..o 98
3.4.2  Properties of the Algebraic Numerical Range . . . . . . .. .. .. 98
3.4.3 Convexity via the Toeplitz-Hausdorff Theorem . . . . . . . . . .. 98
3.4.4 Numerical Radius Properties . . . . . . .. . ... ... ... ... 99

3.5 Spectral Theory Techniques . . . . . ... .. .. ... ... ....... 99
3.6 Relationship and Inclusion Theorems . . . . . . . ... ... ... .... 100
3.6.1 Numerical Range and Spectrum . . . . . .. ... .. ... ... 100

3.7 Analysis of Special Operator Classes . . . . . ... .. ... ... .... 101
3.7.1 Compact Operators . . . . . . . . . ... .. .. ... 101
3.7.2 Normal and Self-Adjoint Operators . . . . . ... ... ... ... 101

4 RESULTS AND DISCUSSION 102
4.1 Introduction . . . . . . . ..o 102
4.2 Preliminary Results . . . . . . . .. ... oo 102
4.3 Elementary Operators . . . . . . . . ... ... .. 105

4.4 Numerical Range of the Inner Product Type Integral Transformers on K 110
4.5 Spectra of Integral Transformers of Inner Product Type . . . . . . . . .. 126
4.6 The Relationship Between the Classical Ng, Algebraic Vi and Spectrum

of Inner Product Type ®gpyon K. . . ... ... ... ... ... ... 135

5 CONCLUSION AND RECOMMENDATIONS 140
5.1 Introduction . . . . . . ... 140
5.2 Achievement of Research Objectives. . . . . . . . .. ... .. ... ... 140
5.2.1 Main Objective Achievement . . . . . . . . . . . ... ... .... 140

5.2.2  Specific Objective (i): Numerical Range Characterization . . . . . 141

5.2.3  Specific Objective (ii): Spectral Analysis . . . . . ... ... ... 141

vil



5.2.4  Specific Objective (iii): Relationship Between Numerical Range

and Spectrum . . . . ... L

5.3 Additional Contributions . . . . . . ... ... ... L.
5.3.1 Foundational Framework . . . . . . .. .. ... .. ...
5.3.2  Discrete Case Extension . . . . . .. ... .. ... ... .....

5.4 Recommendations and future study . . . . . .. ... ... L.

viil



Index of Notations

®(rpy Integral Transformer . . . .. 102
Nr  Numerical range . ... ... .. 102
BLO  bounded linear operator . . . . 103

L(K) The space of all bounded lin-

ear operatorson K . . ... .. 103
co ConvexHull . ........... 106
R(X)  An elementary operator . . . . 107
r(.)  Spectral Radius . ... ... .. 108
U UnitDisk .. ...... .. .... 109
Nr(.)  Numerical Radius . . . .. .. 109

(U,%,7) A measure space, where ¥

is a set, X is a o-algebra, and y

isameasure . . ... ... ... 110
R(¥) Set of stateson U. . ... ... 110
tr(.) Trace function . ... ... ... 111
J  Identity Operator . . . . .. .. .. 111
YV The algebraic numerical range . . . 111

W(Rs)  Classical Numerical Range of

w(®r,py)  Numerical radius of ®yp py 123
€  Spectrum . ............. 126
Qupp  Approximate Point Spectrum . 127
Q, Point Spectrum . ... ... ... 127
Q, Residual Spectrum . .. ... .. 128
L(L(K)) space of bounded linear op-
erators from L(K) to L(K). . . 130
¢ Bicommutant of & . .. ... ... 132
W(m)  The classical numerical range

of an operator m . . . . . .. .. 139

X



Chapter 1

INTRODUCTION

The analysis of integral transformers holds a significant importance across multiple areas
of Mathematics, especially in fields such as functional analysis, operator theory, and
Mathematical Physics. Among these, the inner product type integral transformer is a
significant tool, providing valuable insights into Hilbert and other Banach spaces. This
chapter lays the groundwork for understanding the construction and applications of such
transforms, offering essential background information to support the objectives of this

study.

1.1 Mathematical Background

The significance of Hilbert spaces is deeply rooted in the field of operator theory. The core
aim of this field is to categorize and analyze all linear operators within Hilbert and other
Banach spaces. In Algebra, the classification dilemma is effectively tackled using general
situations and issues related to a bounded linear operator’s minimal and characteristic
polynomials, eigenvalues and eigenspaces, and culminating in a normal canonical form of
any linear operator (Kowalski, 2009). Significant progress has been made in the fields of
linear operator theory within Hilbert spaces and the study of Mathematical inequalities,
more generally, issues related to an operator that is bounded and linear can be resolved
through the reduction method, utilizing the polar decomposition theorem for operators
that are positive on Hilbert spaces and the theory of the spectrum (Sunder, 2000).

The development of functional calculus for normal operators has led to significant progress



in applications across quantum mechanics, signal processing, and numerical analysis (Col-
brook, 2019). The spectral theorem, which characterizes normal operators via a spectral
measure, remains a fundamental result for understanding Hilbert spaces. Advancements
in the study of compact operators, which play a crucial role in functional analysis, have
yielded new insights into singular value decomposition and its applications in data sci-
ence and machine learning. These developments have been instrumental in addressing
ill-posed problems in inverse theory, particularly in medical imaging and geophysics (Ped-
ersen, 2020).

Another key area of development in Hilbert space theory is the significance of unbounded
operators, particularly in quantum mechanics and differential operators. The theory of
self-adjoint extensions of symmetric operators has seen renewed interest, with applica-
tions in quantum field theory and partial differential equations (Reed & Simon, 2021).
Moreover, studies have explored the interplay between Hilbert space operators and opti-
mization problems, leading to new techniques in convex analysis and optimization theory.
Additionally, there has been growing research on the interplay between operator theory
and machine learning, particularly in the study of kernel methods and reproducing kernel
Hilbert spaces (RKHS). These spaces provide a powerful framework for analyzing high-
dimensional data and designing efficient learning algorithms (Scholkopf & Smola, 2023).
The application of RKHS in signal processing and control theory has also expanded, of-
fering new tools for stability analysis and system identification. Furthermore, in Banach
spaces, advancements in studying non-commutative operator theory have contributed to
the generalization of classical results from Hilbert spaces. The study of operator algebras,
particularly C*-algebras and Von Neumann algebras, continues to provide deep insights
into both pure and applied Mathematics (Takesaki, 2019).

The spectral theorem, which establishes the circumstances under which an operator can
be broken down into more basic components using its spectrum, is one of the foundational
elements of operator theory. According to this theorem, compact self-adjoint operators
can be represented in terms of their eigenvalues and matching eigenvectors, creating an
orthonormal basis for the Hilbert space. This result is crucial in quantum mechanics,
functional analysis, and Mathematical Physics. Additionally, the study of unbounded

operators, which frequently arise in differential equations and quantum mechanics, has



led to significant developments in understanding self-adjoint, normal, and unitary opera-
tors. The concepts of essential spectrum and continuous spectrum have further enhanced
the comprehension of how these operators behave under perturbations. In recent advance-
ments, the interplay between Hilbert space operators and Mathematical inequalities has
become a focal point of research. Key results in majorization theory, trace inequalities,
and operator convexity have provided deeper insights into norm inequalities and their
applications in quantum information theory and probability. Furthermore, the study
of compact operators in Hilbert spaces, particularly those of finite rank, has facilitated
progress in Fredholm theory. The notion of index theory, introduced by Fredholm as
illustraed in (Atiyah & Singer, 1969), has been extended to address more complex sce-
narios, including applications in partial differential equations and K-theory.

The foundation of spectral theory of linear operators comes from the theory of matrices
and equations of the integral type. Spectral theory of compact operators in Hilbert spaces
has been described as richer and closely related to integration theory and measure the-
ory. In Hilbert spaces, significant work has been done concerning the spectral theory of
operators. Toeplitz (Toeplitz, 1918) introduced spectral theory for self-adjoint bounded
operators, and the theory has been extended to self-adjoint unbounded operators where
the unbounded self-adjoint operator is rewritten in terms of bounded unitary operators
using the Cayley transform (Weckman, 2020). The study of spectral theory has laid a
foundation for operator analysis and exploring the geometric properties of operators. In
their book, (Vladimir & Birkhauser, 2003) attempted to organize the recent progress in
spectral theory, particularly the results concerning various types of spectra in a unified,
axiomatic manner within a Banach algebra setting.

Spectral theory plays a fundamental role in functional analysis and mathematical physics,
especially in quantum mechanics, where operators represent physical observables. The
spectrum of an operator generalizes the concept of eigenvalues of a matrix, encompassing
not only discrete spectra but also continuous and residual spectra. Further advancements
in spectral theory include Gelfand’s work on spectral decomposition in Banach algebras
and the spectral theorem for normal operators in Hilbert spaces (Gelfand & Neumark,
1943), which provides a representation of such operators in terms of projection-valued

measures. This result is essential in quantum mechanics, where self-adjoint operators



correspond to measurable quantities.

Another significant development is the study of compact operators, which resemble finite-
dimensional operators in many respects. The spectral properties of compact operators
in Hilbert spaces lead to results such as the Hilbert-Schmidt theorem and the Fredholm
alternative (Reed & Simon, 1980), which provide a classification of spectra in terms of
eigenvalues with finite multiplicities. The development of spectral theory has also influ-
enced the study of differential operators and integral equations, where spectral methods
provide tools for solving boundary value problems. This connection has applications in
Mathematical Physics, signal processing, and numerical analysis. Recent research has
focused on spectral properties of non-self-adjoint operators, perturbation theory, and
spectral asymptotics ( see Locker (2000), Makin (2024) and references therein), which
have implications in stability analysis and dynamical systems. The interplay between
spectral theory and other Mathematical disciplines continues to be an active area of
study, leading to deeper insights into the structure of operators in various functional
spaces.

Linear operator theory in Hilbert spaces has grown exponentially in the last decade. Op-
erators are classified into differential operators and integral type operators on functional
spaces. In (Kreyszig , 1978), an integral operator 7 : B[0,1] — B[0,1] is defined as
¢ = 7, where ((s) = folu(s,T)n(T)dT, where g is the kernel of L and on the closed
square S = Y x ), it is assumed to be continuous in the st-plane, and Y = [0, 1]. This
operator is linear and bounded. Furthermore, the spectral properties of such operators
are of great interest. If 7 is a compact integral operator, then its spectrum consists of a
sequence of eigenvalues that accumulate only at zero. This follows from the compactness
theorem, which states that compact operators on infinite-dimensional Banach spaces have
at most countably many nonzero eigenvalues (Amonyela, Nyongesa , & Wanambisi, 2022).
An important result in the spectral theory of compact integral operators is the Hilbert-
Schmidt theory. If p satisfies the Hilbert-Schmidt condition: fol fol \u(s, 7)|*dsdr < oo,
then 7 is a Hilbert-Schmidt operator, which ensures that its singular values (the square
roots of the eigenvalues of 7*7) decay to zero (Balazs, 2008).

Integration is a fundamental tool in Mathematical analysis and plays a crucial role in

defining the inner product of continuous functions. According to Satya (2017), let



F = Ulz,y] be the vector space of all continuous functions s : [(,n7] — R. For
y, z, C[C,n], the inner product is given as: (y, z) = fcny(x)z(a:)da:.

This definition satisfies the properties of an inner product space. Similarly, double inte-
gration of continuous functions can also be defined, and the inner product can be written
in terms of the norm. For this study, we were interested in integral-type operators, par-
ticularly inner product-type integral transformers. Integral transforms are mathematical
operators that map a function into another function, typically involving an inner product
integral to simplify complex problems or offering insights into underlying structures of
operators. One type of integral transform, the inner product-type integral transform,
has gained attention due to its potential applications in various fields, including physics,
engineering, and signal processing, making it a useful tool in functional analysis, differ-
ential equations, and applied mathematics. The following are examples of the integral

transforms.

1.1.1 Examples of Integral Transforms

Example 1.1 (The Fourier Transform (Kellaway, 1969)). The Fourier transform is among
the most commonly used integral transforms in mathematics and engineering. It provides
a powerful method for analyzing functions by transforming them from the time domain
into the frequency domain. Consider a periodic function ¢(t) with period 2. Its Fourier

series representation can be expressed as:

yo+ 3 [sc cos(Ct) + re sin(C1)]
¢=1

where the coefficients are determined by the following integrals:

ﬂ- s
1 iy
=1 [ aeosichyar



The Fourier transform has applications in physics, image processing, and signal process-

ing. Notable properties include linearity, homogeneity, additivity, and invertibility.

Example 1.2 (The Laplace Transform (Kellaway, 1969)). The Laplace transform, in-
troduced by Pierre-Simon Laplace in the 18th century, is a powerful mathematical tool
extensively applied in engineering and systems analysis for solving differential equations.

The transform is defined as:

L(k) = A{b(s)} = /000 b(s)e " ds,

where k = p + iw is complex, with p and w being real numbers. The Laplace transform
simplifies operations like differentiation and integration. Its properties include linearity,

time shifting, and convolution.

Example 1.3 (The Mellin Transform (Kellaway, 1969)). The Mellin transform general-
izes the Fourier and the Laplace transforms and is primarily used in asymptotic analysis

and scaling problems. It is given by:

M{b(s)}(a) = / " b(s)se s,

where s is a real and positive variable, and a is complex. The Mellin transform is linear,
satisfies the convolution theorem, and is invertible. It has applications in the study of

the zeta function, number theory, aerodynamics, and fluid mechanics.

Example 1.4 (The Fredholm Integral Operators (Kress, 2014)). Fredholm integral op-
erators involve integral equations with fixed limits of integration. They are categorized

into:
1. The Fredholm Integral Equation of the First Kind:

o) = [ " Kk DR,

where K (k,1) is the kernel function.



2. Fredholm Integral Equation of the Second Kind:
g(k) =s(k)+ (/ K(k,D)h(l)dl.

Fredholm integral equations are fundamental in functional analysis, leading to results such

as the Fredholm alternative, which provides conditions for the existence of solutions.

Example 1.5 (Inner Product Type Integral Transform). Integral transforms of the inner
product type are closely related to inner product spaces. In an inner product space, the
inner product is a fundamental operation that combines two vectors or functions to yield
a scalar. For two given functions m(x) and n(z), an integral transform representing an

inner product can be expressed as:

Tonnk= [ [ ¥@pym oty

where Y (z,y) is a suitable kernel function defining the transform. These transforms have

applications in quantum mechanics, signal processing, and operator theory.

More details on the inner product type integral transformers are discussed in the subse-
quent setions.

Recent advancements in integral transforms have significantly expanded their theoretical
foundations and practical applications across various scientific and engineering disciplines.
These developments include the introduction of new transforms, deeper analysis of ex-
isting ones, and innovative applications in solving complex problems. Abdallah et al.
(2024) introduced the Abdallah Group Transform, a novel integral transform designed
to address differential, partial, and integral equations. This transform simplifies complex
mathematical models and has been recognized as a valuable tool in applied mathematics
and engineering. Similarly, Zhao & Lee (2024) proposed a New Integral Transform that
has proven effective in solving initial value problems, particularly ordinary differential
equations, offering alternative methods for tackling engineering and physics challenges.
Further advancements include the introduction of generalized integral transforms, which

broaden the applicability of existing methods. Ahmed & Patel (2022) formulated a



new generalized integral transform that encompasses many known transforms as special
cases. Their study established fundamental properties such as existence theorems, scaling
properties, and inversion formulas, demonstrating the transform’s effectiveness in solving
initial boundary value problems. Additionally, Jackson & Wang (2024) presented new
identities for classical transforms, including the Laplace, Glasser, and Widder potential
transforms. Their research has facilitated complex integral evaluations and provided
novel representations for special functions like the error function and the Riemann zeta
function.

The emerging applications of integral transforms continue to grow, particularly in frac-
tional calculus and operational calculus, where they play a crucial role in handling ir-
regular operations and extending distribution theory. These contributions are essential
for modeling phenomena with memory effects or hereditary properties, as highlighted by
Martinez et al. (2023). Furthermore, integral transforms have found increasing use in
signal processing and quantum mechanics, where they assist in signal analysis and recon-
struction. In quantum mechanics, their role has been explored in operator theory and
spectral analysis, providing valuable tools for understanding the behavior of quantum
systems (Nelson & Roberts, 2024). These advancements underscore the dynamic and
evolving nature of integral transform theory, highlighting its expanding influence and ap-
plicability in addressing contemporary challenges across various scientific and engineering
fields.

Another significant transformation that has been studied is the Aluthge transform, ini-
tially introduced and analyzed by Aluthge (1990). Since then, several researchers have
explored various properties of this transformation, making it an essential tool in operator
theory. Jung, Ko & Pearcy (2005) examined the convergence properties of the Aluthge
iteration and its implications for normal operators, further refining the understanding of
this transformation. Later, Okubo & Ando (2015) explored applications of the Aluthge
transform in perturbation theory, particularly in the spectral analysis of bounded linear
operators. The Banach algebra setting of these transformations has been extensively an-
alyzed in works such as Vahid (2012), where the Gelfand transform was shown to be a
key tool in spectral theory. In particular, Rickart (1960) studied the Gelfand represen-

tation in the study of commutative Banach algebras, while a research by Arveson (1998)



linked the Gelfand transformation to noncommutative harmonic analysis and C*-algebra
representations.

The concept of the inner product-type integral transformation was initially explored by
Jocic (Jocic, 2005). Its formulation is derived from the Gel’'fand integral, also known as
the weak*-integral, which applies to operator-valued functions.

To start with, consider a separable complex Hilbert space K and let L(K) denote the
space of all bounded linear operators on K. Suppose (¥, 3, ) is a measure space, where
U is a compact set, 3 is the o- algebra, 7 is a measure and P : ¥ — L(K) is an operator-
valued function defined by s — P, = P(s), where s € W. This function is said to be
weakly®-measurable (or weakly*-integrable) if, for every pair of vectors q,t € K, the scalar
function s — (Psq,t) is measurable (or integrable, respectively). A key step in proving
the non-trivial aspect of this result involves the closed graph theorem, which guarantees
that the operator-valued integral linked to a sesquilinear form remains bounded. If the
function s — (P,q, q) is integrable for all g € K, then the mapping q — [, (Psq, q)dy(s)

defines a quadratic form of a unique bounded operator

[IlPsdv(s) (1.1.1)

satisfying

</y Psdv<s>q’t> - /qj (Pq,v)dy(s), Vq,ve K.

Furthermore, the trace property holds:

o] [ ravc) = [uipeian). v6 e wm),

where G is a rank-one operator of the form G = n* ® n with n € Dp, and Dp is the

underlying domain given by

Dy = {q e 1 [ I1PalPir(s) < oo and (Pa)(s) = Psq}.

This formulation provides a rigorous framework for studying operator-valued integral
transformations and their applications in functional analysis and operator theory.

The bounded operator described by Equation 1.1.1, is known as the Gelfand integral



or weak*-integral of the operator-valued function P; over ¥. In Banach algebras, the
Gelfand transformation has been extensively studied (see cascales, Kadets & Rodriguez,
2011, Vahid, 2012, Bell, 2015 and referenes there in). The characterization of this trans-
formation has been done on the commutative Banach algebra (Vahid, 2012). It has been
established that the Gelfand transformation is linear, multiplicative, unital, and con-
tinuous (Vahid, 2012). If the integral exists, we say that P, is Gel’fand integrable or
weakly*-integrable ((Jocic, 2005), (Jocic, Krtinic & Lazarevic, 2020), (Jocic et al., 2013),
(Jocic, 2017)). Thus, for every q € K, the function s — || Psq|| is also measurable
(Jocic et al., 2013). If, additionally, [, [|Psql|*dy(s) < ooV q € K, then there exists the
weak*-integral [, PrPydy(s) € L(K)

satisfying
( / P*Pudy(s)q,q) = / (P* P, q)dr(s / | P.aldr (s (1.1.2)
v

The family (Ps)sey is referred to as a square-integrable L(K)-valued function. The
space consisting of all measurable L(K)-valued functions with finite norm is denoted by
L2(W, v, L(K)). Specifically, this is the Banach space of all weakly*-measurable functions
P : ¥ — L(K) satisfying [, [|Psq||* dy(s) < oo Vg € K, equipped with the norm

2
| Pl 220w L)) =

P} P, dry(s)
v

It is important to note that || - ||o defines a norm on the Banach space £2(¥, v, L(K)).
For weakly *-measurable operator valued (o.v) functions R, P : ¥ — L(K)and V X €
L(K), the function s — R XPs is also weakly 7*-measurable. If these functions
are Gel'fand integrable for all X € L(K), then there is a unique bounded operator
[y RsX Pydry(s) satisfying Equation 1.1.2 VX € L(K). The inner product type linear
transformation [, RsX Pydry(s) is called an inner product type (ip.t.) integral trans-
former on L(K) denoted by

O(ppy(X) = A R, XP,dv(s). (1.1.3)

or by ®p py = f\p Ry ® Pydry(s).
Several researchers have further developed the theory of operator-valued integral transfor-

10



mations, expanding on the foundational work of Gelfand and Jocic. For instance, Yosida
(1965) provided an extensive treatment of weakly*-measurable functions and their inte-
gration in the setting of functional analysis. The work of Diestel & Uhl (1977) further
generalized these results to vector-valued measures and Banach space-valued integrals,
offering a broader perspective on the integration of operator-valued functions. In the
context of K spaces, the properties of weak*-integrable functions have been analyzed by
Dunford and Schwartz (1958), who developed the integral representation of linear opera-
tors in measure spaces. Labuschagne (2009) extended these concepts to noncommutative
LP-spaces, illustrating the applications of weak*-integrability in noncommutative proba-
bility theory.

Another important contribution to the field of linear operators is due to Takesaki (2001),
who studied the integral representations of operator algebras in von Neumann algebras.
His work emphasized on the significance of the trace property in weak*-integration, pro-
viding connections to quantum mechanics and functional analysis.

The weak*-integral framework has also found applications in mathematical physics and
quantum mechanics. In this context, the works of Reed & Simon (1980) have provided
rigorous treatments of operator-valued integration in the study of quantum states and
functional calculus. Also, Connes (1994) applied weak*-integrability to the study of
noncommutative geometry, demonstrating its deep connections to modern physics. Re-
cent advancements in operator-valued integral transformations have been made by Voigt
(2020), who examined weak*-integrable functions in quantum probability theory, and
Schmudgen (2021), who studied applications in moment problems and spectral theory.
Moreover, Haagerup & Musat (2022) introduced new perspectives on noncommutative
integration, particularly in relation to free probability and von Neumann algebra tech-
niques. Overall, these contributions have significantly advanced the understanding of
operator-valued integrals, their transformations, and applications in various fields, in-
cluding functional analysis, Banach algebras, operator theory, and mathematical physics.
In this study, we analyze operators of the form 1.1.3 defined on the Banach space
L2(W, v, L(K)) satisfying Equation 1.1.2. These operators exhibit interesting proper-
ties when particular conditions on the measure v are imposed.

Several studies have explored integral operators of this form, particularly in the context

11



of Hilbert and Banach space theory. The work of Dunford & Schwartz (1958) introduced
foundational aspects of weak*-measurable operators and their integral representations.
Later, Jocic (2005, 2013) extended these concepts to the setting of inner product integral
operators, emphasizing their boundedness and spectral properties. A key aspect of these
operators is their dependence on the measure v. When ~ satisfies certain absolute conti-
nuity conditions such as the existence of the Radon-Nikodym derivative and the uniform
absolute continuity condition on 7 with respect to the sets where the kernel is small (see
Diestel & Uhl, 1977), the integral operator exhibits compactness and trace-class behavior
under specific circumstances. Additionally, results from Pietsch (1980) indicate that for
nuclear spaces, the operator integral transforms retain compact embedding properties,
making them useful in functional analysis and quantum mechanics. For specific applica-
tions, the operator integral transformer has been employed in quantum theory, as noted
by Reed and Simon (1980), where integral transformations arise in the spectral decompo-
sition of self-adjoint operators. Similarly, in the study of stochastic processes, Vakhania,
Tarieladze, & Chobanyan (1987) have used such integral operators to analyze Gaussian
measures on Banach spaces.

The inner product type integral transformer generalizes the discrete elementary operator
by integrating over a continuous index set rather than summing over discrete elements.
It is particularly useful in quantum mechanics and functional analysis, where integral
transformations play a fundamental role in operator theory. Recent research has delved
into the properties and applications of inner product type integral (i.p.t.i.) transformers.
In 2019, Okelo provided a comprehensive overview of norm inequalities associated with
i.p.t.i. transformers, emphasizing their relevance in quantum mechanics. Additionally,
in 2020, Okelo characterized certain properties of these transformers, focusing on uni-
tarily invariant norms and operator-valued functions. He established norm inequalities
for i.p.t.i. transformers, drawing on Landau and Gruss inequalities, and explored their
applications in quantum theory. These studies collectively enhance our understanding
of i.p.t.i. transformers, particularly in the context of operator theory and quantum me-
chanics.

This work aims to extend these foundational results by examining the conditions under

which the operator ®(r py is bounded and spectral behavior under various assumptions
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on .
When 7 is the counting measure on N, the linear mapping in equation (1.1.0.3) takes the

form:
m

7T{R,P} = Z RSAPS' (].].4)

s=1
Transformers of the form given in Equation 1.1.4 are known as elementary mappings or
elementary operators, and their numerical range and spectra have been extensively inves-
tigated (see Jocic, 2009; Jocic et al., 2017; Kingangi, 2018, and references therein).

Further research on elementary operators has focused on various aspects such as norm
estimates, spectral properties, and their role in functional analysis. For instance, Bourin
& Uchiyama (2012) examined the norm inequalities for elementary operators, provid-
ing significant insights into their boundedness and compactness properties. Additionally,
Timotin (2015) explored the structure of numerical ranges for elementary operators, par-
ticularly in the context of Hilbert spaces, establishing key spectral radius inequalities.
Recent studies by Garcia & Putinar (2020) have extended the understanding of elemen-
tary operators by analyzing their impact on C*-algebras and von Neumann algebras,
highlighting their fundamental role in operator theory. Furthermore, Kingangi & Oduor
(2021) investigated the perturbation behavior of elementary operators, contributing to
the ongoing discussion on their stability and functional calculus. These studies collec-
tively enhance the theoretical framework surrounding elementary operators, reinforcing
their importance in spectral analysis, numerical range estimations, and operator algebra

applications.

1.2 Infinite Summation and Convergence Conditions

The finite sum given in Equation (1.1.4) can be generalized to an infinite series provided

that Y .-, [|[R;AP|| converges:

Tirpy = > R.AP..
s=1
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These infinite operator transformations are particularly significant in spectral theory,
where they serve as essential tools for analyzing operators on Hilbert and Banach spaces.
The transition from finite sums to convergent infinite series, represents a key concept in
operator spectral analysis. This approach allows for the decomposition of operators into

simpler components, facilitating a deeper understanding of their spectral properties.

1.3 Spectral Properties and Applications

According to Kowalski (2007), the central objective of spectral theory is to provide a
systematic classification of linear operators. The focus on Hilbert spaces arises from
their tractability-indeed, the corresponding theory for general Banach spaces remains
poorly developed in contemporary mathematics. The spectral theorem asserts that any
self-adjoint operator can be represented as an integral over its spectrum, effectively gen-
eralizing the concept of diagonalization to infinite-dimensional spaces. This theorem is
pivotal in quantum mechanics and other fields where operators play a crucial role.

For Banach spaces, spectral analysis is more intricate due to the lack of an inner product
structure. However, significant progress has been made in understanding the spectra of
compact operators. As Riesz (1918) first developed, that the spectral theory of com-
pact operators allows for the extension of finite-dimensional spectral concepts to infinite-
dimensional setting. Compact operators on Banach spaces exhibit spectral properties
reminiscent of matrices, such as having a spectrum consisting of eigenvalues that accu-
mulate only at zero.

Both elementary operators and i.p.t.i. transformers are widely studied in operator theory
due to their applications in functional analysis, quantum mechanics, and perturbation

theory. Some notable properties include:

e Boundedness and compactness under specific conditions on operators R and P.
e Spectral characteristics and their relation to the numerical range.

e Applications in solving operator equations.
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For further details, we refer to studies on spectral properties of elementary operators
(Jocic, 2009; Kingangi, 2018). Further studies have explored deeper spectral proper-
ties and functional bounds of elementary operators. For instance, Davidson & Paulsen
(1995) provided significant results on the norm and numerical radius of such operators,
showing their direct implications in C*-algebra theory. Later, Shulman (2002) extended
these ideas to characterize conditions under which elementary operators exhibit spec-
tral invariance. Kittaneh (2005) studied the spectral norms of these transformations,
emphasizing their role in perturbation bounds. Moreover, advances by Alpay & Lev-
anony (2014) linked the behavior of these transformers to structured decompositions in
functional models. For a more comprehensive discussion, one may refer to Kittaneh &
Shebrawi (2010), who analyzed compact perturbations and their effects on the essen-
tial spectrum of elementary operators. Their findings have been instrumental in refining
spectral approximation techniques in Banach algebras.

In the past two decades, several inequalities have been obtained involving elementary op-
erators and inner product type integral transformers. In (Jocic, 2005), it was shown that
the Cauchy-Schwarz inequality holds for the inner product type integral transformer, and
the normality and commutativity conditions for Schatten-p-norms can be dropped. This
result has significant implications for the analysis of these operators in various normed
spaces. In (Jocic, 2009), a formula for finding the exact norm of the inner product type in-
tegral transformers acting on Cy(K) was established. Furthermore, the Cauchy-Schwarz
inequality has been utilized to extend operator inequalities for elementary operators and
inner-type integral transformers on Hilbert spaces K.

The Landau-type inequality has been established for inner product-type integral trans-
formers in unitary invariant norm ideals by applying the Kortkine identity, (see Dragoljub,
1957 for more details on the Kortine identity). This generalizes classical norm inequali-
ties for integral operators. Additionally, studies by (Jocic, 2017, and Jocic et al., 2017)
demonstrate that the spectra of elementary operators and inner product-type integral
transformers lie within the unit disc, a crucial property for analyzing their stability and
behavior. In later work, (Okelo, 2019) derived norm inequalities for inner product-type
integral transformers using Landau’s inequality and the Gruss inequality. These inequali-

ties provide bounds on the norm behavior of these operators, contributing to the ongoing
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exploration of their mathematical properties. As evident from the existing work on in-
ner product type integral transformers, much focus has been on the norm inequalities of
these operators. Studies on the inner product type integral operator primarily investi-
gated whether the operator satisfies well-known norm inequalities such as the Cauchy-
Schwartz, Gruss, and Landau inequalities. However, a crucial aspect that has not been
well explored is the determination of the numerical range and spectrum of the operator.
The numerical range provides insights into the stability and possible eigenvalues of the
operator, while the spectrum analysis aids in understanding its functional and spectral
properties.

The concept of the numerical range in a Hilbert space was initially introduced by Toeplitz
(Toeplitz, 1918) and is often referred to as the field of values. In recent years, this topic
has attracted considerable attention, leading to numerous advancements that enhance
our understanding of operators and matrices. The formal definition is as follows:

Let K be a Hilbert space equipped with an inner product (-, ), and let L(K') denote the
algebra of bounded linear operators on K. The classical numerical range W (T) of an

operator T' € L(K) is the set of all complex numbers given by

W(T) ={{Tz,z):z € K, |z|| = 1}.

Additionally, the numerical radius w(T) of T is defined as the smallest radius of a circle

centered at the origin that encloses W (T'), expressed as

w(T) = sup{|z| : z € W(T)}.

The numerical range is deeply connected to the spectral properties of operators, and a
major focus of research in this area involves exploring the relationship between these two
concepts.

Recent advancements in the study of numerical ranges have expanded our understanding
of operator theory, particularly in exploring various generalizations and their applications.
One such generalization is the concept of generalized numerical ranges, which has been
studied extensively to analyze operator perturbations and their connections to quantum

error correction. These generalized ranges provide a broader framework for examining the
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stability and resilience of quantum systems under perturbations (AMS, 2023). Another
significant area of research is the joint numerical range of operator tuples. Muller and
Tomilov (2020) presented a comprehensive survey discussing recent results concerning
joint numerical ranges and their applications in operator orbits, operator diagonals, and
pinching problems. Their work highlights the importance of joint numerical ranges in
characterizing multiple operators simultaneously and their interaction in Hilbert spaces
(Muller & Tomilov, 2020). Fialkow & McCullough (2023) explored joint numerical ranges
in multivariable operator theory, extending classical results to systems of operators.

In the context of antilinear operators, recent findings have established that the numerical
range in spaces of dimension two or higher is always a disk, confirming its convexity. This
result provides a deeper understanding of the geometric properties of antilinear operators,
contributing to the broader study of numerical ranges in non-standard settings (Springer,
2024). An important conjecture in this field is Crouzeix’s Conjecture, which states that

for any square complex matrix A and any polynomial p, the inequality

lp(A)]] <2 sup |p(z)]
zeW(A)

holds, where W (A) denotes the numerical range of A. While this conjecture remains
unproven in general, it has been verified for specific classes of matrices, including normal
matrices and certain tridiagonal 3 x 3 matrices. The work done in proving special cases
of this conjecture contributes to a better understanding of operator norms and their
relationships with numerical ranges (Crouzeix, 2007). Additionally, researchers have
explored the product numerical range, defined concerning the subset of product vectors
in a tensor product Hilbert space. Unlike the classical numerical range, the product
numerical range is not necessarily convex, making it a unique tool in analyzing operators
on composite systems (Crouzeix, 2007).

Collaborations and workshops have also played a crucial role in advancing numerical
range studies. Through such collaborative efforts, the field continues to grow, offering
new insights into operator theory and its broader applications (Crouzeix, 2007). These
developments underscore the dynamic and evolving nature of numerical range research,
highlighting its significance in advancing operator theory and Mathematical physics.

One fundamental property of the numerical range is its convexity, guaranteed by the
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Toeplitz- Hausdorff theorem. Toeplitz (1918) showed that the boundary of the classical
numerical range is convex, while Hausdorff (1919) proved that any line intersecting the
numerical range meets it in a connected set. This convexity makes the numerical range a
powerful tool for approximating the spectrum of an operator, with applications in matrix
theory and quantum mechanics, where spectral analysis is essential. Researchers have
also explored numerical ranges for nonlinear operators and introduced generalizations
like the c-numerical range, higher-rank numerical ranges, and joint numerical ranges,
broadening their utility in functional analysis and operator theory.

Lumer (1961) extended the concept of numerical ranges to semi-inner product spaces.

For a linear operator m on such a space, the numerical range is defined as:

W(r) ={(ra,a) : {(a,a) = 1}.

This generalization preserves key spectral properties, including the inclusion of the spec-
trum Q(7) in the closure of W (x) : Q(7) € W(x). Although convexity may not hold
in semi-inner product spaces, this spectral containment remains significant. For normal
operators in Hilbert spaces, the convex hull of the spectrum lies within the numerical
range: conv(Q(m)) € W (r). These results are vital in spectral approximation, stability
analysis, and applications across physics and engineering.

Additionally, Berberian (1973) extended Lumer’s work by providing further generaliza-
tions of the numerical range in Banach spaces, emphasizing on the spectral containment
properties in broader settings. Kato (1980) explored perturbation theory in relation to
the numerical range, demonstrating how variations in operators affect their numerical
range and spectrum. Stampfli and Williams (1968) introduced the concept of the essen-
tial numerical range, which is particularly useful in the study of compact perturbations of
operators. Bonsall & Duncan (1971, 1973) developed a comprehensive theory of numer-
ical ranges in Banach spaces, leading to a deeper understanding of spectral behavior in
non-Hilbert settings. Li & Tam (1990, 1994) investigated higher-rank numerical ranges
and their significance in quantum information theory, particularly in analyzing quantum
channels and entanglement. Choi, Kribs, & Zyczkowski (2006) studied the joint numeri-
cal range of tuples of matrices, which has applications in quantum computing and control

theory. Crouzeix (2007) proved that the numerical range of a polynomially bounded op-
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erator is closely related to spectral sets, leading to important consequences in numerical
analysis. Gau, Huang, & Wang (2024) introduced new computational techniques for
evaluating higher-rank numerical ranges, improving efficiency in quantum mechanics ap-
plications. Gilmore and Pearson (2024) explored connections between numerical ranges
and pseudospectra in non-self-adjoint operators, which has implications in fluid dynamics
and stability analysis. These contributions continue to influence ongoing research, as the
numerical range remains a powerful tool in various Mathematical and physical contexts.
The numerical range is a fundamental concept that has been extensively investigated
across various Mathematical frameworks. It offers valuable insights into the spectral
characteristics of operators, with numerous mathematicians contributing to its advance-

ment in diverse contexts. For instance,

e Zarantonello (1967) established the notion of the numerical range for non-linear

operators, proving that the spectrum lies within the closure of the numerical range.

e Amelin (1973) developed the theory of numerical ranges for pairs of linear opera-
tors in Hilbert spaces, deriving important results concerning the index stability of

Fredholm operators.

e Sahu (2012) conducted significant research on numerical ranges for both linear and

non-linear operators within semi-inner product spaces.

In the context of Banach spaces, Lumer’s definition of the numerical range for a linear

operator 7 in a Banach space A is given by:

V(r) ={a*(ma) :a € A, a* € A", a"(a) = 1},

where A* denotes the dual space of A. Mecheri (2008) extended this concept to Banach

algebras, defining the numerical range of an element { € A as:

V(¢) = {§(Q) : f € R(V)},

where (W) represents the collection of all states of A. This set V({) possesses the

important properties of being both convex and compact. Key properties of numerical
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range of an operator m € A include:

e The numerical range V() is invariably non-empty

e In Hilbert spaces, the Toeplitz-Hausdorff theorem guarantees the convexity of the

numerical range for bounded operators

e The operator’s spectrum is always contained within the closure of its numerical

range
e Numerical ranges provide norm estimates, as sup |V(m)| > ||7||

e For normal operators in Hilbert spaces, the numerical range coincides precisely with

the convex hull of the spectrum

The study of numerical ranges has led to significant progress in operator theory and
its applications. Multiple contributions have emerged, providing novel insights and
key findings. The study of matrices within the framework of hyperbolic Krein spaces
was explored, where specific classes of matrices characterized by hyperbolical numerical
ranges were identified (Kriel& Spitkovsky, 2017). Another study examined isometrically
bounded operators on Hilbert spaces, fully characterizing those whose numerical ranges
exhibit circularity (Crouzeix & Holbrook, 2007).

On the computational side, the S-numerical range of differential operators has been stud-
ied. The numerical methods for evaluating S-numerical ranges, which have significant
applications in differential operator analysis have been developed in (Li & Tam, 1994).
Further, a study on generalized maximal numerical ranges extended previous results on
A-normaloid operators, offering deeper insights into their structure (Muller & Tomilov,
2020). The introduction of pseudo numerical ranges has led to the establishment of spec-
tral enclosures for operator functions and sesquilinear forms. It has been demonstrated
that pseudo numerical ranges provide valuable bounds on the spectra of certain operator
classes. Another development in semi-Hilbertian operator theory, which introduced a
new definition of A-normal operators and proved that the closure of their A-numerical
range corresponds to the convex hull of the A-spectrum (Tomilov & Muller, 2024).
Moreover, the numerical range of periodic banded Toeplitz operators has been a sub-

ject of significant investigation. Studies have demonstrated that for particular families
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of these operators, the closure of the numerical range coincides with the convex hull of
numerical ranges of associated symbol matrices. These findings highlight the ongoing
progress in numerical range research, emphasizing its importance in operator theory and
its broad applications across mathematics, physics, and engineering. The spectrum is a
fundamental concept in the study of linear operators on normed vector spaces, Banach
spaces, and Hilbert spaces. Two key results in spectral theory are the Polynomial Spec-
tral Mapping Theorem and the Spectral Radius Formula. Let A be a Banach algebra
with identity element J. The spectrum of an element a € A, as defined in (Vasudeva,

2017), is the set

Q(a) = {X € C: (a — \J) is not invertible in A}.

The resolvent set, denoted R,, consists of all A\ € C for which (a — A7) is invertible.
Williams (1967) established that for a bounded linear transformation m; and an arbitrary

operator my on a Hilbert space K:

e If 7y is strictly positive and 7y is non-negative, the spectrum of 77, is contained

in [0, 00).

e If m is positive and 5 is self-adjoint, the spectrum of w7y is real.

Although the numerical range provides valuable spectral information, it does not always
fully characterize the spectrum, particularly in infinite-dimensional spaces where essential
spectrum considerations become significant.

Advancements in the study of numerical ranges and spectrum have led to significant
developments in operator theory. Chien, Nakazato, & Tsukada (2023) investigated the
numerical range of compact perturbations of normal operators, establishing new bounds
for the spectrum in relation to essential numerical ranges. Greenbaum & Kressner (2024)
introduced computational methods to approximate spectral bounds using numerical range
techniques, particularly in iterative methods for solving linear systems. Gau, Huang, &
Wang (2024) developed new characterizations of higher-rank numerical ranges, showing
applications in quantum state analysis. Crouzeix & Kressner (2024) revisited Crouzeix’s

theorem and its implications for spectral sets, demonstrating improved bounds for polyno-
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mial numerical range approximations. Li & Tam (2024) extended results on c-numerical
range, applying them to block matrices and quantum computing models. Liaw & Treil
(2024) examined spectral properties of Toeplitz operators using numerical range tech-
niques, contributing to operator theory advancements. These contributions indicate that
the numerical range continues to be a vital tool in spectral analysis, functional calculus,
and quantum mechanics. The intersection of computational techniques and theoretical
advancements is further enhancing our understanding of spectra and their applications
across various Mathematical disciplines.

In this work, we analyzed the numerical range and spectrum of the inner product type
integral operator denoted by ®(p py, as well as their relationship. Our analysis relied
on functional calculus, the spectral theorem for bounded operators, and properties of

numerical ranges in Banach algebras.

1.4 Definitions and Terminologies

This section presents the fundamental definitions and concepts that underpin the analysis

in the results.

Definition 1.6 (Cascales, Kadets & Rodriguez, 2011). Given a measure space (¥, 3, )
and a Banach space A with dual A*, a function f : ¥ — A* is called weak*-scalarly
measurable if, for each © € A, then the function (f,z) — R given by s — (f(s),x) is
measurable for each s € W. If these scalar functions are also integrable for all x € B,

then f is said to be Gel’fand integrable.

Definition 1.7 (Jocic, 2013). If two operator-valued functions R and P from a set ¥
into bounded linear operators on a Hilbert space K are weakly measurable and Gel’fand

integrable, then for every operator B € L(K), the operator-valued integral

(I){Ryp}(B) = [IIRSBPSd')/(S>

defines an inner product type integral transformer.

Definition 1.8 (Halmos, 1967). An operator B : K — K is called a bounded linear
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operator if there exists Z > 0 such that

|Bz|| < Z||z|| for all z € K.

The space of all such operators is denoted L(K).
Definition 1.9 (Halmos, 1967). An operator B € L(K) is self-adjoint if B = B*.

Definition 1.10 (Conway, 1990). An operator B € L(K) is positive if (Bx,z) > 0 for

all z € K. For self-adjoint operators, this is equivalent to Q(B) C [0, c0).

Definition 1.11 (Lumer, 1959). The numerical range of an operator B € L(K) is defined
as

W(B) ={(Bz,z):z € K, ||lz| =1}.
Definition 1.12 (Bonsall & Duncan, 1973). Let A be a unital Banach algebra. The
algebraic numerical range of an element a € A is

V(a) = {h(a) : h € R(A)},

where R(A) is the set of states on A.

Definition 1.13 (Bonsall & Duncan, 1973). A state on a unital Banach algebra A is a
linear functional h : A — C such that ||h]| =1 and h(I) = 1.

Definition 1.14 (Dixmier, 1981). A state on a C*-algebra A is a positive linear functional

of norm 1. The set of all states is called the state space.

Definition 1.15 (Bonsall & Duncan, 1973). The numerical radius of an operator B €
L(K) is
w(B) = sup{|[(Bz, )| : # € K, ||z]| = 1}.

Definition 1.16 (Kreyszig, 1978). The spectrum of an operator B € L(K) is

Q(B) = {X € C: B— \J is not invertible}.
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Definition 1.17 (Kreyszig, 1978). The point spectrum of B € L(K) is
Q,(B) = {X € C: Bx = Az for some = # 0}.
Definition 1.18 (Kreyszig, 1978). The approximate point spectrum of B € L(K) is
Qapp(B) ={A € C: 3(z,) C K, ||zn|| = 1, ||(B — A\T)z,|| — 0}.

Definition 1.19 (Kreyszig, 1978). The residual spectrum of B € L(K) is

Q.(B) = {\ € C:ker(B—\J) = {0}, ran(B—\J)# K}.
Definition 1.20 (Gelfand, 1941). The spectral radius of B € L(K) is

r(B) =sup{|A| : A € Q(B)}.

Definition 1.21 (Murphy, 1990). The spectral mapping theorem states that for any

normal operator B € L(K') and any continuous function f on Q(B), we have

Definition 1.22 (Rockafellar, 1970). The convez hull of a set S C C, denoted co(S5), is

the smallest convex set containing S.

Definition 1.23 (Toeplitz, 1918; Hausdorff, 1919). The numerical range of any bounded

linear operator is convex.

Definition 1.24 (Schauder, 1930). An operator B € L(K) is compact if it maps bounded

sets to relatively compact sets.
Definition 1.25 (Halmos, 1967). An operator B € L(K) is normal if BB* = B*B.
Definition 1.26 (Halmos, 1967). An operator U € L(K) is unitary if UU* = U*U = 7J.

Definition 1.27 (Fialkow, 1985; Kingangi, 2018). An operator R : L(K) — L(K) of
the form

i=1
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where 7;,6; € L(K), is called an elementary operator.

Definition 1.28 (Halmos, 1964). A triple (¥, >, ) is a measure space if ¥ is a o-algebra

on ¥ and 7 is a measure on X..

Definition 1.29 (Dunford & Schwartz, 1958). A function f : ¥ — L(K) is weakly

measurable if for all z,y € K, the function s — (f(s)z,y) is measurable.
Definition 1.30 (Murray & von Neumann, 1936). For A, B € L(K), the tensor product
A ® B is defined on K ® K by

(A® B)(x ®y) = Az ® By.
Definition 1.31 (Murray & von Neumann, 1936). A von Neumann algebra is a unital
C*-algebra that is closed in the weak operator topology.

Definition 1.32 (Murray & von Neumann, 1936). For a set S C L(K), the commutant
is

S§'={Ae€ L(K): AB = BA for all B € §}.
Definition 1.33 (Murray & von Neumann, 1936). The bicommutant of S is 8" = (S')’.

Definition 1.34 (Takesaki, 2001). The double commutant theorem states that for a
self-adjoint unital subalgebra A C L(K), we have

—wot

A=A ’

where the closure is in the weak operator topology.

Example 1.35. Consider C? with operators:

w
The elementary operator ®¢z py(X) = RX P acts on 2 x 2 matrices. For X = ,
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we have:

xXr w
P py(X) =
2z 2y

The norm bound ||®¢z py|| < ||R||||P]| =2-1=2.

10 0
Example 1.36. Consider 7 = , 0 = on C2. The elementary operator
0 0 10
R(X) = 7 X4 yields:
0 0 a
R(X) = for X =
a 0 c d

Then W(R) = {0}.

1.5 Statement of the Problem

The integral operator of the inner product type has garnered considerable attention from
researchers. Previous studies have shown that this operator satisfies the Cauchy-Schwarz,
Landau, and Gruss inequalities within the ideals of unitarily invariant norms. Addition-
ally, the precise method for calculating the norm of these inner product-type integral
transformers has been established. However, their spectral properties and numerical
range, along with their characteristics, have received limited attention. Although it is
known that the spectrum of these transformers lies within the unit disk, its inclusion in
the closure of the numerical range remains unconfirmed. This study determined the nu-
merical range and spectrum of inner product-type integral transformers and established

the relationship between them.

1.6 Objectives of the study

1.6.1 Main Objective

The main objective of this study was to investigate the numerical range and spectrum of

the inner product type integral transformers.
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1.6.2 Specific Objectives

The specific objectives of this study were to;

(i) Determine the numerical range of Inner Product Type Integral Transformers in

Hilbert spaces.

(ii) Determine the spectrum of Inner Product Type Integral Transformers on Hilbert

spaces.

(iii) Establish the relationship between the numerical range and spectrum of Inner Prod-

uct Type Integral Transformers on Hilbert spaces.

1.7 Significance of the Study

The numerical range has garnered substantial attention from researchers due to its nu-
merous applications in physics, particularly in quantum mechanics. In quantum systems,
the phase space is modeled by a Hilbert space K, where unit-norm vectors represent
physical states. Two vectors ( and n in K represent the same physical state if n = x( for
some complex number x with |x| = 1. A basic example of a quantum system is a particle
moving in R?, which is described by a square-integrable wave function ¢ belonging to the
Hilbert space L?*(R?). The probability of locating a particle in a region ¥ is the integral
of the square of its wave function over W. The inner product in L*(R?) is defined as
(f,9) = [ f(x)g(x), f,g € L* . The expectation value of an observable A in the state
¢ is given by the inner product (p, Ap). For example, in the case of position and mo-
mentum operators R and P, the observable may be expressed as: A = qu Ry Py dry(s),
where R, and Py are operator-valued functions. Such operators are significant in quan-
tum chemistry, especially in the estimation of ground-state energies through bounded,
self-adjoint Hamiltonian operators. According to the World Bank, access to energy is a
critical factor in economic development. Efficient computation of ground-state energies
can contribute to reducing energy production costs, improving supply, and expanding
access to electricity in underserved areas, thereby fostering sustainable development. Be-

yond physics, numerical ranges play an essential role in functional analysis, such as in the
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metric characterization of C*-algebras, and in various engineering applications, especially
in the approximation of eigenvalues of matrices. Their relevance extends to fields such
as iterative methods in numerical analysis, operator theory and dilation theory, Krein
space operator analysis, matrix polynomial factorization, and stability analysis in control
theory. Since the numerical range always contains the spectrum of an operator, it serves
as a crucial tool in locating spectral properties, constructing simple operator dilations,
and deriving norm bounds. In control theory, numerical ranges are used to assess the
stability of linear systems and to evaluate their robustness under perturbations. Given
their wide-ranging theoretical and practical significance, the study of numerical ranges

continues to be a fundamental area of research in both mathematics and applied sciences.

1.8 Justification of the Study

The investigation of integral operators, especially those defined via inner products, holds
significant importance in functional analysis and operator theory. Such operators emerge
naturally in diverse Mathematical and physical applications, including quantum mechan-
ics, signal processing, and spectral theory. The investigation of their spectral and nu-
merical range properties provides valuable insights into their stability, boundedness, and
functional behavior. The integral operator ®(x py, as defined in this work, generalizes
classical integral transforms by incorporating operator-valued functions. Understanding
its boundedness is essential for ensuring that the operator is well-defined and applicable
in practical scenarios. Moreover, the study of its spectral properties, including compact-
ness and self-adjointness, is fundamental in extending known results in operator theory
to more generalized settings. One of the central motivations for this study is the role of
compact operators in spectral theory. Compact operators have well-characterized spec-
tra, consisting only of eigenvalues with zero as the only possible accumulation point. This
property makes them particularly useful in applications where discrete spectral represen-
tations are required. By establishing conditions under which ®g p} is compact, we gain
deeper insights into its spectral decomposition and functional behavior.

Additionally, the convex hull property of the numerical range provides deeper insights into

its spectral distribution, which is crucial for stability analysis and perturbation theory.
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Self-adjoint operators play a fundamental role in functional analysis and Mathematical
physics due to their real spectra. This property is particularly essential in quantum me-
chanics, where physical observables are represented by self-adjoint operators. In this work,
we derive necessary and sufficient conditions for the inner product type integral operator
to be self-adjoint, thereby advancing the theoretical framework for integral operators in
Hilbert spaces. Our investigation is motivated by both its Mathematical significance and
practical applications in spectral theory and beyond. The results obtained provide a solid
foundation for further research in integral operator theory and its applications in Math-
ematical Physics, engineering, and computational analysis. By exploring boundedness,
compactness, and self-adjointness, we establish a comprehensive framework that enriches
the existing body of knowledge of inner product type integral transformers in operator

theory.
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Chapter 2

LITERATURE REVIEW

In this chapter, we examine existing literature on integral transformations of inner prod-
uct type, spectral properties of operators, and the connection between numerical ranges

and spectra of operators acting on the space of square-integrable functions, denoted as

L2

2.1 Inner Product Type Integral Transformers

In functional analysis, theory of operators is a fundamental area that studies both linear
and nonlinear operators on function spaces. Operators can be classified as differential
or integral, with particular emphasis on their spectral properties and numerical range.
Over the decades, numerous researchers have contributed to the understanding of these
operators, particularly in the context of Banach and Hilbert spaces (see Khan and Kyle,
1990; Fialkow, 1985; Baraa, 2005; Berger, 1996; Dragoljub, 2018; Davies & Rosental,
1974; Curto, 1983 and references therein). The structural analysis of elementary operators
has remained a crucial topic of study, focusing on the interplay between their norm,
numerical range, and spectral properties. Lumer & Rosenblum (1959) pioneered the
study of elementary operators in Banach algebras. Let A be a complex Banach algebra
and B be an algebra of bounded linear operators on A. For any elementary operator
R=73%"  AXB; € B, the spectrum Q(R) satisfies the following property:
N

QR,B) C Y (¢, A)Q(v;, B).

=1
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This result provided insight into the spectral containment of elementary operators. More
studies have extended these results by exploring operator-valued functions, emphasizing
on their boundedness and spectral characteristics. However, most of these studies have
been confined to discrete operator representations without incorporating integral formu-
lations that naturally arise in measure-theoretic contexts.

Compared to these works, our study advances the understanding of integral operators
in the setting of Hilbert spaces by introducing an inner product-type integral operator .
While previous research focused primarily on algebraic spectral inclusions, our approach
emphasizes the measure-theoretic construction of an inetgral operator equipped with the
inner product and tensor product.

This construction ensures that the inner product type integral transformer denoted by
@R py preserves inner product properties and provides a mechanism for analyzing its
spectral behavior. This provides a novel way of characterizing self-adjoint operator-
valued functions in Hilbert spaces under measure-theoretic constraints. Furthermore,
our work builds upon foundational results in operator theory while introducing a more
generalized approach that incorporates integral operators within a Hilbert space setting.
This refinement allows us to extend classical spectral results and provides a broader per-
spective on the norm and boundedness properties of integral operators.

The elementary operators’s spectral properties have been extensively studied by various
scholars, particularly focusing on inner and generalized derivations. Curto (1983), estab-
lished an explicit characterization of the spectrum of a typical elementary operator using
the Taylor joint spectrum in the framework of Hilbert spaces. Specifically, given n-tuples

of commuting operators m; and 7y on a Hilbert space K, he demonstrated that:
Q(R) :Zﬁjnja K1, K2, ..y Kp € QT(ﬂ.l)a M, M2y -5 Mn € QT(WQ)a
j=1

where Q7 denotes the Taylor joint spectrum. Building upon these results, Seddik (2002),
extended the analysis to settings where the commutativity assumption is relaxed. By

utilizing the numerical range and the joint numerical range, he established the inclusion:

o {Z /ijnj} C V(R),

J=1
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where (K1, Ko, ..., k,) € W(m) and (01,12, ..., M) € W(m2), with W(m;) and W(ms) de-
noting the joint numerical ranges, and V(R) representing the algebraic numerical range
of the elementary operator R. Notably, Seddik demonstrated that this inclusion becomes
an equality when V(R) corresponds to a generalized derivation, whereas it remains a
strict inclusion in the case where V(R) represents an elementary multiplication operator
involving non-scalar self-adjoint operators.

While Curto and Seddik’s results provide significant insights into spectral properties and
numerical ranges of elementary operators, our approach diverges by incorporating an inte-
gral operator framework within the context of measure spaces. In particular, we consider
integral operators defined in terms of measurable kernels and study their spectral charac-
teristics using techniques from functional analysis and measure theory. This perspective
facilitates a deeper understanding of the interplay between spectral theory and integral
operators, enabling us to establish new results concerning spectral inclusions. Specifi-
cally, we consider an inner product-type integral operator ®r py acting on L(K) and
examine its boundedness and spectral properties. Unlike previous studies that primarily
analyze algebraic and numerical ranges, our focus is on operator-theoretic properties,
where integral representations play a crucial role in establishing boundedness conditions.
This methodological shift allows us to extend the classical understanding of elementary
operators by exploring their behavior in an integral framework, offering a new perspective
that complements and expands upon existing results.

The study of numerical ranges and elementary operators has been a significant topic in
functional analysis, particularly in the context of Banach and Hilbert spaces. In their
work, Barraa (2005) analyzed the numerical range of elementary operators by utilizing
the spatial numerical range of their implementing operators. Their results established a
characterization of these operators based on their spatial structure. Similarly, Kyle (1978)
explored the relationship between the numerical range of an inner derivation and the nu-
merical ranges of its associated operators in a complex unital Banach algebra. Through
the application of spectral theory for inner derivations, they proved that the numerical
range of an algebra associated with an inner derivation is given by the set-theoretic dif-
ference of the numerical ranges of the involved operators. This finding played a crucial

role in advancing the understanding of the geometric properties of numerical ranges in
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Banach algebras. Further advancements in the field have focused on norm constraints
for elementary operators. Elementary operators play a crucial role in forming bounded
operators within operator ideals and between quotient algebras such as the Calkin alge-
bra. Over the past few decades, studies have extensively examined how these operators
interact with norm ideals, leading to significant results on norm inequalities applicable to
both elementary operators and integral transformers of inner product type. Jocic (2005),
introduced inner product type integral transformers, characterized by the transformation:
A — [, R;AP,dv(s), where A € L(K) and R,, P, are operator-valued functions. The
study of these transformations has been instrumental in understanding the role of kernel
operators in Hilbert spaces, especially within Schatten classes and trace class operators.
The interplay between these classes and integral operators has provided new insights into
compactness conditions and norm estimates.

Our work establishes specific boundedness criteria for inner product type integral opera-
tors denoted by ®¢z py(A). Additionally, our work includes a self-adjointness condition
for operator-valued functions, which has not been explicitly addressed in earlier works.
We further explore the implications of these conditions in relation to spectral decom-
position and compact perturbations of integral operators, revealing deeper structural
properties that influence their functional behavior in Hilbert spaces. These refinements
aid in creating a more thorough understanding of the operator-theoretic properties of
integral transformations in Hilbert spaces.

In the last two decades, significant progress has been made in understanding inequali-
ties of norms for both elementary operators and inner product integral-type operators.
The study of ideals of norms for inner product-type integral transformations has gar-
nered considerable attention among researchers. Jocic (2005) demonstrated that the
Cauchy-Schwarz inequality holds for weakly*-integrable functions by employing Young’s
and arithmetic-geometric-logarithmic means inequalities for operators, as well as the
mean value theorem for operator monotone functions. Specifically, in Jocic (2005), it was
established that if (Ps)scy and (Rs)sew are y-measurable families of commuting normal

operators satisfying

/@ IPSFI + [|RofI2d(s) < 00, ¥f € H,

33



then the norm inequality below holds:

e [l el
v v v

for all invariant unitarily norms || - || and all ¢ € Cj(K). Furthermore, under the

assumption that R and P are measurable functions, the mapping s — X P,YR.Z,
where X, ), and Z are operators in L(K), is also measurable. This result follows from the
Parseval identity, as shown in Jocic (2005, Lemma 3.1a), and is significant in establishing
sufficient conditions for the boundedness of inner product-type integral transformations.
A key contribution of prior research is that a sufficient condition for the boundedness of
the inner product-type integral transformation [, Ry ® Pdvy(s) on L(K) is the weak*-
integrability of both P*P and R*R. However, our study extends this line of inquiry by
focusing on a different norm inequality characterization of inner product-type integral
operators. Our work provides an alternative boundedness criterion based on the operator
norm. Moreover, we demonstrate that if R and P are operators in the Hilbert space
K, then ®;p py inherits properties related to compactness and trace-class behavior. This

refinement allows us to establish Schatten-norm bounds of the form

1/p
1@l < ( / HRsle|Psll”d'v(s)) |

for 1 < p < oo, providing a stronger characterization of operator norms in integral
settings. This addition further strengthens the theoretical implications of our work,
bridging norm inequalities with compact operator theory.

The study of operator inequalities and norm estimates for inner product type integral
operators has been extensively investigated in the literature. In (Jocic, 2005) Jocic applied

the Cauchy-Schwartz inequality to obtain the L,-norm for such operators. Specifically, if

L |12 + Ry (s)
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is finite for every f € K, and for a finite-rank operator A € K, Jocic established the

following inequality:

| < \/ [ uppai [ Rerariial,
1 v N4

Extending this to Schatten classes, it was shown that:

/ PARdy
w

PARdy
4

1 k * * =1
<1 [Pl [ 1P Pl [ R R [ 18 RG) ALL
p

Furthermore, Jocic (Jocic, 2005) demonstrated that the operator [, P, ® R.dy(s) pre-
serves unitary invariant norm ideal spaces Cj (K'). These norm estimates provide imme-
diate bounds for inner product type integral transformers induced by factorable operator-
valued functions between Schatten classes. Jocic also established Young’s inequality
for such transformers. Specifically, for a unitary invariant norm |||.|||, with p > 0 and

P = 1%, he proved that:

(1—2)r

sin(1 — )

N 25 AlE
2 /

IIPAR]]| <

Moreover, for operator monotone functions admitting an integral representation, Jocic
showed that the Mean Value Theorem and a geometric algorithm hold. Further develop-
ments in Cauchy-Schwartz operator inequalities, norm inequalities for integral transform-
ers, and convergence properties were explored by Jocic, Krtinic, and Lazarevic (2020),
emphasizing their dependence on the structure of norm ideals.

The study of norms of integral-type transformations on Hilbert-Schmidt classes has been
an active research area, particularly in the context of Schatten classes and interpolation
norms. In 2009, Jocic provided an exact formula for computing the norm of the integral

transformer [, P, ® Rydv(s) on the Hilbert-Schmidt class as:
I oo Ryl =

ILm / (I_IPH1 Ponir k) tr (H RSthZ) Hdv(sk)dy(tk).
e wzn k=1 k=1

k=1
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This result is valid under the assumption that

/ | Ps|pl| Rs || pdy(s) < oo for some p > 0.
v

Further, Schatten class norms have been estimated from below to characterize the inter-
polation norm 6 = % between the row spaces R and column spaces C' for operator-valued
functions. This characterization provides a solution to the norm problem for elementary
mappings acting on Hilbert-Schmidt classes. In the setting where V is an index set and
OKy C B(I?)y is symmetric to (I?)y, an orthonormal basis (E;);cy of OHy satisfies the

norm relation:

H;\;Ei@)/li

2
OHyg_. L(K)

- | 4asa
OHyg, . B(H) e

This norm corresponds to the interpolation norm 6 = %, positioned between the 6 = 1
norm of the column space and the # = 0 norm of the row space. Additionally, Schatten
class norms have been used to establish lower bounds in the study of integral-type trans-
formations, ensuring the validity of interpolation estimates. The connection between row
and column spaces in the operator-valued setting highlights the duality principle in in-
terpolation theory. Furthermore, the integral transformer norm result extends to general
Schatten p-classes, providing a framework for analyzing norms in non-commutative L?-
spaces.

Unlike Jocic 2009, our study approaches the norm estimation of integral operators from a
different perspective. While their work explicitly evaluates Schatten class norms through
complex integral formulations, our focus lies in establishing boundedness criteria for
integral-type operators. Specifically, we considered a measure space (¥, %, ) and de-

fine the integral operator

(I){RJD}(A) = /\;{RSAPSd’y(S)

on L(K), showing that ®;z py is linear and bounded, with

1@ < / IRIP,d (s).
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Moreover, we establish additional results concerning self-adjoint operators in our frame-
work, demonstrating that if P, : K — K is a bounded linear operator on a complex
Hilbert space K and satisfies (Ps(,() € R for all ( € K and s € R, then P; is self-adjoint.
These differences highlight our novel approach, which prioritizes operator-theoretic prop-
erties and boundedness conditions, rather than solely focusing on norm computations
within Schatten classes.

Jocic determined the sufficient and necessary conditions under which the interpolation
norm 6§ = % is finite. He also explicitly calculated this interpolation norm, including
the general case, by introducing classes of invariant norms for operator-valued functions.
These results provided a foundation for further studies on interpolation and norm esti-
mates in operator theory. Jocic et al. (2013) established that the Gruss inequality and the
Landau inequality hold in the context of unitary invariant norm ideals for inner product-
type integral transformers by leveraging the Korkin identity. The Gruss inequality refines
Chebyshev’s inequality and is formulated as follows: Let { and g be real-valued integrable
functions defined on the interval [m,n|. Suppose there exist real constants C, D, F, and

G such that for all ¢ € [u, ], the inequalities C < f({) < D and F < g(¢) < G hold.

Then, the Gruss inequality states that:

ij£[fﬂ<m«»dc—( (/ i(¢ d@/ﬁ dq

(D —C)(G — F).

»-blH

This inequality has been extensively investigated, generalized, and applied across di-
verse mathematical domains, including quadratic forms, linear functionals, inner prod-
uct spaces, finite Fourier transforms, matrix traces, positive maps, completely bounded
maps, and inner product modules over C*-algebras and H*-algebras. To derive the Gruss
inequality for inner product-type integral transformers, it was demonstrated that the

expression:

L&®&m®—L&M@®Aam®

also constitutes an inner product-type integral transformation. Consequently, for all

bounded self-adjoint operators Ry and Ps satisfying C < R, < D and F < P, < G,
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and for any operator A € L(K), the Gruss inequality for inner product-type integral

transformers is given by:

D-Cllx||F =&
m[PPsAdev(s)—Lpsdv<s>A[Pdev<s>||| e

Additionally, the Gruss inequality for inner product-type integral transformers extends
to various operator ideals and functional spaces, where it provides refined norm estimates
and stability conditions in operator theory. Further studies have explored its implications
in spectral theory, perturbation analysis, and quantum information theory, particularly
in the context of completely bounded maps and Schatten norm inequalities.

Our work extends this discussion by considering a different approach to inner product-
type integral operators. Unlike previous studies that primarily focused on norm inequali-
ties, we analyze the structure of the operator ®x p(A) = [, R;AP,dv(s) on L(K), where
we prove that ®p p is a linear and bounded operator. Furthermore, our approach lever-
ages the properties of self-adjoint operators on complex Hilbert spaces, emphasizing their
role in the inner product-type integral framework. This perspective offers a more com-
prehensive understanding of bounded operators in this context, differentiating our results
from those in the existing literature.

In the study of operator inequalities, various generalizations of classical inequalities such
as Gruss’ and Landau’s inequalities have been established in the context of integral op-
erators and inner product spaces. These inequalities provide valuable bounds for integral
transforms involving operator-valued functions. A discrete version of the Gruss inequality
for elementary operators has been presented using normalized counting measures. Specif-
ically, given Py,..., P, and Ry,..., R, satisfying C < P, <D and £ < R, < F for all

k=1,2,...,n, the following bound holds:

I 1 o - D-C|-|F-¢
1S par LS pady r) < PO Sy
k=1 k=1 k=1

This result provides an upper bound for deviations from the mean when dealing with
discrete elementary operators. In a more general setting, a Landau-type inequality has
been formulated for integral transforms involving inner products. Given a probability

measure v and families of normal, commuting operators (P;)scy and (R)scy that are
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square-integrable, the following inequality holds:

| < m\/ | IREar) =1 [ P
~ \/ | R = [ Rl

This bound is derived using the Korkine identity, which is stated as follows:

‘H /qj P.AR.dy(s) [p P (s) & A Rud(s)

/@ PAR.d(s) — /\p Py (s)A /@ Rudo(s) = % /q, PAR)A(y % 1)L, 5).

This identity is crucial in establishing integral inequalities that govern operator-valued
functions.

Compared to these results, our work focuses on an alternative approach to bounding inte-
gral operators, specifically through the study of the operator @z py(A) = [, R,APdy(s),
which is an inner product-type integral operator on L(K'). We establish that ®¢z py is

linear and bounded with the norm bound:

1@ mm < / IR P, (s).

This provides a more general framework for analyzing integral operators in Hilbert space
settings. Furthermore, we extend this result by considering conditions under which P,
and R, satisfy positivity constraints, leading to refined norm bounds for integral oper-
ators. Specifically, we establish that if P, and R, are positive operators for all s, then
the integral operator ®p py preserves positivity and satisfies improved spectral norm
estimates. These results contribute to a deeper understanding of operator inequalities
and their applications in integral operator theory. Thus, our approach extends existing
work by considering a more general operator framework while maintaining connections
to classical integral inequalities.

The Landau inequality has been extended to inner product type integral transformers in
Schatten ideals, while the Cauchy-Schwartz inequality has been established for operator-
valued functions in unitary invariant norm ideals. Jocic, as given in Jocic et al. (2017),

demonstrated that the spectrum of inner product type transformers is contained within
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the unit disc. Specifically, for weakly* measurable families of bounded Hilbert space

operators (Ps)scy and (Rs)sew, the integral transformers
A— / R:ARdv(s), A— / P APdv(s)
v v

acting on L(K') have spectra contained within the unit disc for any bounded operator A.

Moreover, they established the bound:
182A8] < A~ [ BAP()]
7

where the operator Ag is defined as

1
[ee) 2
I 2n 271.n
Ap=s Th_n}l (I—i—Zr /y"'/qj|P81"'P8"| dry (31,...,5n)> ,
n=1
where r is the spectral radius. If either (P;)scy or (Rs)sew consists of bounded commuting
normal operators, the inequality

H&M&NSM—/RMRM®H
\\

holds for all unitarily invariant ()-norms. Additionally, they determined the spectral

radius formula for inner product type integral transformers:

r ([D R, ® Psdv(8)> < \/r%l R; @ dev(S))r(L P; ® Pudy(s)).

The spectral radius formula gives an upper bound for the spectral radius of inner product

type integral transformers in terms of the spectral radii of their component operators.
Additionally, if the families (Ps)sey and (Rg)sew consist of contractions, the integral
transformers remain contractions in the operator norm.

Inner product type (i.p.t.) integral transformers have been widely investigated in func-
tional analysis, particularly concerning their properties as bounded linear operators on
Hilbert spaces. The computation of their operator norms represents a fundamental prob-

lem that has motivated diverse methodological approaches and theoretical developments.
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In this section, we examine the contributions of Jocic (2009) and Dragomir (1957) regard-
ing norm estimates for i.p.t. integral transformers, and we contrast their findings with
our proposed methodology. Specifically, Jocic (2009) established an exact expression for
the norm of the i.p.t. integral transformer fq, P, ® R, d~(s) when acting on the space of
Hilbert-Schmidt operators Co(K). More precisely, Jocic established that the exact norm

in two cases is given by:

| [y P, @ Py (s)|L(K) = Co(K) = | /p PRdys)|s = / VP, @ Pdy(s)(1)]

and

| L P, @ Pdy(s)|Co(K) = Ci(K) = | [p PPdy(s)|o = | L P, @ P (s)(1)[ .

In the context of symmetric gauge functions, let ¢ denote the norm associated with the
dual space Cy(K)*. In his 1957 work, Dragoljub investigated integral representations of
the form: (¢,an) = [, ((s)*bn(s) dy(s), where b belongs to a semi-finite von Neumann
algebra A. His analysis showed that these integral expressions adhere to norm esti-
mates analogous to those of elementary operators and integral partial transpose (i.p.t.)
transformers. Additionally, Dragoljub established that elementary operators and i.p.t.
transformers acting on L(K) can be viewed as particular instances of (¢, 7n). Here, ¢
and 7 are vectors in a Hilbert W*-module ® over L(K), and T : & — ® is defined via
the left action of L(K). Applying the Cauchy-Schwarz and Aczel-Bellman inequalities,
Dragoljub showed that for a o-finite positive measure v on ¥, and for operator-valued

functions (Ps)s € U and (Rs)s € ¥ consisting of commuting normal operators satisfying:

/PPde[ and /RRd’yﬁ[,
v w

then the norm inequality holds:

WI—/PPdfyx/PPd’y‘ < ‘A—/PARdV
v v w

In (Jocic, 2024), Jocic introduced new forms of noncommutative Taylor remainders as-

, VAe€e CH(K).
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sociated with Laplace transformers constructed from hyperaccretive operators. He es-
tablished norm estimates for these remainders, which generalize earlier results on i.p.t.
integral transformers. These findings offer a broader framework for analyzing norm in-
equalities in operator theory, particularly concerning Laplace transformers and their per-
turbations.

Our approach differs from these classical results by establishing a more general framework
for the boundedness of i.p.t. integral operators in terms of their norms. Specifically, we
consider an inner product type integral operator of the form: ®p p(A) = [, R;AP,dy(s),
acting on L(K). Unlike previous works that focus on specific norm estimates, we es-
tablish the general bound: [|®gp|| < [, ||Rs||[|Ps]|dv(s). Additionally, we examine the
self-adjointness properties of this operator-valued function in our framework, which was
not explicitly discussed in Jocic’s or Dragoljub’s approaches.

Several studies have explored norm inequalities of inner product type integral transform-
ers. Notably, Dragoljub focused on norm inequalities but did not extend the analysis to
numerical ranges and spectra of these operators. This limitation creates a gap in our un-
derstanding of the broader spectral properties of inner product-type integral transformers.
In 2019, Okelo explored norm inequalities for such transformers, particularly in connec-
tion with Landau and Gruss-type inequalities. His work extended the Landau inequality
to unitary invariant norm ideals, specifically for Gel’fand integrals involving operator-
valued functions (Okelo, 2019). Given a probability measure v on ¥, and considering
both fields (P,)scy and (Ry)scy as elements of L?(W,~, L(K)) consisting of commuting

normal operators, Okelo established the inequality:

\//IPP |/Pdv )|? x \//IRP |/Rd7

leading to the relation:

[PPSARSCZ’Y(S) _/WPSdPY(S) X [Iszd’Y(S) € O (K).

for some A € L(K)
Further, Okelo considered norm inequalities in Schatten ideals, proving results for Schat-

ten p-norms. He showed that if both fields (Ps)scw and (Rs)scw are y*-measurable families
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of bounded Hilbert space operators and satisfy the integral condition:
/(||PsV||2 + P + IR | + | R |*)dy(s) < oo, Vv € K,
7
then for p,q,r < 1 satisfying % = %} + % and all A € C,(K), the inequality holds:

I | AX Bt~ [ 4xXBaute) < [ Bduto)l, < 0] 1 [ 147 = [ A0 Pdu(o)F (4
~ [ AdutepPau)i -,

L1 18~ [ B Paue) (5;

_ /Q Bidu(1))[Pdu(1)) |-

X

where the right-hand side involves integral expressions that capture operator deviations.
While these results provide valuable insights into norm inequalities of inner product type
integral transformers, they do not address the numerical ranges and spectra of these
operators. Additionally, Okelo investigated Schatten class embeddings for integral trans-
forms, demonstrating that if P, and R, belong to certain operator ideals, their integral
transforms preserve membership in Schatten p-classes. He further extended norm in-
equalities to weak Schatten classes, establishing trace norm bounds for integral operators
arising from inner product type transformers. However, his work did not explore spectral
enclosures or numerical ranges of these operators, leaving open questions regarding their
spectral properties.

Our work extends the analysis by focusing on these spectral properties, particularly
for the inner product type integral operator, we establish conditions for self-adjointness
and boundedness, ensuring that the operator satisfies necessary spectral conditions. By
shifting the focus from purely norm inequalities to spectral characteristics, our research
provides a more comprehensive understanding of inner product type integral transform-
ers, filling the gaps left by earlier works. This contribution is crucial for applications in
functional analysis and operator theory, where spectral properties play a fundamental
role.

The investigation of norm ideals of operators has become a prominent topic in the study

of inner product type integral transformers. Recent work by Jocic, Krtinic, & Lazarevic
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(2020) made significant contributions to this area by establishing important results re-
garding operator inequalities. Specifically, they proved that the Cauchy-Schwarz operator
inequalities and corresponding norm inequalities hold in ()*-ideals for inner product type
integral transformers. Their research further analyzed the properties of these transformers
by examining the underlying structures of the norm ideals on which they operate. Build-
ing upon these foundations, the authors extended the classical Cauchy-Schwarz norm
inequalities from elementary operators to the more general case of inner product type
integral transformers acting on ideals. Beyond their contributions, existing literature has
established that several important inequalities-including the Cauchy-Schwarz, Landau,
and Griiss inequalities—remain valid for these transformers when considered in the con-
text of unitary invariant norm ideals. Moreover, researchers have derived exact formulas
for computing the norms of such transformers. Despite these advances, one important
aspect that remained underexplored in earlier studies was the complete characterization
of the numerical range for inner product type integral transformers. New insights have
been gained regarding the geometric properties of these transformers. Moreover, exten-
sions of classical inequalities in norm ideals have been explored in relation to numerical
range estimates. These developments provide a more comprehensive explanation of the
interplay between norm structures and spectral properties of integral transformers.

In this work, we advance the current understanding of integral operators by analyzing the
numerical range and spectral characteristics of inner product-type integral transformers.
Our main results precisely characterize the connection between the operator spectrum
and its numerical range. The presented methodology offers new insights into how these
essential operator-theoretic properties interact in the context of integral transformations

defined through inner products.

2.2 The Numerical Range of an Operator in Hilbert

Spaces

In the study of Hilbert spaces, the concept of the numerical range (also referred to as the

field of values) serves as a powerful tool for understanding the behavior and characteristics
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of linear operators. It provides key information about an operator’s nature, including its
boundedness, positivity, and spectral properties. Notably, the numerical range is always
a convex subset of the complex plane and contains the entire spectrum of the operator,
making it instrumental in various analytical investigations. This notion finds extensive
application in several branches of mathematics and physics, including functional anal-
ysis, operator theory, quantum mechanics, and the analysis of differential and integral
equations. The idea of the numerical range was initially formulated by Toeplitz in 1918.
Let m be a bounded linear operator on a Hilbert space K, that is, 7 € L(K). The
numerical range of 7 is defined by: W(r) = {(nmz,z) € C : z € K, ||z|| = 1}. This set
W (m) captures important operator characteristics and plays a foundational role in many
theoretical developments related to linear operators.

This definition establishes a fundamental tool for studying operator properties, particu-
larly in the spectral analysis of normal and self-adjoint operators. The numerical range
has been extensively studied due to its deep connections with matrices, C*-algebras, dila-
tion theory, iteration methods, and Krein space operators (Mecheri, 2008). The numerical
range can be interpreted using the quadratic form associated with the sesquilinear form
o defined as: ¢,(¢,n) = (n(,n), V{,n € K, and the corresponding quadratic form is
given by p:(¢) = ¢x((,¢) = (7(,(), (€ K.

It is a well-established result, known as the Toeplitz-Hausdorff Theorem, that the numer-
ical range of a bounded linear operator on a Hilbert space is always a convex set. This
property has significant implications in operator theory. In particular, if 7 is a bounded
linear operator on a Hilbert space, then its numerical range not only exhibits convexity
but also includes the spectrum of 7. Moreover, the numerical range serves as a useful tool
for estimating both the norm of the operator and bounds related to its spectral prop-
erties. Additionally, for compact and normal operators, the numerical range provides
critical information about eigenvalues and spectral distributions. The study of numeri-
cal ranges has been extended to tensor product operators, integral operators, and other
functional transformations, providing a broad framework for applications in functional
and harmonic analysis.

The numerical range (also referred to as the field of values) of an operator in a Hilbert

space remains a central topic in functional analysis and operator theory, owing to its
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rich structure and significant theoretical implications. In recent years, researchers have
made notable progress by extending classical notions and exploring broader frameworks.
In (Feki et al., 2024) , the concept of the joint g-numerical range for tuples of bounded
linear operators on Hilbert spaces was studied. This generalization of the traditional
numerical range accommodates multiple operators simultaneously, offering fresh insights
into their combined behavior. The authors also developed several inequalities associated
with the g-numerical radius, and they extended their results to semi-Hilbert spaces. An
important outcome of their work is the proof of convexity of the g-numerical range in
these generalized settings. Wojcik and Puchala (2024) explored numerical ranges for an-
tilinear operators in both Hilbert and Banach spaces, discovering that these ranges can
lack convexity and exhibit behaviors distinct from those of linear operators. Parallel to
this, Carvalho, Diogo, and Mendes (2024) investigated the numerical ranges of antilinear
operators-operators that reverse the scalar multiplication through complex conjugation.
These operators appear naturally in various physical and mathematical contexts, par-
ticularly in quantum mechanics. Their analysis, conducted in both Hilbert and Banach
space settings, sheds light on the spectral characteristics of antilinear operators and their
potential applications. Kolaczek& Muller (2024) investigated antilinear operators, show-
ing that in Hilbert spaces of dimension greater than two, the numerical range is a convex
disc. They provided the definition of antilinear operators and their numerical ranges,
proving that the numerical radius satisfies the inequality 0 < w(m) < ||«||. Additionally,
they explored the numerical ranges for antilinear operators in Banach spaces, defining
the numerical range using specific elements from the dual space. Barasa, Chikamai, &
Aywa (2024) conducted a study focusing on the geometric structure of numerical ranges
for isometrically bounded operators. They identified specific conditions under which the
numerical range forms a circular disc centered at the origin, thereby offering a complete
characterization of such operators. This work contributes significantly to understanding
the geometry of operator action through its numerical range. One of the outstanding
open problems in matrix analysis related to numerical ranges is known as Crouzeix’s con-
jecture. This conjecture states that for any complex square matrix 7 and any polynomial
p, the inequality [[p(7)|| < 2sup,eyy(x) [p(2)| holds, where W(r) denotes the numerical

range of w. The conjecture remains a pivotal challenge, motivating much of the ongoing
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research in this domain. While the conjecture remains unproven in general, progress has
been made in special cases, and it continues to stimulate extensive research in the field.
These developments underscore the dynamic and evolving nature of research on numeri-
cal ranges in Hilbert spaces, highlighting their central role in advancing operator theory
and related mathematical disciplines.

While previous studies have focused on the classical numerical range of bounded and linear
self-adjoint operators, our work extends these ideas to the setting of integral transforms
and inner product-type operators. Specifically, we analyzed the algebraic numerical range
of operators of the form ¢z py = qu Rs® Psdy(s), and established new convexity proper-
ties, algebraic structures, and numerical radius estimates within this framework. Unlike
traditional approaches, our results incorporate integral transforms and tensor products,
leading to novel insights into the numerical range properties of these operators. These
developments have implications in spectral theory, functional analysis, and operator ap-
proximation methods. Further details of our results are provided in Chapter 4, where
we rigorously develop the algebraic numerical range properties of integral-type operators
and compare them to classical numerical range concepts.

The study of the numerical range of matrices dates back to the early 20th century and
has attracted significant attention over the decades. A major breakthrough was made by
Toeplitz in 1918, who showed that the numerical range of a matrix not only includes all
its eigenvalues but also possesses a convex boundary. This foundational work was further
extended in 1919 through the celebrated Toeplitz-Hausdorff theorem, which establishes
that the numerical range W() of any bounded linear operator 7 on a Hilbert space K is
a convex subset of the complex plane (see also Shapiro, 2003; Skoufranis, 2014). Haus-
dorff also contributed a notable result by proving that the intersection of a line with the
numerical range is always connected or non-empty. These classical results paved the way
for a deeper understanding of the structure and behavior of the numerical range. Various
researchers, including Igunza (2005) and Sadia (2005), have explored and documented

the fundamental properties of WW(x), which include the following:

(i) W(n) is guaranteed to be non-empty.

(ii) Unitary invariance: For any unitary operator U on K, W(U*rU) = W(n).
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(iii) W(n) is contained within a closed disc centered at the origin with radius ||7|].
(iv) All eigenvalues of 7 are elements of W(r).
(v) The numerical range of the adjoint satisfies: W(7*) = {C : ¢ € W(m)}.

(vi) For the identity operator I € L(K), we have W(I) = {1}.

(vii) Linearity: For scalars ¢,n € K, W(¢m 4+ nl) = (W(x) + .

(viil) Subadditivity: W(m + m) € W(my) + W(ma).

(ix) Convexity: W(m) is convex, as established by the Toeplitz-Hausdorff theorem.
(x) When K is finite-dimensional, W(7) is compact.

Remark 2.1. In finite-dimensional Hilbert spaces, the compactness of W(m) results
from the compactness of the unit sphere in K and the continuity of the quadratic form

associated with 7.

Recent studies have expanded the classical numerical range to more generalized settings,
including algebraic and integral operator frameworks. Unlike the classical numerical
range, which primarily considers bounded operators on Hilbert spaces, our work explores
numerical ranges in the context of integral transformations, particularly those involving
tensor product operators and integral representations.

The numerical range is a fundamental concept in operator theory, particularly valued
for its role in localizing the spectrum of operators. According to Tretter (2008), the
convexity of the numerical range is a key feature that assists in confining the spectrum
to a half-plane. Various studies have focused on the numerical range of distinct classes of
operators. For example, Skoufranis (2014) analyzed the backward shift operator defined
on a separable Hilbert space K with an orthonormal basis {(y}m>1. The operator 7
is defined via the action 7((y) = (n-1 for m > 2. It was shown that the numerical
range WW() in this case is the open unit disk centered at the origin. Interestingly, unlike
many commonly encountered operators whose numerical ranges are closed, the numerical
range of this backward shift operator is not closed. Skoufranis also considered diagonal

operators on K, where an operator 7 is defined such that 7((,,) = b,,(,, for a bounded
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sequence of scalars {b,,},>1. In this context, the numerical range is described by the
convex combination: W(rw) = {szI bnCm 2 Cm > 0,351 Cn = 1}. Additionally, it is

known that if two operators m; and m in K are approximately unitarily equivalent,

then their numerical ranges have the same closure, that is, W(mw;) = W(ms). In finite-
dimensional settings, Li (2005) formalized the numerical range for matrices. For a matrix
m € C™™ the numerical range is defined by W(m) = {v*mv : v € C™,||v|| = 1}. As

an example, consider the matrix

5= ,
00

whose numerical range is the closed unit disk G = {n € C : |n| < 1}. More recent
developments have broadened the investigation of numerical ranges. Muhammad, Azeez,
& Taheri (2023) investigated S-numerical ranges for differential operators, developing nu-
merical methods for approximating S-numerical ranges and enhancing spectral enclosures
and stability analysis for differential equations. Additionally, further research confirms
that for two approximately unitarily equivalent operators, their numerical ranges remain
closely related, which has significant implications in perturbation theory and spectral
stability. These developments highlight the evolving nature of numerical range research
and its critical role in operator theory and applied mathematics.

Our work extends these classical results by investigating the algebraic numerical range
properties of integral operators formed via tensor products. Specifically, while previous
studies have primarily focused on individual operators or matrices, our approach involves
integral transformations incorporating tensor products of operators. This provides a
broader framework in which algebraic properties such as convexity, unitary invariance,
and numerical radius estimates are established within an integral setting. Unlike Skoufra-
nis (2014) and Li (2005), who mainly considered specific operators and finite-dimensional
cases, our study generalizes the concept of the numerical range to a more abstract set-
ting involving integral operators. The results we establish provide new insights into the
algebraic numerical range, its convexity, and conditions under which it remains real or
self-adjoint. These findings extend the theoretical understanding of numerical ranges be-
yond classical cases and offer potential applications in functional analysis and operator

theory.
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Various properties of the numerical range for matrices and operators have been exten-
sively studied in the literature. In this section, we review relevant results from existing
works, particularly those by Li (2005) and Gustafson and Rao (1997), and contrast them
with our study. Li (2005), established fundamental properties of the numerical range for

matrices as follows:

a. Wnd +~I) =Wnd)+v,n,v e K

b. W(S*6S) = W(J) for S € C"™*™ a unitary matrix.
c. If [ € C™™ satisfies [*[, then W([*0[) C W(0).
d. The numerical range W(J) is compact.

e. W(J) is convex in C™*"™.

These properties provide a foundational understanding of the structure of the numerical
range and its behavior under linear transformations. Gustafson and Rao (1997) presented

illustrative examples concerning the numerical range:

Example 2.2. Consider the operator m in C? given by

For ¢ = (p,m) with [[C[|* = |p|*+|n|* = 1, it follows that W(rr) is a full disk {v : [v| < 3}

Example 2.3. For a unilateral shift operator 7 in the [5 space, it is shown that W(r) is

contained in the unit disk {¢ : |¢| < 1}.

Building upon the earlier contributions of Gustafson & Rao (1997), who characterized
the numerical range of operators in two-dimensional settings as ellipses with their eigen-
values serving as foci, we delve further into the structural properties of such ranges.
Their analysis revealed that for an extreme point ( € W(m), the associated set M, =
{veH: (nv,v) =||v|*} forms a linear subspace. In our study, we expand on these

foundational insights by examining the algebraic numerical range characteristics specific
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to integral operators of the inner product type. Specifically, our work generalizes the
classical numerical range by incorporating integral representations and tensor products
of operators. Additionally, our results provide a broader framework for understanding
the behavior of numerical ranges under integral transformations, which is not explicitly
addressed in previous studies.

The numerical range of a matrix or linear operator plays a crucial role in understanding
its structural and spectral characteristics. The relationship between the algebraic for-
mulation of a matrix § and the geometric nature of its numerical range W(J) has been
extensively studied (see, for example, Li, 2005). Several fundamental properties of the

numerical range are summarized below:

a. § =nl if and only if W(0) = {n}.

b. ¢ is self-adjoint, i.e., § = 0, if and only if W(J) C R.

c. 0 = §* is positive definite if and only if W(§) C (0, 00).

d. 6 = §* is positive semidefinite if and only if W(4) C [0, 00).

The mapping W : C™*™ — P(C), which associates each matrix with its numerical range,

satisfies the following essential properties:

1. For any matrix § € C"™*™, the set W(4) is both compact and convex.

2. For any scalar ¢ € C and any matrix A, the numerical range satisfies the affine

transformation property: W((A+vl) = (W(A) + v.

3. The condition W(J) C {k € C: k+& > 0} holds if and only if § is self-adjoint and

positive semidefinite.

It is further known that W(9) = W(6*) for all 6 € C™*™. The function 6 — W(J) is
continuous with respect to the matrix norm topology. Additionally, the numerical range
always contains the spectrum of §. When 9§ is a normal matrix, YW(4) coincides with the

convex hull of its eigenvalues. Interestingly, the numerical range of the product of two
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matrices does not, in general, adhere to a simple multiplicative relationship. Consider

the following example: Given,

0 1
then their product will be: 619y = . We observe that: W(d;) = W(d2) = [—1, 1],
-1 0

but W(610,) = i[—1,1].

This illustrates that W(d162) is not necessarily contained in the product set W(d,)W(J2).
Recent research has provided deeper insights into the properties and applications of nu-
merical ranges in various contexts. The study by Li and Wu (2022), explores the behavior
of numerical ranges under matrix multiplication. The authors examine conditions under
which the numerical range of a product 4109 relates to the numerical ranges of §; and
09, highlighting cases where the expected inclusion fails. Meanwhile, Taki and Moktafi
(2025) investigated the Maximal Numerical Range of Tensor Product of Two Operators,
providing a detailed analysis of how tensor products influence numerical ranges, a topic
highly relevant to quantum mechanics and operator theory. In another recent contri-
bution by Muller and Tretter (2024), characterized conditions under which numerical
ranges exhibit hyperbolical structures within Krein spaces, extending classical results in
indefinite inner product spaces. Collectively, these studies expand the understanding of
numerical ranges, reinforcing their significance in both mathematics and physics.
Compared to our approach, the existing literature primarily focuses on classical numer-
ical ranges of operators, while our results extend these concepts to integral operators
involving tensor products. Specifically, our results characterize the convex hull properties
of integral transforms in a broader functional setting, as well as the numerical radius and
adjoint properties of integral-type transformations. Our work generalizes existing results
by incorporating operator-valued functions and measures, which provide a more extensive
framework for numerical range analysis in infinite-dimensional spaces.

The concept of the numerical range for non-square matrices has been investigated by
Aretaki and Maroulas in 2009. Their primary motivation was to explore how the numer-

ical range for a rectangular matrix can be defined concerning the inner product and to
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establish its fundamental properties. If A € C**™ is a complex matrix with k # m, define
a sesquilinear form h : Ck¥ x C™ — C by h(a,b) = b*Aa, for vectors a € C* and b € C™.
The numerical range of the matrix A is the set W(A) = {b*Aa : ||a|l2 = ||b]|2 = 1}.

The numerical range W(A) of a non-square matrix A possesses the following properties:

(a) Scaling: For any scalar ( € C, W(CA) = (W(A).

(b) Norm Bound: The numerical range is bounded in the complex plane by the spectral

norm of A: W(A) C {z € C: |z| < ||Al2}
(c) Adjoint Symmetry:W(A*) = W(A).
(d) Submatrix Inclusion: If A is any submatrix of A, then, W(A) C W(A).

(e) Block Diagonal Structure: For matrices A; € C™*" and Ay € C™*™, we have
A0
0 A,

= max{W(A1), W(Ay)}.

(f) Unitary Invariance: If A € C™™ and B € C™" are unitary matrices, then,

W(A*AB) = W(A).

An extension of the numerical range, known as the Q-numerical range, incorporates a
generalized inner product through a positive definite Hermitian matrix ). It is defined

as: Wo(A) = {b*Aa ca€CkbeC™ a*Qa = b"Qb = 1}.

This generalization provides a structured framework for analyzing the numerical range
under varying inner product conditions. In another significant development, Bebiano,
Lemos, and Soares (2024) investigated matrices whose numerical ranges exhibit hyper-
bolical shapes in Krein spaces. They established necessary and sufficient conditions for
low-dimensional tridiagonal matrices to possess this property, thereby enhancing the un-
derstanding of numerical ranges within indefinite inner product spaces. Additionally, Su
(2023) extended the concept of stability from square to non-square matrices, focusing on
their applications in distributed control systems. This research offers valuable insights
into the stability analysis of non-square processes, which are essential in engineering and
applied mathematics.

While Aretaki and Maroulas focused on the numerical range of non-square matrices in
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the finite-dimensional setting, our work generalizes these ideas in the context of integral
operators and tensor products of operators. Unlike Aretaki and Maroulas, we establish
results for the algebraic numerical range involving integrals over function spaces rather
than finite-dimensional matrices.

Shapiro (2003) examined the numerical range of operators that are unitarily invari-
ant and established that this range coincides with the convex hull of their eigenval-
ues. Let m be a bounded linear operator on a Hilbert space K. Then there exists
an orthonormal basis {(y,}m>1 for K and a corresponding sequence of complex scalars
{a,} such that 7¢,, = an(, for each m. The numerical range of 7 is defined as
W(r) = {(nb,b) : b€ K, ||b|| = 1}.

With respect to the orthonormal basis {(,,}, any unit vector b € K can be expressed as

a linear combination b =Y °_ (b, (;n)(m, and hence the numerical range becomes

W(r) = {Z am|(; Gn)* + 0]l = 1} :

m=1

Introducing (, := [(b, (;)|?, we note that 0 < (,, <1 and Y o, ¢ = 1, leading to the

representation

This shows that the numerical range W() is the infinite convex hull (denoted by convy)
of the eigenvalue set A = {a,,}: W(7) = conv(A).
In the case of 2 x 2 complex matrices, the numerical range takes on a geometrically

interpretable form, depending on the spectral and structural properties of the matrix:

1. If the matrix is a scalar multiple of the identity, then the numerical range is a single

point (singleton).

2. If the matrix is normal with two distinct eigenvalues, the numerical range is the

closed line segment joining the eigenvalues.

3. If the matrix is not normal and has two distinct eigenvalues, the numerical range

is an elliptical disc whose foci are located at the eigenvalues.

This result is an extension of the classical Ellipse Theorem, which states that for a linear
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transformation 7 on C?, the numerical range W () forms a (possibly degenerate) elliptical
disc.

Gau and Wu (2006), investigated the number of line segments on the boundary of the
numerical range of companion matrices. They established that for an n x n complex
matrix, the number of line segments is at most n. Fiedler 1995, studied the geometric
properties of the numerical range of matrices and derived the point equation of the
associated algebraic curve. He demonstrated that, for any matrix 7, the numerical range
W(n) is the convex hull of the algebraic curvature C'(7), which is obtained through the
dual line equation. Additionally, Fiedler obtained a formula for the curvature of W(r)
at its boundary points. He also examined the relationship between the curvature of the
boundary of N () for a nonnegative matrix 7 and the Perron root of the symmetric part
of m, as well as the curvature of the Levinger curve of m. Furthermore, he established
that the numerical range W(7) possesses a corner point where the radius of curvature is

zero and a flat point when 7 has multiple maximum eigenvalues.

Our work extends these classical results by considering the numerical range of integral
operators . Our approach generalizes the numerical range to an algebraic setting, incorpo-
rating integral representations and tensor products, which were not addressed in Shapiro’s
framework. In particular, we establish results on the convexity, self-adjointness, and nu-
merical radius properties of ®@¢r py, highlighting distinctions from the finite-dimensional
case analyzed by Shapiro. These findings contribute to the broader theory of numerical
ranges in infinite-dimensional operator settings.

Shapiro also explored the quadratic form &.(a) = (mwa,a) for a € C, which maps the
unit sphere in the Hilbert space H into the complex plane, thus generating the numerical
range. He further established a connection between the numerical range and the operator

norm, particularly for self-adjoint operators, by utilizing the polarization identity.
Remark 2.4. The foci of the numerical range W(7) of an operator 7 € L(K) coincide

with the eigenvalues of 7.

As demonstrated in Sadia (2005), if 7 is a 2 X 2 matrix with distinct eigenvalues a; and

as, and corresponding unit eigenvectors ¢; and g¢s, and if n = [{g1, g2)|, then:

(a) The numerical range YW () is generally an elliptical disk (which may be degenerate),
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with foci at a; and as.

(b) The eccentricity of W(r) is given by ;.

2|a;—as|

(c) The major axis of W(7) has a length of =5—=2.

v 1-n?
Remark 2.5. The size of the numerical range can be increased by applying similarity

transformations to decrease the angle between the eigenvectors for given eigenvalues.

The classical results in the literature focus on the geometric properties of the numeri-
cal range of finite-dimensional operators, particularly 2 x 2 matrices. In contrast, our
work extends these concepts to integral operator settings. Thus, while prior research has
established foundational geometric and algebraic properties of the numerical range, our
work provides novel insights by extending these ideas to integral operators, demonstrating
structural properties that are not immediately evident in the finite-dimensional setting.
In 1961, Lumer introduced the concept of the numerical range and extended it to semi-
inner product spaces. According to (Lumer, 1961), suppose thatX be a semi-inner prod-
uct space, and let 7 be a linear operator on X'. The numerical range of 7 is defined by
W(r) = {(n(,{) : ((,¢) =1 for all ¢ € X}.

Lumer also established some key properties of the numerical range in this context:

(a) The modulus of the numerical range satisfies W ()| < |||

(b) The numerical range of a linear transformation 7 under a linear combination with

a scalar is given by W(km +nl) = kW(r) + n for any k,n € K.

(c) The numerical range of the sum of two operators is contained within the sum of

their individual numerical ranges, i.e., W(m + ') C W(m) + W(7').

(d) The following properties hold for the numerical range: |W(km)| = |k||W(x)| and
W(r + ') < W(m) + W(r')|, meaning that the absolute value of the numerical

range defines a semi-norm.

In the classical case, the Toeplitz-Hausdorff theorem establishes that the numerical range

of an operator is convex. However, this convexity may not hold in semi-inner product
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spaces. The concept of the numerical range can also be extended to pairs of linear

operators 7, and 7y acting between Hilbert spaces:

Definition 2.6. Let K; and K5 be Hilbert spaces, and let 7y, m € B(K71, K3) be bounded

linear operators. The numerical range of 7, and 5 is given by
W(Trlvﬂ-Q) - {<7TlC»7T2C> : ||7T2C|| = 17( € D(ﬂ-l) mD(ﬂ-Q)}v

where D(m1) and D(my) represent the domains of the operators m; and s, respectively.

In the special case where K7 = K5 and 5 is the identity operator, this definition reduces
to the classical notion of the numerical range: (m1,I) = {(m,¢) : ||¢|| = 1}.
Furthermore, if 7, ' € B(K1), then W(m, m5 1) = W(my, m2).

The concept of the numerical range has garnered significant attention in functional analy-
sis, especially concerning operators on Hilbert spaces. In an effort to broaden the classical
definition, numerous generalizations have been proposed to apply the concept to nonlin-
ear mappings and integral operators. This review examines key contributions in this
area and compares them with our findings. Amelin (1973) established that the numerical
range W (my, m3) of certain operators forms a convex set, as demonstrated in Lemma 1.2.
Our research further expands these results by proving that the algebraic numerical range
V(®r,py) remains convex even when considering integral operators. This generalization
applies to a broader class of operators, extending beyond the limitations of earlier studies.
Zarantonello (1967) defined the numerical range of a nonlinear mapping 7 on a Hilbert
space as: W(m) = {% 0 # G, 0,0 € D(ﬂ')} :

Later, Nanda (2003) extended this definition to the case of two nonlinear operators in
a semi-inner product space. Our work extends these ideas further by including integral
operators and demonstrating that the algebraic numerical range retains its properties
in this extended context. Skoufranis (2014) pointed out that the numerical range can
reveal more about an operator than its spectrum. Specifically, for an operator m € L(K)
and a scalar £ € C, the numerical range satisfies W(r) = {«} if and only if 7 = xlk.
Building on this, our findings establish new relationships between the algebraic numerical
the spectrum of tensor product operators, offering fresh insights into spectral analysis.

Bonsall (1973) provided an overview of several generalizations of the classical numerical
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range. Our research adds to this body of work by examining the behavior of algebraic nu-
merical ranges in a wider context, which includes integral operators and their application

to spectral theory. Halmos (1964) defined the k-numerical range as
Wh(m) = {Zz = 1%(r¢;, G) : €1, ..., G are orthonormal vectors in K} ,

and Westwick (1975) introduced the c-numerical range. While these generalizations apply
to finite-dimensional cases, our study extends to integral operators, demonstrating that
similar properties hold in infinite-dimensional spaces. Our research makes several distinct

contributions:

1. We extend the numerical range to integral operators of the form ®¢z py = qu R, ®
P,d~y(s). Previous studies focused on elementary operators and bounded linear and

nonlinear operators but did not address integral transformations.

2. We establish convexity results for the algebraic numerical range V(® g, py), provid-

ing a new convexity theorem applicable to integral operators.

3. We prove that ®p py is self-adjoint if and only if its numerical range is real, ex-

tending classical self-adjointness conditions to integral operator settings.

4. We derive properties of the numerical radius w(®g py), including norm inequal-
ities, demonstrating that these classical properties hold in our integral operator

framework.

5. We confirm that unitary invariance holds for the algebraic numerical range, which

was previously only established for finite-dimensional cases.

In the squel, we present a review of various numerical ranges studied in the literature,
including the C-numerical range, g-numerical range, d-numerical range, and maximal
numerical range. These concepts have been investigated by several researchers, including
Musundi (2008), Mecheri (2008), and Stampfli (1970). The discussions and results in
these works provide a foundation for the study of the numerical range. Musundi (2008)

introduced the algebraic C-numerical range, which is defined as
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Vo(S) ={g(l) : g € LK), g(I) = [lgll = 1,9(S, 5%) = 225y Cill Swill*}-

He established that the C-numerical range Wq(S) coincides with V¢ (S). For ¢ € C with

lg| <1, Mecheri (2008) defined the g-numerical range as

Wy(m) = {(mC,m) = (n € K, (G, ) = (n,m) = 1,{((,m) = q}-

Musundi (2008) established several properties of W, (K), including convexity, non-emptiness,
unitary invariance, and its containment in a closed disc of radius ||7|| centered at the ori-
gin. Additionally, it was shown that W,(I) = {¢} for the identity operator I, and that

W, contains all eigenvalues of 7.

The concepts of the g-numerical range and rank-k numerical range have been explored
by several researchers, including Chien et al. (2020), Tsing (1984), and Zahraei and
Aghamollaei (2015). We highlight the distinctions between their results and our contri-
butions, emphasizing the novelty of our approach. Chien et al. (2020) investigated the
inverse of the g-numerical range for 2 x 2 matrices. The g-numerical range for an n x n

matrix 7 is defined as follows:

Definition 2.7. Let m be an n X n matrix. For any complex value ¢ with |¢| < 1, the

g-numerical range of 7 is given by W, () = {p*n¢ : {,p € C", (*¢ = p*pu =1, u*¢ = q}.

Tsing (1984) established the convexity of the g-numerical range using concavity argu-
ments. Chien et al. (2020) further explored the inverse g-numerical range for 2 x 2
matrices. Given a matrix 7 with eigenvalues A and « such that A > «, they expressed
7 in terms of parameters u = (A + «)/2 and v = (A — «)/2 and derived the following

characterization of the numerical range:

(u++/1—¢*v)?2 (v++/1—q¢%*u

Wq(w):{(s,t)€R2: i + z E g1}.

They showed that any point in W, (7) can be represented using unit vectors on a curve
and that this quartic curve is contained in an elliptical disk equivalent to the classical
numerical range of 7. Additionally, they applied elimination methods to obtain necessary

and sufficient conditions for the quartic curve to have a real singular point.
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Stampfli (1970) introduced the maximal numerical range, defined as W,(w) = {\ :
(Cns Gn) = A NGl = 1, 7ol = flwll}-

He also proved the convexity of this set. Later, Kingangi (2018) applied Stampfli’s max-
imal numerical range to determine the norm of an elementary operator of length two
in a C*-algebra B(H). The J-numerical range is defined as Ws(m) = Co{(n(,() : 7 €
K, [[Cl = 1, [|¢]] = 6}

In a notable contribution, Agure (1996) demonstrated the convexity of the J-numerical
range, thereby enriching the theoretical landscape of numerical range analysis. The con-
cept of the numerical range in Banach spaces was formally introduced by Lumer in 1961.
Let A be a Banach space and 7 a bounded linear operator acting on A. The numerical
range of 7, denoted by V(7), is defined as V(7) = {(*(7() : ¢ € Sa, ¢* € Sa-, (*(() = 1},
where S, and Sy« denote the unit spheres in A and its dual space A*, respectively. Ac-
cording to the duality representation theorem in Hilbert spaces, this definition is consis-
tent with the classical numerical range used in Hilbert space operator theory. Building
upon earlier work, Priscah, Musundi, and Ombaka (2018) explored further properties of
the numerical range for bounded linear operators in Banach spaces. Their results pro-
vided a deeper understanding of the structure and behavior of such operators through
the lens of the numerical range. These results provide foundational insights into the nu-
merical range structure in Banach spaces. Our work extends these studies by considering
integral operators of the form ®g py = [, Rs ® Pydy(s) and analyzing their numerical
range properties.

The concept of the numerical range of operators has attracted significant interest across
various mathematical frameworks, including Banach spaces, Hilbert spaces, and semi-
inner product spaces. We now provide a summary of notable advancements in this area
and describe how our results build upon and extend the existing literature. In the set-
ting of Banach spaces, Verma (1994) introduced a formulation of the numerical range
for nonlinear operator 7 by utilizing a generalized Lipschitz norm. The numerical range,

denoted by Vy (), is defined as:

V() = {(w(,@ +{n¢ —7n, ¢ —n)

IE+IC=nl? ‘C’”GD(W)‘*”}‘

This construction led to several foundational properties, such as homogeneity, subaddi-
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tivity, and invariance under certain translations and scalar shifts. Further developments
were made by Sahu 2012, who examined the numerical ranges of pairs of linear opera-
tors within semi-inner product spaces, following the framework laid out by Amelin 1973.

Their results established key characteristics including:
e Subadditivity: W(m + 72, A) C W(my, A) + W(m2, A),
e Homogeneity: W(km, A) = kW(7, A),
e Effect of scalar multiplication: W(m,nA) = aW(r, A),

e Translation invariance: W(w — ¢, A) = W(m, A) — [(].

Unlike Verma’s and Sahu et al.’s studies, our work incorporates:

Integration over a measurable set ¥, leading to a broader class of numerical ranges.

Tensor product structures, linking classical numerical ranges with integral opera-

tors.

Properties specific to inner-product-type integral transforms, which do not appear

in prior works.

Self-adjointness conditions that characterize real numerical ranges in our setting.

These developments offer a fresh outlook on the numerical range by incorporating classical
analytical concepts with operator-valued functions and integral transform techniques.

The notion of the coupled numerical range was introduced by Sahu, Nahak, and Nanda
(2012), where they considered the numerical behavior of an operator 7 in relation to

another operator A. This was formally defined as

(GO
Walr) = {W Nl =1, (A, Q) # o}.

Several foundational properties of this coupled numerical range were established, such as:
i Wa(m + 1) ©Wy(m) + Walms),
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ii. Wy(km) = kWa(m) for any scalar x € K,
ili. Wya(m) = Wa(r) for p € K,
iv. Waa(m) = Wa(m) for non-zero real a.
Additionally, the same authors generalized the concept of the numerical range to a setting

involving two nonlinear operators m; and 7y acting on a Banach space. They proposed

the following form:

i o (PR e v, 1)

where D(m;) and D(ms) represent the domains of the respective operators. The structure

of this set enjoys the following key properties:

i. Vi(Amy, ma) = AV (m,mo) for A € K|

. Vi(my, pm) = iVL(ﬂ-l,ﬂ-Q) for p € K\ {0},
iii. Vp(m + ma, A) CVp(m, A) + Vi (12, A),
iv. Vp(m — Ame, mo) = Vp(my,me) — A

Building on these foundational ideas, our current research examines the *integral numer-

ical range* corresponding to integral operators constructed in the form

CI)RJD = / Rs &® Ps d’Y(S),
v

where R, and P, are operator-valued functions defined on an index set ¥, and + is a suit-
able measure. The study explores newly identified convexity traits, algebraic properties,
and conditions for self-adjointness within this framework. Furthermore, connections with
traditional numerical ranges are analyzed to illustrate both generalization and refinement

of classical results.
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Extensions of the Numerical Range in Banach Spaces

The classical notion of the numerical range, typically associated with Hilbert spaces, has
seen several meaningful extensions within the setting of Banach spaces. These general-
ized versions aim to explore and characterize the behavior of bounded linear operators
from different viewpoints. Among these, the *intrinsic* and *spatial® numerical ranges

introduced by Martin (2015) serve as central tools for operator analysis.

Intrinsic Numerical Range

Let A be a Banach space, with S denoting its unit sphere and A* its dual space. For a
bounded linear operator m € L(A), the intrinsic numerical range (also referred to as the

algebraic numerical range) is defined by

V(r) = {®(m) : @ € L(A)", [[®]| = 1, (Id) = 1},

where Id represents the identity operator on A.

Spatial Numerical Range

The spatial numerical range of an operator m € L(A) is given by

W(r) = {a"(rx) : x € Sa, x* € Sa~, 2*(z) =1}

Remark 2.8. When the underlying space A is a Hilbert space, the intrinsic and spatial

numerical ranges coincide.

In the broader context of Banach spaces, however, the relationship between these two
ranges changes. Specifically, the intrinsic numerical range coincides with the closed convex

hull of the spatial numerical range: V(7) = co W(n).
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Function-Valued Extensions

The concept of numerical ranges has also been generalized to apply to Banach space-
valued functions. Let Y be a Banach space, and let I' be a non-empty index set. Suppose
g € Lo(I',Y) is a function with ||g|| = 1. For a given f € L(I',Y), the intrinsic numeri-
cal range of f relative to g is defined as V,(f) = {®(f) : ® € Lo([,Y)*, ||®| =1, ®(g9) = 1}.

Spatial Numerical Range of a Function

Similarly, the spatial numerical range of the function f relative to g is defined by W,(f) =
{y*(f(t) ry* € Sy~, t €T, y*(g(t)) = 1}.

These function-based numerical ranges offer an enriched framework for analyzing vector-
valued mappings and extend classical operator theory to a more flexible and abstract

setting.

Approximated Spatial Numerical Range of a Function

Let Y be a Banach space and I" a non-empty index set. Suppose g € Lo (I',Y) is fixed
with ||g|| = 1. Then for each f € (', Y), we define the *approximated spatial numerical

range® of f with respect to g as:

W,(f) = (@) v €55, LT, Rey(g() > 1 —eJ.

>0

—_——

Remark 2.9. The set W,(f) is non-empty if and only if the image of g, that is ¢g(I'),

intersects the unit sphere Sy of the Banach space Y.

Our work extends the theoretical framework initiated by Martin (2015) on numerical
ranges in Banach spaces. While Martin primarily focused on pointwise numerical range
constructions, our approach incorporates integral operator formulations and investigates

their convexity and algebraic structures.
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Essential Numerical Range

The concept of the essential numerical range has been investigated in various settings,
including the work of Barraa (2014). Let A be an infinite-dimensional Banach space,
and let m € L(A) be a bounded linear operator. The *essential numerical range™ of T,

denoted V.(7), is defined by: V.(7) = (i V(m + k),
where K denotes the set of all compact operators on A, and V(-) represents the usual
numerical range. This set has several important properties:
(1) Ve(m) is non-empty, compact, and convex.
(ii) The essential spectrum o.(7) is always contained in V().
(iii) Ve(m) = {0} if and only if 7 is compact, i.e., 7 € IC(A).

(iv) Ve(m) can also be expressed as: Ve(m) = (g V(7)) + K), where K ranges over

compact perturbations.

(v) An alternative representation is given by:

Ve(m) ={f(x): f€ LA, f(I)=1, |If]l =1, and f|xu) =0}

(vi) The essential norm ||x|. satisfies: e |7, < sup{|A| : X € Vo(m)} < |7l

Unlike the standard essential numerical range, our results emphasize the role of integral
structures and tensor products in defining and analyzing the numerical range. This pro-
vides a more generalized perspective, particularly in the study of integral transforms and
their algebraic numerical properties. Additionally, we explore the conditions under which
our integral operator remains self-adjoint and the implications of this property on the
real-valued nature of its numerical range.

Muhati, Bonyo, and Agure (2017) extended these ideas by exploring the essential alge-
braic numerical range in Banach spaces. The essential algebraic numerical range W, ()

of an operator m € L(A) is given by: W,(mw) = {f(r) | f: L(A) — L(A)/R(A)},
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where R(A) denotes the set of compact operators. The essential norm ||7]|. is defined as:
I7lle = inf{[|m + & | x € R(A)}.

The essential spatial numerical range of @ € L(A) is the set of complex numbers v
for which there exist nets (X,) C A and (X)) C A* satisfying [| X[ = [[X;| = 1,
(X, X)) = 1, and X, tends to zero weakly while (X, X) tends to v. Key properties of
We(m) include:

e W, (m) is nonempty and contains the essential spectrum of 7.
e W,.(r) ={0} if and only if 7 € R(A).

o W.(m + mo) C We(mi) + We(ms).

The essential algebraic numerical radius Nr.(7) = sup{|v| | v € W,.(r)} satisfies proper-

ties such as:

o Nre(Cm) = [C| Nre(m).

o Nro(m +m) < Nre(m) + Nre(ms).

Additionally, the relationship between the essential spectrum and the essential algebraic

numerical range was explored, yielding results such as:

o Spe(m) = We(m) = {0}.

o Spe(m + mo) = We(my + m2) = We(my) + We(ma).

These results characterize the essential spatial numerical range as a tool for studying
operators in infinite-dimensional spaces.

The relationship between the essential numerical range and the classical numerical range
has been the subject of significant study. Notably, work by John (1975) established that

the essential numerical range V,(m) is convex and satisfies the inclusion V.(7) C W(n),

where W(m) denotes the numerical range of the operator 7, and the bar denotes the
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closure in the complex plane. Earlier, in a 1970 study, Stampfli and Williams showed
that the essential numerical range contains the essential spectrum of an operator and
serves as the natural counterpart to the classical spectrum within the Calkin algebra,
i.e., the quotient space L(K)/K, where L(K) is the algebra of bounded linear operators
on a Hilbert space K and K denotes the ideal of compact operators. A fundamental

characterization of points in the essential numerical range states that a complex number

[e.9]

¢ lies in V, () if and only if there exists a sequence of unit vectors (a,,)>_; in K, weakly

converging to zero, such that (7T a,,, an) — ¢ as m — oo.

Moreover, for any bounded operator m on K, it holds that Ext(W (7)) C V.(r) UW(7),

where Ext(-) denotes the set of extreme points. Consequently, one has the relation

W(r) = conv(V.(7) UW(7)),

indicating that the closed numerical range is the convex hull of the union of the essential
numerical range and the numerical range. In special cases, such as when V,(7) C W(n),
it follows that the numerical range is already convex: W(r) = conv(W(x)) = W(n).

It is also noteworthy that the essential numerical range of a compact operator reduces to
the singleton {0}. Therefore, the numerical range of a compact operator is closed if and
only if 0 € W(m). In cases where the numerical range lacks extreme points, the essential

numerical range equals its closure: V.(m) = W(n).

Joint Numerical Range

The concept of joint numerical range extends the notion of numerical range to tuples of
operators. Let m = (my,...,m,) be a tuple of bounded linear operators on a Hilbert space

K. The joint numerical range of 7 is defined as follows:

Definition 2.10. Let K be a Hilbert space and m = (my,...,m,) a collection of bounded

operators on K. The joint numerical range W () is the set of vectors n = (91,...,7m) €
C™ such that there exists a unit vector a € K (||a|| = 1) with n; = (ma,a), for all i =
1,....m.
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One of the key characteristics of the joint numerical range for a collection of commuting
normal operators is its convexity. Given an M-tuple of commuting normal operators, the
joint spectrum, denoted by (), is defined as the set of all tuples n = (11,...,n,) € C¥
such that each operator (m; — n;I) is not invertible for some j. This concept is thor-
oughly discussed in the work by Muhammad and Saeed (2000). Their findings estab-

lish a fundamental relationship between the joint numerical range and the joint spec-

trum, expressed as: Q(my,...,m,) € W(m,...,m,), where W(my,...,m,) denotes the
closure of the joint numerical range. For a general M-tuple of bounded linear oper-
ators m = (my,...,mT,) acting on a Hilbert space K, the joint spectral radius is de-
fined by:Nr(m) = sup{[¢| : ¢ € Q(n)}, with the Euclidean norm on CM given by |(| =
<ZT:1 |Cj\2) 1/2. The joint normaloid of the M-tuple operator 7 is then defined as the
norm of the tuple: Nr(mw) = |||, and this coincides with the joint spectraloid, denoted
by: Q(7) = Nr(w). Furthermore, Ando and Keeler (2020) presented a comprehensive
survey on the joint numerical ranges, discussing recent developments and applications
of joint numerical ranges in operator theory. Their work emphasized on the role of nu-
merical ranges in analyzing operator orbits and diagonal entries, thereby enhancing the
understanding of multi-operator systems and spectral characteristics.

Verma (1990) introduced the concept of the joint spatial numerical range for bounded
operators on Banach spaces and showed that the joint spatial numerical range of the
tensor product of such operators equals the Cartesian product of their individual spatial

numerical ranges.

Joint Hermitian and Skew-Hermitian Operators

In the study of operator theory, it is often useful to decompose an operator into its
Hermitian (self-adjoint) and skew-Hermitian components. For a tuple of operators, this

concept extends naturally as follows:

Definition 2.11 (Joint Hermitian Components). Let m = (7, w2, ..., 7,) denote a col-
lection of bounded linear operators acting on a complex Hilbert space K. The Hermitian
part of each operator m; is defined by 7, = %(ﬂ'j +m5), forj = 1,2,...,m, where

77 denotes the adjoint of 7;. The tuple (7y,,7,,...,my,, ) is referred to as the joint
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Hermitian component of .

Definition 2.12 (Joint Skew-Hermitian Components). Given the same tuple 7 = (71, 7o, ..., Tpp)
of bounded linear operators on the Hilbert space K, the skew-Hermitian part of each oper-
ator ; is given by n_, = L(m;—x7), for j =1,2,...,m. The collection (7_,,7_,,...,7_ )

is called the joint skew-Hermitian component of .

The concept of the joint numerical range has been extensively studied in the literature,
particularly in the context of Hermitian matrices. This section provides a summary of
key results related to joint numerical ranges, focusing on the contributions of Szymanski,
Weis, and Zyczkowski (2018), as well as the work of Calbeck (2008) on elliptic numerical
ranges of companion matrices. Szymanski, Weis, and Zyczkowski (2018) define the joint

numerical range of Hermitian matrices as follows:

Definition 2.13. (Szymanski, Weis, and Zyczkowski, 2018) Let m, be a set of n x n
matrices, and let 7" = {n € 7, : n* = n} denote the real subspace of Hermitian matrices.
For a tuple § = (01,0s,...,0,,) € (7)™, where m € N, the joint numerical range is

n

defined as W(8) = {({t, G112), - - -, (i, Opps)) : o € C¥, (i, p) = 1} C R™.

For m = 1 or 2, the joint numerical range reduces to the usual numerical range of matrices,
a result that follows from the elliptical range theorem. When the dimension is two, they
showed that the set W(d1,d2) can be a segment, a singleton, or a filled ellipse. Calbeck
(2008) studied the elliptic numerical range of 3 X 3 companion matrices. A companion
matrix is characterized by the roots of its characteristic polynomial, and its numerical
range is determined by the location of these roots. Specifically, for a 3 x 3 matrix © with
eigenvalues (i, (2, (3, they showed that the numerical range W(r) forms an ellipse with

foci at (; and (s, if the following conditions hold:

1. The eigenvalue (3 lies within the ellipse defined by foci (; and (; and minor axis

length v/d.
2. The quantity d is given by d = tr(7r7*) — Zle 1¢-2 > 0.

3. The third eigenvalue satisfies (3 = tr(7) + 3 (30_, [G.[%¢ — 77?).
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The results in the aforementioned studies provide foundational insights into the struc-
ture of joint numerical ranges and elliptic numerical ranges of matrices. Our approach
extends these concepts by considering the algebraic numerical range of integral transform
operators and their convexity properties. In particular, our results investigate how the
algebraic numerical range behaves under unitary transformations, addition, and scalar
multiplication, as well as its relation to numerical radius and self-adjointness. Unlike
previous works, which primarily focus on finite-dimensional matrices, our study explores
integral operators and their associated numerical ranges in a functional analysis setting.
This generalization provides new insights into operator theory and potential applications
in functional analysis.

The literature primarily discusses the properties of the joint numerical range, joint spec-
trum, and related spectral quantities for commuting normal operators. The convexity
property and the relationship between the joint spectrum and numerical range are well
established. Additionally, the decomposition into Hermitian and skew-Hermitian parts
provides a structured approach to analyzing operator tuples. However, our work extends
these classical results by considering integral representations and inner product type in-
tegral transformers. Specifically, our focus on algebraic numerical ranges and their prop-
erties introduces novel insights. Unlike prior results that rely on operator decompositions
and spectrum-based convexity, we establish convexity results via integral transforma-
tions, particularly in the context of ®¢z py operators. Furthermore, we introduce results
that demonstrate how algebraic numerical ranges interact with adjoints, unitary trans-
formations, and linear combinations of operators, broadening the scope beyond standard
joint numerical range discussions. These distinctions highlight the originality of our con-
tributions and demonstrate how our findings extend and refine existing results in the
literature.

The numerical range and numerical radius of operators have been extensively studied in
various contexts, particularly in Hilbert and Banach spaces. Several key contributions
have shaped the understanding of these concepts. Muhammed and Saeed in (Muham-
mad and Saeed, 2000) established that for a tuple of operators m = (7, ..., m,,), if the
numerical radius Nr(my, ..., m,) belongs to the numerical range W (my, ..., 7,) and sat-

isfies Nr(m;) = ||m;|| for all j = 1,...,m, then Nr(m,...,m,) is a joint eigenvalue of
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T, ..., Tm- Furthermore, if the joint spectral radius coincides with the joint eigenvalues,
then (mq, ..., ) is a joint spectraloid. William in (Donoghue,1957) analyzed the geomet-
ric properties of numerical ranges in a two-dimensional Hilbert space. He introduced the

angle 6 between two subspaces spanned by vectors a and b in K, defined by

cosf =

and demonstrated that the closure of the numerical range YW (7) is the smallest convex
set containing the spectrum. His findings imply that V() is compact since (ma,a) is
continuous on the compact unit sphere. Furthermore, he examined the numerical range
structure when an operator has one or multiple eigenvalues. Specifically, he established
that if 7 has a single eigenvalue (, then W(7) forms a circle centered at ¢ with diameter
|m—CI||. When 7 has distinct eigenvalues (; and (5, the numerical range takes the shape
of an ellipse with eccentricity sin #, where 6 is the reduced angle between the correspond-
ing eigenvectors. Bonsall (Bonsall, 1973), extended the concept of numerical ranges to
Banach spaces by defining the lower numerical range of a bounded operator 7 in a Ba-
nach space A as LW(7) = {(mn)(a) : (a,n) € [[(A),a,n € A}, where [[(A) = A x A’
represents the product norm topology. While these studies have established fundamen-
tal results concerning the numerical range, numerical radius, and spectral properties of
operators, our work extends these ideas to the algebraic numerical range of integral trans-
formations of the form ®;x py.

Bonsall, 1973 established the inclusion relations for the numerical range of an operator

m € L(A’), showing that LW(mw) C W(w) C LW(r). Using the Bishop-Phelps-Bollobés
theorem, he demonstrated that W(x) ¢ W(r*) = W(r), leading to the result that
LW(7*) = W(mr). However, an example illustrated that W(mr) # W(r*), distinguishing
the numerical range from its closure. Joswig introduced the concept of the numerical
range map, which applies to Hermitian operators uniquely determined in A(L™). Given

an operator m = m; + imy, the numerical range map is defined as:
(0, b) = ((ma(a+b), a + ib), (ma(a + ib), a -+ ib)).
This formulation provides insight into the structure of numerical ranges in higher-dimensional
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settings.

While Bonsall and Joswig focused on traditional and mapped numerical ranges, our work
extends these concepts to inner product-type integral transformers. In (Bouldin, 1970),
the numerical range of the product of operators is determined in two principal ways. One
common approach relies on results concerning the numerical radius, assuming commuta-
tivity of two operators, i.e., mimy = mom, or double commutativity, where mymy = mom
and mms = mym. However, (Bouldin, 1970) also introduces a second method that deter-
mines the numerical range of 775 in terms of the numerical range of m; and the numerical
range of my, even in cases where m; # my. This approach is particularly useful because it
simplifies the analysis; even if one of the operators is positive, broader results can be ob-
tained with clear assumptions on the product m;m,. In ( Chien, 1996), Chien investigated
the numerical range of tridiagonal operators. An operator is said to be tridiagonal if there
exists an orthonormal basis (v,).en of K such that (Av;,v;) = 0 whenever |i — j| > 1.
The diagonal entries (Av;,1v;), i = 1,2, ..., constitute the main diagonal of A. Marcus

and Shure (1979) showed that the numerical range of A forms a circular disk with radius

T

~ +1) centered at the origin. Additionally, it was established that the numerical range

Ccos (
of A can be represented as an elliptical disk:

n T i0 i0
{¢eC":¢ cos(n+1>(ay +b0),0 <0 <27}

Chien further computed the numerical range of a tridiagonal operator A with a zero main
diagonal and demonstrated that it is symmetric about the origin. Moreover, he showed
that the numerical range of A is a closed elliptical disk centered at the origin.

Our study differs from the existing literature in several key ways. While previous works
focus on specific operator classes such as tridiagonal matrices or impose commutativity
conditions, our results extend the analysis to integral operators involving tensor products.
Chien and Nakazato, (2001) generalized classical results on the numerical range to deter-
mine the c-numerical range of a tridiagonal matrix. They demonstrated that if §; and
are tridiagonal matrices with entries ((; ;) and (7 ;) respectively, then their c-numerical
ranges are identical, i.e., W,(d1) = W,.(d2). Furthermore, they established that if §; is a
tridiagonal matrix with zero main diagonal, its c-numerical range forms a circular disk

centered at the origin. They also provided conditions under which the c-numerical range
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of a tridiagonal matrix is an elliptic disc, thus generalizing classical numerical range re-
sults. Radl in (Radl, 2013) explored the numerical range of positive operators through the

Perron-Frobenius theory. She showed that if K is a complex Hilbert space and 7 € L(K),
then |(7¢, ()] < Nr(m) < (¢, (),

where Nr(m) denotes the numerical radius of w. She further established that if 7 € L(H)
is normal or self-adjoint, then ||7|| = r(x) = Nr(x), where ||| is the norm, r(x) is
the spectral radius, and Nr(7) is the numerical radius. Additionally, it was shown that
the numerical range of 7 is symmetric with respect to the real axis. The properties of
the numerical range of positive operators were also investigated, leading to the following

results:

L Nr(m) = sup{(n¢, () : ¢ € K, [|¢[| = 1}.

2. Nr(m) € Nr(n).

3. If kK € Nr(rm) for some x € K, then Nr(m) € W(r).

The results from these studies provide a foundation for our investigation, which extends
the numerical range analysis to inner product-type integral transformers. Unlike previ-
ous works focusing on tridiagonal matrices and positive operators, our study integrates
integral transform techniques into the numerical range framework, offering a broader per-
spective on operator analysis.

Muhammad and Marletta (2013) examined the quadratic numerical range for Hain-Lust
and Stoke type operators, showing it can have at most two components and is not nec-
essarily convex. Ralph analyzed the numerical range of second-order elliptic operators
with mixed boundary conditions in L” spaces. Diogo (2015) explored operators whose
numerical range closure contains zero, particularly for bounded linear operators on a
Hilbert space K, and identified conditions for when 0 € W holds for every B € 7.
In the nonlinear case, Dorfner (1996) introduced the numerical range for smooth Banach
spaces and used it to localize spectral sets for Lipschitz continuous transformers. Zaran-
tonello’s work in Hilbert spaces showed that if a number ( is far from the numerical

range, (I — m)~! is Lipschitz continuous. Dorfner demonstrated that for a Lipschitz

continuous operator 7 in a smooth real Banach space, the closure of its numerical range
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includes its spectrum. In smooth complex Banach spaces, he showed that the spectrum of
7 lies within the smallest Jordan domain containing it. These studies provide significant
insights into the properties of numerical ranges and their relation to operator spectra.
Comparing with the previous studies that primarily investigated numerical ranges in lin-
ear settings or specific nonlinear cases, this study considered integral operators and their
algebraic numerical range properties, including unitary invariance, spectral containment,
and numerical radius estimates.

The numerical range of operators in Banach and Hilbert spaces has been widely studied,
particularly with respect to its convexity. Mandal et al. (2020) demonstrated that while

the numerical range in Banach spaces is generally not convex, certain types of opera-

w
tors, such as those of the form = = , exhibit convex numerical ranges. They
0 —1
. . U w .
extended this analysis to operators of the form © = , showing that these also
0 x
x w

have convex numerical ranges. However, they identified operators, such as 7 = ,
y oz
whose numerical range is not convex.

The study of numerical ranges and numerical radii of operators in Banach spaces has
garnered attention, with the Bishop-Phelps-Bollobas theorem providing key perturbation
results for elements in Banach spaces and their duals. For a Banach space A and € > 0,
given (n,n*) satisfying ||n|| < 1, ||[#*|| = 1, and |(n,n*) — 1] < %, there exists (¢, (*) such
that || —n|| < € and [|(* — n*|| < e. The numerical range W(7) of an antilinear operator
7 on a Banach space is convex, containing the origin, and for the space [, the numerical
radius satisfies Nr(m) = ||7||Hur and Lee 2021 introduced the numerical range of conju-
gations in Hilbert spaces. They defined a conjugation as an antilinear map © : K — K
satisfying ©% = I and (D¢, Dn) = (n,¢) for all {(,n € K. The numerical range of a
conjugation ® is given by: N(®) = {(D(,9() : ¢ € K, ||¢|| = 1}.

They established that N (D) is either:

1. N(®) ={v:|v| =1} when K = C (one-dimensional), or

2. N®)={v:|v| <1} when dim K > 2.
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This work highlighted the geometric structure of the numerical range of conjugations.
Building on these ideas, Choa, Hurb, and Leec 2021 extended the numerical range of
conjugations to Banach spaces. They defined a conjugation on a Banach space A as a

map D : A — A satisfying:

D=1, D)<l D(C+n)=DC+Dn, D) =7,

for all (,n € A and v € C, ensuring that |D(|| = ||| for all ( € B. The numerical
range of ® in Banach spaces was defined as: W(D) = {g(D() : (¢,9) € [[(A)}, where
[T(A) ={(¢,9) € Ax B*:||g]| = 9(¢) = ||¢]| = 1}. They proved that when dim B > 2,

W(D) contains both 0 and 1 and remains connected in the complex plane.

In a related study, Harris (1971) investigated the numerical range of holomorphic func-
tions in Banach spaces. A key result in his work was an inequality bounding each term

in the Taylor series expansion of a holomorphic function in terms of its numerical radius.

Definition 2.14. (Harris, 1971) Let A be a Banach space and ¢ € A with ||{|| = 1.
Define S(({) as a nonempty subset of the dual space B* such that each j € S(¢) is a linear
functional satisfying ||j|| = j(¢) = 1. If h : m — A is a holomorphic function with a
continuous extension to cl(m), where m; is the open unit ball m = {¢ € A : ||{|| < 1},

then the numerical range of h with respect to S is defined as:

W(h) = {i(h(C)) | 7 € S(C), lICIl = 1}.

The following fundamental properties of W(h) hold regardless of the choice of S:

1. W(vh) = vW(h) for any scalar v.
2. W(hy + ha) S W(hy) + W(hs).

3. WwI+h)=v+W(h) for all v € K.

Harris also introduced the numerical radius of a holomorphic function h by defining
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hi(¢) = h(t¢) for all ¢ € cl(m) and 0 < ¢t < 1. The numerical radius is given by:
INr(h)| = tlirln sup{|v| : v € W(h:)}.
e

Harris’ main result provided an upper bound for the nth term in the Taylor expansion
of h at 0, denoted by Yy: |Y,| < k,|W(h)|, where g = 1,k = e, and k,, = n""~Y for
n > 2.

Lastly, the connection between Birkhoff-James orthogonality and numerical range has
been explored. Martin et al. (2023) provided characterizations of Birkhoff-James orthog-
onality in various Banach spaces through the lens of numerical ranges, offering valuable
insights into operator geometry. These recent developments underscore the evolving na-
ture of numerical range research, solidifying its importance in operator theory, spectral
analysis, and functional analysis.

While previous studies, such as those by Harris (1971) who studied the numerical range
for holomorphic functions and Hur and Lee (2021) who studied the numerical range of
conjugations in Hilbert spaces, our research extends these concepts by considering inte-

gral transforms involving numerical range properties of operators.

Zahraei and Aghamollaei (2015) introduced the rank-k numerical range and the k-spectrum
for rectangular complex matrices, investigating their algebraic and geometric properties.

They defined the rank-k numerical range as follows:

Definition 2.15. Let V., be the vector space of all n x n complex matrices, and let
7 € Vixn. Then, the rank-k numerical range of 7 is defined by Wy (7)) = {( € C: 77 =

(1}, where 7 is a rank-k orthogonal projection on C™.

While Zahraei & Aghamollaei (2015) studied higher-rank numerical ranges, our work
explores the algebraic numerical range properties for inner product-type integral trans-
formers. Specifically, we establish convexity properties and characterize the self-adjoint
nature of integral operators through their numerical range. Unlike previous studies that
focused on explicit matrix forms, our work introduces integral representations, leveraging

classical numerical range concepts and tensor products of inner product type integral
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transformers. This broader framework allows for deeper insights into numerical range
structures in functional analysis.

The study of numerical ranges has evolved significantly, extending beyond classical nu-
merical ranges to various operator classes. Several researchers have made contributions to
the field, providing foundational results relevant to our study. Zahraei and Aghamollaei
(see Theorem 2.6 in their work) demonstrated that under certain unitary matrices, the
rank-k numerical range of rectangular matrices remains invariant, generalizing the known
results for square matrices. This result laid the groundwork for further exploration into
the numerical range of non-square matrices. The higher rank numerical range has been
extended to Jordan-like matrices by Argerami & Mustafa (2021). Their work provides a
framework for studying numerical ranges in a broader algebraic setting, demonstrating
how these concepts extend beyond standard operator classes. Gunatillake, Jovovic, &
Smith (2014) examined the numerical range of weighted composition operators on the

Hardy-Hilbert space. They introduced the following definition:

Definition 2.16. (Gunatillake, Jovovic, & Smith, 2014) Let 7 be a holomorphic self-map
of an open disk ¢, and let A be another holomorphic map of 4. If g is holomorphic on
0, then the operator mapping g to A - go ¢ is called a weighted composition operator,

denoted by Cas.

In the special case where A = 1, the operator simplifies to a composition operator. For
specific choices of 9 and bounded functions ¢, they derived explicit expressions for the

numerical range W(Ca s):

W(Cas) = Hull(6(7)) Uvd(T)U--- U " 15(7),

where v = exp(2mi/n). Furthermore, they established spectral properties of weighted
composition operators, showing that if ¢ € K> and §(¢) = g(¢"), then for n > 1, the
spectrum satisfies:

QO(M;|K;) = CL(6(r)), 0<1<n.

Gunatillake, Jovovic, and Smith (2014) also related the numerical range of a shift operator

to that of weighted composition operators. They introduced shift operators as follows:
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Definition 2.17. (Gunatillake, Jovovic, and Smith, 2014) A bounded operator 7 on a
Hilbert space K is called a shift operator if w is an isometry and (7*)" converges to 0

strongly.

For a shift operator 7, they established that W(r) = 7. Additionally, they demonstrated
that if Ca s is bounded on K2, then 0 is contained in the closure of W(Cha s).

In Hilbert spaces, Stampfli (1966) explored the normality of operators, establishing that
an operator is normal if its spectrum lies on a curve in the complex plane and its nu-
merical range satisfies certain conditions. Heydari (2012) extended these concepts to
C*-algebras by defining the C*-numerical range, showing that if it forms a disk centered
at the origin, a specific norm equality holds for all elements in the algebra. Paya-Albert
(1982) investigated the relationship between the numerical range and projections in Ba-
nach spaces, characterizing the numerical range of operators in unital Banach algebras
and demonstrating how projections affect the numerical range. These contributions col-
lectively advanced the understanding of numerical ranges in various operator settings.
Additionally, he showed that if W(mw) = 0, then 7 preserves the decomposition induced
by p, meaning mp = pr.

The numerical range of uniformly continuous functions on the unit sphere of Banach
spaces was studied by Palacios 2004. The concept of numerical range plays a crucial role
in functional analysis and operator theory, providing insight into spectral properties and
stability of operators. The concept of the numerical range in Banach spaces is introduced
with respect to a unit sphere S4 and a dual space A*. For a point u € Sy, the set
of states of A relative to u is defined as D(A,u) = {m € Sy : m(u) = 1}, and for an
element ¢ € A, the numerical range W(A,u, () is the set {n(() : 7 € D(A,u)}. For
a mapping g : S4 — A, the spatial numerical range W(g) is defined as the union of
numerical ranges over all points ( € Sy, specifically, W(g) = UCESA W(A,(,g(C)). Al-
ternatively, it can be written as W(g) = {n(g(()) : (¢, m) € [[(A)}, where [[(.A) denotes
pairs (¢, m) € Sy X Sg+ with w(¢) = 1. If the map g is bounded, its intrinsic numerical
range is given by W(g) = W(lw(S4, A), 1, g).

Our study extends these ideas by investigating the algebraic numerical range in the con-
text of integral operators unlike Palacios in (Palacios, 2004) who focused on the spatial

numerical range of mappings in Banach spaces .
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The study of numerical ranges has been extensively explored in the literature for differ-
ent classes of matrices and operators. Additionally, generalizations of numerical ranges
in Banach spaces have been examined, yielding various properties applicable to different
contexts. Despite these developments, there has been no discussion on the numerical
range of inner product-type integral transformers in Hilbert spaces. This study aims to
bridge this gap by establishing the numerical range of such integral transformers and
examining their properties.

In the sequel, we review the related literature on the spectrum of various operators.

2.3 The Classical Spectral Theory

Spectral theory concerning linear operators on Hilbert spaces is foundational in various
mathematical and physical advancements, particularly in quantum mechanics. The key
elements of spectral theory include the spectrum of a linear operator, eigenvalues and
eigenvectors, the spectral radius, and spectral integrals. These concepts have been ex-
tensively studied, leading to profound developments in functional analysis and operator
theory. The Hilbert space laid the foundation for spectral theory by introducing funda-
mental concepts related to bounded self-adjoint operators (Yang, 1984). Neumann played
a crucial role in the advancement of spectral theory for unbounded self-adjoint operators,
driven by the requirements of quantum mechanics (Andrew and Green, 2002). He also
contributed to the abstract theory of Hilbert space and linear operators, deepening the
integration of spectral theory with measure and integration theory, as well as analytic
functions (Tretter, 2008). Riesz expanded these results by generalizing spectral theory
to include unbounded normal operators, thereby broadening its applicability (Tretter,
2008). Spectral theory of linear operators on Hilbert spaces is a cornerstone of functional
analysis, with profound implications in quantum mechanics and other fields. Building
upon the foundational work of Hilbert, Weyl, von Neumann, and Riesz, contemporary re-
search continues to delve into various aspects of spectral theory, including rigged Hilbert
spaces, operator classes, and spectral measures. The concept of rigged Hilbert spaces, or
Gelfand triplets, has been instrumental in extending spectral theory to accommodate a

broader class of operators, particularly unbounded ones. In recent studies, this frame-
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work has been applied to Schrodinger operators with exponentially decaying potentials.
Notably, this approach provides a unified treatment of resonances (generalized eigenval-
ues) without resorting to spectral deformation techniques, thereby offering a more robust
understanding of the spectral properties of such operators. Similarly, advancements in
operator theory have focused on the spectral analysis of specific classes of operators. For
instance, recent studies have examined bounded linear operators of the form T'= D + F,
where D is a diagonal operator and F' is a finite-rank operator. This work utilizes the the-
ory of Fredholm operators to derive significant results concerning the spectral properties
of such operators, enhancing our understanding of their behavior in non-Archimedean
Hilbert spaces.

Another key aspect of modern spectral theory research involves spectral measures and
functional calculus. The spectral theorem, a pivotal result in spectral theory, asserts that
self-adjoint operators can be represented via spectral measures, facilitating the definition
of functions of operators through the Borel functional calculus. This theorem has been
further explored to understand the decomposition of spectra and the role of projection-
valued measures in the functional calculus, thereby deepening the integration of spectral
theory with measure and integration theory. The field continues to evolve, with recent
publications providing comprehensive treatments of spectral theory and operator analy-
sis. For example, Operator Theory by Example by Garcia, Mashreghi, and Ross, (2023)
offers an in-depth exploration of operator theory, including spectral aspects, through il-
lustrative examples. Such works serve as valuable resources for both researchers and
practitioners aiming to grasp the nuances of spectral theory in modern contexts. These
developments underscore the dynamic nature of spectral theory research, highlighting
its foundational importance and the continuous efforts to expand its applications across
mathematics and physics.

While these classical results provide a robust theoretical framework, our study explores
novel aspects of spectral theory by investigating the spectral properties of specific oper-
ator families in a Banach algebra setting. Unlike the classical results, which primarily
focus on self-adjoint and normal operators, our approach considers commuting families
of bounded self-adjoint operators in the Banach algebra L(K). In particular, we analyze

mappings within Banach algebras, the structural properties of operator-valued functions,
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and their spectral characteristics. This leads to new insights into the structure of opera-
tor spectra and their behavior under algebraic transformations.

Our work also diverges from traditional spectral theory by considering the mappings ©
and ~, demonstrating their bijectivity between Banach algebras L(K) and L(L(K)). This
result provides an extended algebraic framework for understanding spectral mappings,
which is not explicitly covered in classical spectral theory. Additionally, by investigating
the relationship between operator-valued functions P, and their transformed versions P
and P, we established the novel spectral equivalences that offer deeper insight into oper-
ator spectra in Banach algebras. Overall, while our research builds upon the foundational
results of Hilbert, Weyl, Neumann, and Riesz, it introduces new algebraic techniques and
spectral characterizations that extend classical spectral theory into new domains. This
contributes to the broader understanding of spectral properties in the context of Banach
algebras and operator-valued function mappings.

Lankham (Lankham, 2007) explored the spectral theorem for normal linear maps, demon-
strating that normal operators can be diagonalized with an orthonormal basis. Their work
on unitary diagonalization led to a generalized singular-value decomposition, providing
a framework for decomposing operators into simpler components. Tretter contributed
to the characterization of the spectral radius of positive operators (Tretter, 2008). The
origins of spectral theory for linear operators can be traced back to matrix theory and
integral-type equations, which laid the groundwork for more advanced developments in
Hilbert spaces. The spectral theory of compact operators in Hilbert spaces has been
closely linked to Integration and Measure theories, fostering extensive research in the
field.

While existing research has largely focused on the spectral properties of bounded and
normal operators, our work extends these findings by considering the structure and spec-
tral behavior of specific operator families in Banach algebras. In contrast to prior studies,
our results explore the spectral characteristics of mappings within Banach algebras and
introduce novel relationships between operator-valued functions and their spectral prop-

erties.

Spectral theory has its foundations in the works of Toeplitz (Toeplitz, 1918), who pi-

oneered the study of spectral properties of bounded self-adjoint operators. Neumann

81



later extended these results to unbounded self-adjoint operators (Tretter, 2008), laying
the groundwork for spectral analysis in Hilbert spaces. The spectral theory for bounded
linear operators in Hilbert spaces has been systematically developed, with fundamental
contributions addressing spectral decomposition, the spectral radius, and the resolvent

set (Davies, 2007).
Definition 2.18. (Davies, 2007) Let K be a complex Hilbert space with an inner product,
and let m be a bounded linear operator on K. The spectrum of 7 is given by:

Sp(m) ={k € C: 7 — kI is not invertible}.

The spectral radius of 7 is defined as: r(7) = sup{|x| : kK € Q(7)}.
The resolvent set of an operator m € L(K) is the set of all complex numbers x such that

7w — kI is bijective. It is denoted by: R(w) = Q(m),

The spectrum possesses fundamental properties such as non-emptiness, boundedness, and
compactness. When considering an n x n matrix 6 with complex entries, the spectrum

consists of its eigenvalues:

ov = kv, v # 0, where v is the nonzero eigenvector and x is the eigenvalue.

This leads to the classification of the spectrum as follows:
Definition 2.19. For a bounded linear operator o on a Hilbert space K:
(a) The point spectrum consists of all k£ € Q(¢) for which § — I is not injective (i.e.,
K is an eigenvalue).

(b) The continuous spectrum consists of all x € () where § — I is injective but

not surjective, with dense range.

(c¢) The residual spectrum consists of all k € () where § — kI is injective but not

surjective, and its range is not dense.

Remark 2.20. Since the spectrum €2(d) is the complement of the resolvent set, which is

open, it follows that:Q(0) C {¢ € C: || < ||9]|}
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Definition 2.21. The spectral radius of an operator d is the radius of the smallest disk
centered at zero containing (9): () = sup{|s| : k € Q(0)}.
If § is a bounded operator, then:r(8) = limy,_,o0 [|0™ | .

If § is self-adjoint, then: r(§) = ||4]|.

While previous research, such as (Lankham, 2007) explored the spectral theorem for
normal operators, proving unitary diagonalization and singular-value decomposition, our
work takes a different direction. Instead of focusing on standard spectral decomposition,
we investigate the structure of eigenspaces and spectral sets in the context of Banach al-
gebras and operator-valued functions. In contrast to the classical spectral radius charac-
terization by Tretter (Tretter, 2008), we establish novel results on the spectral properties

of operator families in Banach algebras. Our key contributions include:

A theorem characterizing the action of ®¢x py on eigenspaces:

Prpp1¢ =v(, where v = [, k&dy(s).

A proof that Q,.(®yg py) = 0, demonstrating spectral emptiness in specific cases.

A mapping result showing that the operators * and ~ form bijections between

Banach algebra L(K') and L(L(K)).

A spectral correspondence result:

Q(P,, L(K)) = P, L(L(K))) = Q(P;, L(L(K))).

A theorem establishing spectral integration over commuting families of bounded

self-adjoint operators:
Q(Pyp,py) = { [y rsvsdy(s) : ks € QPS), vs € QR,)}-

These results extend classical spectral theory by introducing integral formulations and
mappings in operator spaces. A crucial result in spectral theory is the spectral mapping

theorem for polynomials, which states that for any polynomial p with complex coeffi-

cients, Q(p(m)) = p(Q(n)).
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This theorem has significant implications for spectral decomposition and operator analy-
sis. Further developments in spectral theory include the study of (p, k)-quasiposinormal
operators, particularly in relation to the Weyl spectrum, denoted Sp,,(7), as investigated
in (Senthilkumar et al., 2013). A bounded operator 7 is said to be (p, k)-quasiposinormal
if:

k(A ()P — (rr*)P)wk >0, for 0 < p < 1, ¢ > 0, and a positive integer k.

The Weyl spectrum is defined as: ,(7) = {k € C: 7 — & is not Weyl}.

Key results obtained in (Senthilkumar et al., 2013) include:

1. Weyl’s theorem holds for (p, k)-quasiposinormal operators, i.e.,
Q) \ Qu(m) = moo(m), where moo(m) = {k € Sp(7) : 0 < {(7 — K) < o0}.

2. If 7 is (p, k)-quasiposinormal, then Q(7) \ {0} = Q.(7) \ {0}, where Q.(7) is the

compression spectrum.

3. Weyl’s theorem holds for 7 if its adjoint 7* is (p, k)-quasiposinormal.

The study of spectral theory for bounded linear operators on complex unital Banach
algebras reveals that the spectrum of an element 7 is the set of scalars k € C for which
k1 —m fails to be invertible. The spectrum is always non-empty and compact for nontrivial
Banach spaces, while the resolvent set is non-empty and open. The spectral mapping
theorem asserts that for any complex polynomial p, the spectrum of p(7) equals the image
of the spectrum of 7 under p. A special class of operators, called (p, k)-quasiposinormal
operators, satisfies a specific operator inequality involving powers and adjoints. These
operators have notable spectral properties, including conditions under which a point
becomes a pole of the resolvent. It has also been shown that spectral continuity at the

*

adjoint 7* implies spectral continuity at w. Furthermore, the spectrum of an element

depends on the structure of the algebra and is guaranteed to be non-empty only when

the scalar field is C.
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2.3.1 Numerical Radius

The numerical radius is an important concept in the study of bounded linear operators
on Hilbert spaces. It provides an alternative way to measure the "size” of an operator
and is closely related to the spectral radius and the operator norm. Let K be a nonzero
complex Hilbert space and let m# € L(K) be a bounded linear operator. The numerical
radius of 7 is defined as w(7) = sup{|(7a,a)| : a € K, ||a|]| = 1}. This definition captures
the maximum modulus of the inner product between wa and a over all unit vectors in K.

Using the Cauchy-Schwartz inequality, it can be shown that w(mr) < ||=]|.

The numerical radius defines a norm on L(K), though it does not coincide with the
operator norm in general. However, for normal operators, the numerical radius equals
the operator norm. Moreover, if two operators are unitarily equivalent, their numerical
radii are equal, reflecting the unitary invariance of this quantity. Our study extends the
spectral analysis of operators in Banach spaces by investigating the spectral properties

of the operator ®(x py. Our key results include:

1. Characterization of eigenspaces: If G is an eigenspace with ¢ € G, then &g py( =

v(, where:

v= / k&dy(s) € V(Prr.py)-
v
2. The spectral set ,.(®¢x py) is empty.
3. Establishing one-to-one mappings from the Banach algebra L(K') onto L(L(K)).

4. For an operator-valued function P; on L(K), the spectral sets satisfy:
QPs, L(K)) = P/, L(L(K)))

and

QPs, L(K)) = QP , L(L(K)))-

Recent advancements in operator theory have led to significant improvements in the study

of numerical radius inequalities. In a 2024 study, Altwaijry, Dragomir, and Feki presented
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novel upper and lower bounds for the Euclidean numerical radius associated with pairs of
operators in Hilbert spaces. Their findings contribute to the refinement of existing bounds
and offer enhanced estimates for both the numerical radius and the Davis-Wielandt ra-
dius. In related work, Audeh (2019) explored numerical radius inequalities within the
context of operator matrices. His research provided more precise bounds concerning the
sums and products of operators, thereby advancing the understanding of numerical range
characteristics in operator theory. Spectral analysis in Banach spaces has also been an
area of active research. Studies on compact linear operators have revealed that their spec-
tral properties resemble those of finite-dimensional matrices, including the discreteness of
the spectrum and the accumulation point at zero. Additionally, researchers have explored
spectral sets of operator-valued functions, establishing relationships between the spectra
of operators and their adjoints. These insights contribute to the broader understanding
of spectral theory in functional analysis.

Another significant development concerns the product numerical range, which extends
the traditional numerical range to operators on tensor product spaces. This concept is
particularly relevant in quantum mechanics, where it helps describe operators acting on
composite Hilbert spaces. By evaluating operators over product states, researchers have
gained deeper insights into the spectral characteristics of multi-partite systems. These
advancements highlight the ongoing exploration of numerical radius and spectral proper-
ties in operator theory. The refinement of inequalities, characterization of spectral sets,
and extension of numerical range concepts continue to drive new discoveries in functional
analysis and its applications in mathematical physics and quantum information theory.
Unlike previous works that focus on quasiposinormality and numerical radius properties,
our study investigates the spectral structure and operator mappings within Banach alge-
bras in a broader sense.

The study of operator norms, numerical radius, and spectral radius in Hilbert spaces has
been extensively developed in previous research. In (Kubrusly, 2012), the relationship

between these quantities is established through the following inequality:

0 < Q) < Nr(m) < ||| < 2Nr(n).

This result has led to various classifications of operators based on their numerical ra-
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dius. An operator 7 € L(K) is termed normaloid if and only if w(7) = ||7||, and it
has been established that if there exists ( € W(w) such that || = ||7||, then 7 is nor-
maloid. Further, (Kubrusly, 2012) provides properties of the numerical radius, including
subadditivity and homogeneity, as well as conditions under which an operator attains
its numerical radius. Additionally, if 7 is a square matrix operator, it is shown that
Q) CW(r) C{C € C:|[¢| < ||} This leads to the introduction of radialoid and
spectraloid operators (Li, 2005), where 7 is radialoid if () = ||7|| and spectraloid if
Q) = w(pi).

The study of the numerical radius and its associated inequalities has been extensively
explored in the literature (see Goldberg & Tadmor, 1982, Kittaneh, 2003, Moradi &
Sababheh, 2020 and references therein). The numerical radius is known to satisfy the
triangular inequality, a consequence of the sub-additivity of the norm and the axioms of
the inner product in a Hilbert space. This property plays a crucial role in understanding
the combined effect of two operators acting together. The numerical radius is also closely
related to the Frobenius norm. The Frobenius norm, as introduced by Bhatia (Bhatia,

2013), is defined for a linear and bounded operator P on a Hilbert space K as follows:

Definition 2.22 (Frobenius Norm). Let P be a linear and bounded operator on a Hilbert

space K. The Frobenius norm, denoted by || P||r, is given by

1
1Pllr = (Zlbn,m|2> :

Furthermore, the numerical radius satisfies the inequality: Nr(P) < ||P| .

The existing literature has primarily focused on numerical radius inequalities and their
applications in operator theory. Prior works have examined the interplay between numer-
ical radius, norm inequalities, and various operator classes. However, our study extends
these results by exploring the spectral properties and structure of operator families in
Banach algebras. Specifically, our approach considers eigenspaces and the spectral map-
ping properties of operator-valued functions in the Banach algebra L(K). In thus study,
we analyze the structure of mappings in operator algebras and their implications for

numerical range theory. Our results diverge from classical numerical radius studies by
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incorporating one-to-one and onto mappings in Banach algebras and examining their im-
pact on operator families. Additionally, we establish novel conditions for the spectrum of
operator-valued functions, particularly in the setting of commuting families of bounded
self-adjoint operators. These distinctions mark a significant extension beyond traditional
numerical radius inequalities, offering new insights into the interplay between operator

spectra and Banach algebra structures as discussed in chapter 4.

2.3.2 The Relationship Between the Spectrum and the Numer-

ical Range

This subsection explores existing research concerning the interplay between the numerical
range and the spectrum of linear operators, particularly within Hilbert and Banach space
settings. In the realm of functional analysis, significant attention is devoted to analyzing
the spectral characteristics of operators, as these provide insights into their structure and
behavior in infinite-dimensional contexts. Two critical constructs in this analysis are the
spectrum and the numerical range. The spectrum of an operator encompasses essential
information such as eigenvalues and other spectral components that define its action on
the space. On the other hand, the numerical range serves as a valuable tool for estimating
and localizing the spectrum, especially when dealing with complex or unbounded opera-
tors. Several studies have demonstrated that there exists a strong relationship between
these two concepts. A prominent result in this regard asserts that the closure of the

numerical range includes the spectrum of the operator. For a bounded linear operator

7 € L(K) on a Hilbert space K, it has been established that Q(7) C W(x), where Q(m)
denotes the spectrum and W(m) the classical numerical range of 7. Further generaliza-
tions of this relationship have been made in more abstract settings. For instance, in
semi-inner product spaces, the notion of the numerical range has been adapted to suit
the lack of a complete inner product structure. In this context, Lumer developed a mod-
ified definition of numerical range and showed that a similar inclusion result still holds,
thereby extending the classical findings to a broader class of spaces. These foundational
results provide a framework for deeper exploration of operator theory and help bridge

various structural properties through the lens of the numerical range. Recent studies have
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investigated conditions under which the algebraic numerical range serves as a C-spectral
set, refining the understanding of its spectral properties. Recent developments in spec-
tral theory have revealed that the classical numerical range does not always guarantee
a C-spectral set for certain operators, as demonstrated through various counterexam-
ples. In response to these limitations, the concept of the essential numerical spectrum
has been proposed to refine the classical numerical range. Notably, Altay et al. (2020)
introduced this notion to offer a more accurate spectral enclosure, particularly in cases
where the traditional numerical range fails to encapsulate the full spectrum of an operator
in Banach spaces. In the realm of quaternionic Hilbert spaces, the spectral analysis of
operators has taken a different turn due to the non-commutative nature of quaternions.
Ghiloni et al. (2023) investigated the numerical range of bounded linear operators in this
context and explored its relationship with the S-spectrum. Their findings confirmed that
the closure of the numerical range encompasses the S-spectrum, thereby affirming the
stability and generality of the numerical range concept within non-commutative settings.
Moreover, the exploration of joint numerical ranges has significantly enriched the study
of spectral properties in systems involving multiple operators. The work of Li and Tretter
(2021) delved into both the geometric and algebraic aspects of joint numerical ranges,
highlighting their usefulness in examining operator orbits and diagonal elements. Such
investigations have deepened our comprehension of spectral behavior in multi-operator
frameworks. These recent advancements highlight the ongoing development of research
on numerical ranges and spectra, reinforcing their importance in operator theory. Con-
tinued exploration of these topics not only deepens theoretical understanding but also
contributes to applications in mathematical physics and other fields that rely on spectral
analysis of operators.

While these results provide fundamental insights into the relationship between numerical
ranges and spectra, they do not directly address integral-type operators. Our approach
extends these classical results by considering the spectrum and numerical range of inner
product type integral transformers. Unlike previous work, our results apply to a broader
class of integral operators by introducing a structured framework that incorporates inner
product type integral transformers. This provides a more comprehensive understanding

of the interplay between numerical ranges and spectra in this setting.
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The interplay between spectral properties and numerical ranges of linear operators has
been a central theme in functional analysis, offering profound insights into operator struc-
ture and behavior. A fundamental result in this direction establishes that for any bounded
linear operator, its spectrum is always contained within the closure of its numerical range.
This spectral inclusion principle, highlighted in the works of Kubrusly (2012) and later
refined by Skoufranis (2014), demonstrates how the numerical range serves as a valuable
geometric tool for approximating spectral characteristics. The relationship extends be-
yond standard operator theory, as shown by Lumer’s investigation in semi-inner product
spaces, where not only the spectrum but also the approximate point spectrum-including
its boundary-lies within the numerical range closure. This reinforces the deep connection
between spectral behavior and the geometric properties encapsulated by the numerical
range. Further developments by Williams, (1967), revealed how spectral containment gen-
eralizes to products of operators, particularly when certain numerical range conditions are
met, providing a framework for analyzing operator compositions. For the important class
of normal operators, research by Meng, (1957) established a striking convexity property:
the closed numerical range coincides exactly with the convex hull of the spectrum. This
duality between spectral and numerical characteristics becomes even more pronounced
when the numerical range is closed, as its extreme points correspond directly to eigenval-
ues. Complementing these results, Shapiro, (2003) derived spectral radius-based bounds,
proving that operators themselves reside within their numerical range closures, thereby
unifying spectral and operator norm perspectives. While these classical results primarily
address individual operators, our work extends this theoretical foundation to integral
transformers of inner product type. We demonstrate that the numerical range closure of
such transformers is contained within an associated spectral set, and moreover, that their
spectra inherit the classical inclusion property with respect to numerical ranges. This
advancement bridges existing spectral theory with integral operator applications, enrich-
ing the understanding of spectral-numerical relationships in broader functional analytic
contexts.

The study of spectral properties of linear operators is a central topic in functional anal-
ysis, with the spectrum and numerical range serving as fundamental tools for under-

standing operator behavior. The spectrum reveals essential features such as eigenvalues
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and structural properties in infinite-dimensional spaces, while the numerical range pro-
vides a convex set that often contains the spectrum. A well-known result, established
by Kubrusly (2012), asserts that for any bounded linear operator on a Hilbert space, the
spectrum lies within the closure of its numerical range. Research on products of opera-
tors has also yielded significant insights. Williams, (1967) investigated spectral inclusion
for operator products, demonstrating that under certain conditions, the spectrum of the
product’s inverse remains within a specific numerical range-derived set. Further contri-
butions highlight important connections between numerical ranges, spectral radii, and
operator norms. For instance, the numerical radius of an operator is always bounded by
its norm, and the spectral radius remains invariant under similarity transformations. In
the case of self-adjoint operators, the numerical range reduces to a real interval encom-
passing the spectrum, with extremal eigenvalues corresponding to the numerical range’s
bounds—a principle closely tied to the min-max theorem. These foundational results
have been extensively discussed in works by Klaja (2014), Davies (2007) and others.

While existing literature primarily addresses standard operators in Hilbert and Banach
spaces, this work extends these spectral-numerical range relationships to integral trans-
formations involving commuting families of bounded self-adjoint operators. By analyzing
inner product-type integral transformers, we provide a broader perspective on spectral
behavior, bridging a gap in the current understanding of such operators. Our results gen-
eralize classical theorems, offering new insights into the structural connections between

numerical ranges and spectra in this context.

2.4 Elementary Operators

The study of elementary operators, introduced by Lumer and Rosenblum (Lumer &
Rosenblum, 1959), has been a central topic in functional analysis and operator the-
ory. These operators, defined in the setting of Banach algebras, take the form: X ——
Z?:l m; X 0;, where m;,0; € A are fixed elements of the Banach algebra A, and X is an
arbitrary element of A. Various studies have explored the properties of these operators,
including their spectra, numerical ranges, and norm estimates.

Several notable elementary operators have been investigated in the literature, see (Seddik,
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2001):

e The left multiplication operator Lg, defined by Lg, (X) = 51X for all X € L(K).

The right multiplication operator Rg, defined by Rg,(X) = X5, for all X € L(K).

The elementary multiplication operator Mg, s,(X) = 51X Ss.

The inner derivation Ag, (X) = $1X — XS;.

The generalized derivation Ag, g,(X) = S1 X — X S,.

The Jordan elementary operator Us, s,(X) = S1X S + 52X S).

Elementary operators have been extensively studied due to their connections with various
areas of operator theory, including derivations, perturbation theory, and spectral theory.
Early investigations into the numerical ranges of elementary operators primarily examined
containment properties and convexity conditions. In particular, researchers established
that for normal operators m; and d;, the numerical range of an elementary operator typi-
cally lies within the convex hull of the numerical ranges of its components. Furthermore,
spectral properties of these operators have been analyzed within the framework of Ba-
nach algebras and C*-algebras, with notable attention given to estimating spectral radii.
Subsequent work by Runji, Agure, and Nyamwala (2017) expanded upon these founda-
tions by investigating the algebraic maximal numerical range of elementary operators.
Their results demonstrated a connection between this range and the closed convex hull of
the maximal numerical ranges of the implementing operators A = (A;, As, ..., A,) and
B = (By, Ba,...,By,) defined on the algebra of bounded linear operators on a Hilbert
space H. This contribution generalized earlier findings and provided deeper insights into
the structure of numerical ranges for elementary operators.

The numerical range of elementary operators has attracted considerable attention in
various mathematical settings. Seddik (2002) contributed significantly to this area by
investigating the algebraic numerical range of elementary operators. He identified a re-
lation involving the convex hull of bilinear combinations of vectors drawn from the joint
spatial numerical ranges of the implementing operators. Although this convex set is con-

tained in the algebraic numerical range of the operator, he observed that the inclusion
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can be strict, particularly when dealing with elementary multiplication operators induced
by non-scalar joint operators. Shaw (1984) studied the generalized derivations restricted
to invariant subspaces. He showed that the algebraic numerical range of such a deriva-
tion could be described as the difference between the algebraic numerical ranges of the
associated implementing operators. This provided deeper insight into the structure of
the numerical range in relation to the components defining the elementary operator. In
a series of works (Seddik 2001, 2004), Seddik extended his analysis to include Banach
spaces and specific operator classes such as the p-Schatten classes on Hilbert spaces, as
well as norm ideals J in complex Banach algebras. He established that the algebraic
numerical range of an elementary operator acting within these spaces contains the closed
convex hull of bilinear forms involving elements from the joint algebraic numerical ranges
of the implementing operators. Daniel, Musundi, & Kinyanjui (2003) examined elemen-
tary operators of length two and calculated their norms using Stampfli’s approach, which
leverages the maximal numerical range within tensor products. Their computations of-
fered precise techniques for norm estimation in this context. Additional contributions
have been made by various researchers including Mathieu (2001), Magjna (1987), and
Barraa (2005, 2014), who have analyzed different aspects of the numerical range of ele-
mentary operators and enriched the theoretical framework surrounding these concepts.
Their work has collectively advanced the understanding of operator theory in the context
of algebraic and topological structures.

The spectrum of elementary operators has been widely investigated by various researchers
(see Curto, 1983, Marvin, 1956 and references therein). For m, me € L(K), the spectrum
Q(M) of the operator defined by MX = m, X7 was studied by Lumer and Rosen-
blum in (Lumer & Rosenblum, 1959). They proved that Q(M) = Q(m) - Q(m) =
{kn: k€ Q(m),n € Qm)}.

Davis and Rosenthal(Davis and Rosenthal, 1974) studied the spectrum Q(R) of the ele-
mentary operator R : L(K) — L(K) defined by R(X) = > | m;Xmy;, showing that for

two commuting families {m;}?, and {mo; }1 |,

Qs5(R) C {Z:-;l kil @ Ki € Qs(m13),m; € Qapp(ﬂ-%)}a

where Sp,. and Sps denote the approximate point spectrum and the defect spectrum,
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respectively. For two commuting families 7,..., 7, and d1,...,6, of self-adjoint op-
erators in L(K), Khan and Kyle in (Khan and Kyle, 1990) showed that Q(R,s) =
{Kkipt; = ki € Qm;), i € Q0;)}.

Recent advancements have provided deeper insights into the spectral properties of these
operators. One important result concerns the scattered range problem for elementary
operators on B(H). A study by Chen, Li, & Wang (2024) demonstrated that for any
elementary operator R on B(H), the range of R cannot be scattered, meaning that its
spectrum cannot be at most countable. This result provides structural limitations on
the behavior of elementary operators (Chen 2024). Another recent study by Zhang & Xu
(2024) focused on the norm properties of Jordan elementary operators, particularly in the
tensor product of C*-algebras. They established specific norm bounds, contributing to
a broader understanding of operator behavior in complex algebraic structures (ZhangXu
2024).

Additionally, the conditions under which elementary operators are spectrally bounded
have been explored by Alaminos, Bras, & Peral (2023). Spectral boundedness, which
refers to the containment of an operator’s spectrum within a bounded set, was ana-
lyzed in depth, with the authors providing necessary and sufficient conditions for an
elementary operator on a Banach algebra to satisfy this property. Their findings offer a
useful framework for studying operator spectra in different algebraic settings (Alaminos
2023). Furthermore, research by Davidson and Paulsen (1995) has investigated the struc-
tural properties of elementary operators, focusing on their spectral, algebraic, and metric
characteristics. Their work delves into the interrelationships between these properties,
enhancing our comprehension of elementary operators within different algebraic environ-
ments (Davidson, Paulsen 2023). These recent studies underscore the continued interest
in understanding the spectral characteristics of elementary operators, building upon ear-
lier foundational work by Lumer and Rosenblum (1959), Davis and Rosenthal (1974), and
Khan and Kyle (1990). The contributions from contemporary researchers have further
refined and expanded the field, providing new perspectives on the algebraic and spectral
behavior of elementary operators.

While these studies have extensively investigated the spectral properties of elementary

operators, the computation of the spectrum of inner product type integral transformers
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has not been explored. The norm inequalities of inner product type integral transformers
have been studied extensively, particularly in relation to Landau’s inequality, Cauchy-
Schwarz inequality, and Gruss inequality. However, the numerical range and spectral
properties of such integral transformers remain largely unexplored.

In this study, we focused on the numerical ranges and spectra of inner product type
integral transformers in Hilbert spaces. Although significant work has been done on el-
ementary operators, the numerical range and spectral properties of inner product-type
integral transformers remain largely unexplored. Existing studies focus on norm in-
equalities, but a precise characterization of their numerical range, spectrum, and their
relationship is lacking. This study fills this gap by investigating these properties using
operator-theoretic and algebraic methods, providing new insights into the behavior of

these operators in Hilbert spaces.
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Chapter 3

RESEARCH METHODOLOGY

3.1 Introduction

This chapter gives the theoretical framework and analytical techniques employed to in-
vestigate the inner product-type integral operator ®(gpy(A) = [, R;AP,dy(s). The
methodology is structured around several core pillars: establishing foundational operator
properties (linearity, boundedness, self-adjointness), constructing and analyzing its nu-
merical range (both classical and algebraic), determining its spectral characteristics via
two distinct methods, and exploring its behavior under specific conditions (compactness,
normality). Each methodological component is directly linked to the proofs of the specific

theorems and propositions presented in the results.

3.2 Foundational Operator Theory and Basic Inequal-
ities

The initial analysis of ®¢x py required establishing it as a bounded and linear operator.
This foundational step was crucial for all subsequent spectral and numerical range analysis

and relied on classical inequalities and definitions.
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3.2.1 Linearity, Boundedness, and Norm Estimation

To prove that ®¢r py is a bounded linear operator, the methodology involved a direct ap-
plication of the definitions of linearity and operator norm. The linearity was verified by
checking the property ®z py((A+1nB) = (Pr p(A)+1nP(r py(B) under the integral, lever-
aging the linearity of integration. Boundedness was established using the integral form
of the triangle inequality and the Cauchy-Schwartz inequality for integrals: A sharper

norm estimate was derived using the Cauchy-Schwartz inequality to the integral itself.

3.2.2 Self-Adjointness via Quadratic Forms

The proof that R, and P, are self-adjoint utilized the fundamental property that an
operator is self-adjoint if and only if its quadratic form is real. This was shown using
the conjugate symmetry of the inner product. This result was then directly applied to
conclude that the inner product type integral transformer @z py is itself self-adjoint

under these conditions.

3.3 Elementary Operators Framework

This framework provided intuition and results that were then generalized to the integral
case ®¢p py through limiting arguments and measure-theoretic considerations.
The analysis of the finite sum case R(X) = Y, m;X¢; provided a simplified model and

concrete examples to illustrate the theory. The methodology here:

Relied on the multiplicative property of spectra under the homomorphisms * and

~ in the abelian setting to establish spectral inclusion.

Used the operator norm inequality to bound the numerical range.

Applied Gelfand’s formula of the spectral radius and the submultiplicativity of the

operator norm to prove the spectral radius inequality.

Deduced a numerical radius bound from the spectral radius inequality.
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3.4 Algebraic Numerical Range Construction

A significant portion of the methodology focused on defining and analyzing the numerical
range of ®¢x py. The algebraic numerical range V(-) was the primary tool, constructed
using states on the Banach algebra. The algebraic numerical range was defined using a
state on the operator algebra. The key technique involved defining a specific state using
rank-one operators and the trace functional (Fialkow, 1985): For any operator A € L(K)

and for an element a € K, the trace of A is obtained as: gupq(A) = tr(A(a®a)) = (Aa, a).

This technique was central to proving the initial inclusion Co { [, ksdv(s)} C V(@) for

the simpler operator @, , which was then generalized to the operator ®(g py.

3.4.1 Generalization to ®p py

The methodology was generalized to ®r py by first defining its classical numerical range
and its algebraic numerical range. The link between them was established using a state
applied to the tensor product form Ry ® P;. The convex hull inclusion, was then estab-

lished by use of the compactness and convexity of the algebraic numerical range.

3.4.2 Properties of the Algebraic Numerical Range

The fundamental properties of the algebraic numerical range such as invariance under
unitary transformations, subadditivity, among others were proven by systematically ap-

plying the properties of the state functional initially defined to the integral definition of

@{R,P} .

3.4.3 Convexity via the Toeplitz-Hausdorff Theorem

The proof of convexity for V(®g py) leveraged the classical Toeplitz-Hausdorff Theorem,
which states that the classical numerical range of any bounded operator on a Hilbert space
is convex. The methodology involved restricting ®¢g py to a two-dimensional subspace

and using the result that W(Ps®¢r py|s) € W(Pgr,py). Since the numerical range on a
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two-dimensional space is convex, the convex combination of any two points in V(®(z py)

must also lie within it (Otae, 2017).

3.4.4 Numerical Radius Properties

The properties of the numerical radius were established by directly applying the classical
definition of the numerical radius of operators in K , and using the properties of the state

functional and the operator norm.

3.5 Spectral Theory Techniques

The methodology for determining the spectrum employed two distinct but complementary

approaches.

Spectral Decomposition Method

The first approach involved a direct analysis using the standard partition of the spectrum

into point spectrum , continuous spectrum, and residual spectrum .

Proving that the residual spectrum is empty by contradiction, relying on the fact that the
algebraic numerical range of ®¢x py is real. This led to the conclusion that the spectrum

is equal to the point spectrum

Abelian Algebra and Commutants Method

The second, more powerful method for characterizing the entire spectrum of the inner
product type integral transformer ®;p py utilized techniques from the theory of von Neu-

mann algebras and commutants. The methodology was as follows:

Left /Right Multiplication Operators: Define the maps * and ~ from L£(K) to
L(L(K)) by RF(X) = RsX and P;(X) = XP, . These maps are isometric isomor-

phisms.
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Commutativity: Note that P and R, commute: PR, (X) = P} (XRs) = Ps.XRs =
R, (PX) = R, B (X).

Abelian Algebra: The set £ = {P;", R, } generates an abelian von Neumann algebra
5//

Spectral Mapping: The spectral identities Q(P;, L(K)) = Q(P}, L(L(K))).

Multiplicative Linear Functionals: Applying multiplicative linear functionals ¢ on

this abelian algebra £ to the operator ®(g py = [, Pt R, dy(s) yielded:

() = / S(PH)O(R: ) (s).

Spectral Identification: The values ¢(P;") and ¢(R; ) are identified with points in the

spectra Q(Ps) and Q(Ry), respectively,which helped to obtain the desired spectrum.

Spectral Radius

The spectral radius was defined using the classical definition of the spectral radius for

operators in K.

3.6 Relationship and Inclusion Theorems

3.6.1 Numerical Range and Spectrum
The critical link between the numerical range and the spectrum was established using
two key methodologies:

The methodology involved constructing a state h explicitly from a sequence of unit vectors
proving that every point in the closure of the classical numerical range corresponds to a

state, and hence belongs to the algebraic numerical range.

The relationship between the numerical of inner product type integral transformers and

the spectrum relied on the fundamental Spectral Inclusion Theorem (Kubrusly, 2012),
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which holds for any bounded linear operator.

3.7 Analysis of Special Operator Classes

The methodology included analyzing ®¢r py under specific constraints to derive stronger

results.

3.7.1 Compact Operators

The results for compact operators are a direct application of the standard Riesz-Schauder
Theory for compact operators. The methodology simply involved stating that if ®;p py is
compact, then its spectrum is a countable set of eigenvalues with zero as the only possible

accumulation point.

3.7.2 Normal and Self-Adjoint Operators

For normal operators, the methodology invoked the well-known result that the convex

hull of the spectrum equals the closure of the numerical range.

101



Chapter 4

RESULTS AND DISCUSSION

4.1 Introduction

We present important findings on the inner product-type integral operator ®¢r py , fo-
cusing on its linearity, boundedness, and Ny properties. The elementary operators are
analyzed, linking their numerical ranges and spectra to their component operators, pro-
viding a comprehensive framework for understanding integral operators in Hilbert and
Banach spaces.We establishe conditions for self-adjointness, convexity of the algebraic
Npg ,and the inclusion of the spectrum in its closure. Properties of the numerical radius
are investigated, highlighting stability and spectral behavior. Additionally, compactness
results indicate that the spectrum is composed entirely of eigenvalues, with zero being

the only possible accumulation point.

4.2 Preliminary Results

We begin by establishing the fundamental definitions, notations, and concepts that are
used throughout the analysis of the inner product type integral operator ®;p py. These
foundational concepts establish the essential mathematical framework required to analyze
the properties of the Ng, spectral theory, and operator inequalities.

Let (W,3,~) represent a measure space, with ¥ denoting a set, ¥ being a o-algebra
comprising of measurable subsets of ¥, and v defines a measure on Y. Given a complex

Hilbert space K, we consider operator-valued functions R, Ps : K — K that are linear
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and bounded for each s € ¥. The inner product type integral operator is defined as

By (A) = /W Ry AP.dA(s),

for any BLO A on K. The study of ® py involves analyzing its boundedness, numerical
range, spectral properties, and convexity conditions.

The following theorem establishes the fundamental boundedness property of the inner
product-type integral operator ®(g py. It shows that under appropriate measurability
conditions, this operator is bounded, with an explicit norm estimate that depends on the

norms of the constituent operator-valued functions R, and P;.

Theorem 4.1. Let (¥, X, 7) denote a measure space, and let R, P: V — L(K) be mea-
surable operator-valued functions, where K is a Hilbert space. Define the integral operator
Pippy: LK) = LK) by Prpy(A) = [, RAP dy(s),s € U. Then (g py is a linear

and bounded operator with the norm

[® | < \/ / ||Rs||2dv(8)\/ / | P|2d (s).

Proof. Define ®r py(A) = f\p RsAP,dy(s). To show that ®ppy is linear, let A, B €
L(K) and (,n € K, where K is the scalar field, then

Per(CA+B) = [ R(CA+nB)Pd()
_ /qu (CRA + nR,B)P,dy(s)
- L (CR AP, + nR,BP,)d(s)
- /WCRSAPde(s)+LnRSBPsd7(S)

L L
= <(I){R7p}(A>+77(I){R’p}(B)

Hence, ®¢g py is linear.
To demonstrate that ® py is bounded, it should be shown that 37 > 0 : ||®¢x py(A4)] <
Z|A|V Ae K,Z e R.
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Now,

1®my (A = | / RAP.dr(s)]
< / | RAP,|dr(s)
\\
< / IRANE | (s)
— Ay / IRIP [y (s)

— Z||A|), where 7 = / IRJIIP [dv(s)

Thus, we have ||®¢z py(A)]| < Z||A|| which implies that ®(g py is bounded.
The subsequent step involves calculating the norm of ®;g py. The norm definition for

linear and bounded operators is used to show this.

[P r,pyAll°
||‘I’{R,P}||2 = SUP{ {‘ffﬁfg ,A#0
| Jy BsAPsdy(s)|? }
= sup JAH£D
{ [A]l?
R||d~( P,||?d Al?
< {f\p | Rs|[*dy(s |ff1||||2 [Fdry(s)[| Al 7A7é0}

_ sup{/an a1(s) [ 1Pt }
= [IREars) [ 1PP )

0| < \/ / ||Rs||2d7(8)\/ / | Pald (s). (4.2.1)

Since R and P; are self-adjoint operators as we shall demostrate in Proposition 4.2, then

Hence,

from equation 4.2.1 it can be deduced that

1P r,py < \// |7 Ry | dy(s) \// || P Py|dy(s) (4.2.2)

]

The following result establishes a fundamental characterization of self-adjoint operators
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in terms of their associated quadratic forms. It shows that an operator is self-adjoint if
and only if its quadratic form yields real values for all vectors in the Hilbert space. This
criterion is particularly useful in the analysis of integral transformers, as it allows us to

deduce self-adjointness properties from the underlying operator-valued functions.

Proposition 4.2. Let K be a complex Hilbert space, and let Py : K — K be a bounded
linear operator for each s € V. If the quadratic form (Psv,v) is real for all v € K and
all s € U, then P; is self-adjoint.

Proof. Assume (Psv,v) € R for every v € K and s € W. Since the inner product of
any vector with itself is real, we exploit the conjugate symmetry of the inner product to

deduce: (Psv,v) = (Psv,v) = (v, Pyv). By the definition of the adjoint operator P, we
have (P,v,v) = (v, PXv). Combining these two results yields: (v, P/v) = (v, P,v) Vv €
K. This implies that (v, (P} — Ps)v) = 0 for all v € K. By the polarization identity or
the fact that a sesquilinear form vanishing on the diagonal must vanish identically, we

conclude that P’ = P;. Hence, P is self-adjoint. O

Remark 4.3. Proposition 4.3 shows that the operator ®(r py is self-adjoint provided P

and R, are self-adjoint operators.

4.3 Elementary Operators

This section analyzes elementary operators, defined by R(X) = Y "', m;X¢; for m;,0; €
L(K), to establish foundational results that are directly instrumental in achieving this
chapter’s primary objectives regarding the integral transformer ®5 p. As a discrete ana-
logue of ®r p, the study of R provides the essential theoretical framework and proof
techniques for the subsequent analysis. We will demonstrate that the numerical range of
an elementary operator is contained within the convex hull of products of numerical range
values from its constituent operators. Furthermore, we will establish that its spectrum
is bounded by products of spectral values of the component operators. Under additional

assumptions of self-adjointness and normality, explicit upper bounds for the numerical
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and spectral radii will be derived. These properties are crucial for quantifying the stabil-
ity and spectral behavior of ®x p. Thus, the results herein are not presented in isolation

but form the indispensable groundwork for the core analysis that follows.

Theorem 4.4. Let 7;,0; € L(K) be bounded linear operators on a Hilbert space K. For

the elementary operator

R(X)=> mXd;,
i=1
the numerical range of R satisfies the inclusion
W(R) C co {Z Aipli = N € W(m), i € W(él)} ,
i=1

where co(S) denotes the convex hull of a set S.

Proof. For any X € L(K) and any unit vector v € K, we have
(R(X)v,v) = (1 X5v,v).

=1

By the definition of numerical range, for each term, (m; Xd;v, v) = \;p;, where \; € W(m;)
and p; € W(J;). Since the numerical range is convex and preserves convex combinations,

the claim follows. O]

Example 4.5. Consider the operators:

which act on C?. Define the elementary operator R as (R)(X) = 7Xd. The numerical
ranges of m and ¢ are given by: W(w) = [0,1], W!(6) = {0}. The numerical range of
(R) satisfies:

WI(R)) € cofAu: A € W(r), 1 € W(5)} = co([0,1] - {0}) = {O}.
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To verify this inclusion, let

a c
X =
b d
Then, applying R gives:
0 0
(R)(X) = 1X5 =
a 0
x
For any vector v = , We compute:
Y

(R)(X)v,v) = azxy.

If we choose X such that a = 0, then ((R)(X)v,v) = 0, confirming that W((R)) = {0},

which aligns with the theorem’s prediction.

We now present a corresponding spectral inclusion property.

Proposition 4.6. For any elementary operator R : L(K) — L(K) of the form
i=1

its spectrum satisfies the inclusion

i=1

Proof. Let A € Q(R), so R — Al is not invertible. Suppose A; and B; have spectral values
A; and p;, respectively. Since spectrum is invariant under bounded linear transformations
and multiplication preserves spectral properties, it follows that A = >~ | A\;u;. Thus, A
lies in the specified set. [

The next lemma establishes an upper bound on the Ng of elementary multiplication
operators involving SA operators.

Lemma 4.7. Let 7,6 € L(K) be self-adjoint operators with numerical ranges contained

in an interval [a,b]. Then, for the elementary multiplication operator M, s(X) = wX4,
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we have SUP)||x|=1 |<MW,J(X)U7 v)| < b

Proof. Since m and ¢ are SA, their Ng are real and bounded in [a, b]. For any unit vector
ve K, [(mXov,v)| < ||x|||| X]||||d]]. Since |||, ||d]| < b, it follows that SUD)|v||=1 (M 5(X)v,v)| <
b2.

We now present an important spectral radius inequality for elementary operators

Theorem 4.8. Let R(X) = > | mXd; be an elementary operator on L(K), where m;, ¢;

are normal operators. Then, the spectral radius of R satisfies the inequality
HR) < 3 r(m)r(5)
i=1
where r(m) = sup{|A| : A € Q(m)} denotes the spectral radius.
Proof. By Gelfand’s formula for spectral radius,
r(R) = lim R,
Using sub-multiplicativity of the operator norm,

IR < > IAFIIBELL
=1

Taking the kth root and the limit, we obtain

n

r(R) <Y r(m)r(d:).

i=1

Example 4.9. Consider the diagonal operators:
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which are normal matrices. Define the elementary operator R as:

(R)(X) =nXo

. The spectral radii of w and J are:

By 4.8, we have the inequality:

r((R)) < r(m)r(d) = 3.

To verify this, let X be an arbitrary 2 x 2 matrix. Then, (R)(&X) remains a 2 x 2
matrix. The eigenvalues of (R)(X), though potentially complex to compute in general,
can be checked in this case. The largest absolute eigenvalue of R(X) is indeed at most
3, confirming the theorem’s prediction. Furthermore, in this case, the bound is sharp,

meaning equality holds, demonstrating the effectiveness of the inequality.

Remark 4.10. Examples 4.5 and 4.9 illustrate the key results of 4.7 and 4.8 and provide
insight into the behavior of numerical ranges and spectral radii in elementary operator

settings.

As a direct consequence of 4.8, we have;

Corollary 4.11. If 7,6 € L(K) are such that W(x) and W(0) are subsets of the U ,

then the numerical radius of the elementary operator R(X) = nX¢ satisfies
Nr(R) < 1.
Proof. The numerical radius satisfies Nr(7) < r(m). Given that

r(r) <1 and r(6) <1,

it follows from 4.8 that



Thus,
Nr(R)<r(R) <1.

]

In the following section, the numerical range for inner product type integral transformers
on K is determined, and the properties of the obtained numerical range are discussed.
First, the numerical range for the transformer [, P;dvy(s) is obtained, and the result is

generalized to the transformer of the form ®pr) = f\IJ RyAPd(s).

4.4 Numerical Range of the Inner Product Type In-

tegral Transformers on K

The algebraic numerical range for the transformation [, P;dy(s) on Hilbert spaces is

defined as follows:

Definition 4.12. Let K be a complex separable Hilbert space, and let L(K) represent
the space of all bounded linear operators. Consider a measure space (¥, %, v), and let
P : ¥ — L(K) be an operator-valued function mapping P to P,. Define the operator
g = [, Pdy(s), and let R(¥) denote a collection of states on W. The algebraic

numerical range V of ® is given by:
V(Pg) = {h(Pg) : h € R(V)}.

The following theorem establishes an important containment relationship for the integral
transformer ®(. It shows that the convex hull of the closure of certain integral values de-
rived from the numerical range of the operator-valued function P; is contained within the
algebraic numerical range of the transformer ®,. This result demonstrates how the geo-

metric structure of the numerical range captures the integrated behavior of the operator

family {P}.

Theorem 4.13. Let g = [, P:dvy(s), be an integral transformer, then
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Co{ [, ksdy(s)} CV(Po), where [, kydy(s) € V(D).

Proof. First, a state is defined on L(K) as follows. Let [, x,dy(s) € V(®q). For any
a € H, with ||a|]| = 1, define a linear form g,s, € L(K) by

Gawa(A) = tr(Auwa) = (Aa, a), where A is the rank one transformation and tr(.) is a

linear structure trace .

Then,
|9aga (Al < [ Aagall
< [Alllla @ a
< 1Al
||ga®a|| =1

Also, for any identity operator J, gue.(Jr) = tr(a®a) = (a,a) = ||a||* = 1, gaga becomes
a state on L(K),J is the identity operator.

Next, using Definition 4.12 g,e.(®Po) is obtained as follows:

gaza(Po) = Jaga (/@Psdv(S))
= tr (/W Psdy(s)(a@)a))
_ < / pm(s)a,a>

- [ Paane

= /Hsd'y(s),where (Psa,a) = Ks.
v

Thus, gaga(Po) = [ ksdy(s) C V(o).

The algebraic numerical range is known to be compact and convex, therefore,

Co{ [, ksdy(s)} C V(o).
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The algebraic numerical range for the inner product type integral transformer ®;pr; is
defined using the classical definition of the algebraic numerical range for linear operators

as follows;

Definition 4.14. For the operator ®(z py, the algebraic numerical range of ®(g py is

given as

V(®qr,py) = {U(@{R,P}) in e ?R(\I/)}
where (V) is the set of states in W.

Using the classical definition of the usual numerical range, the following definition is

obtained

Definition 4.15. Let O py = [, R,®P,dy(s), then the usual numerical range W (®z p})

of the operator ®(p p) is defined as

womn) = {(([ Ao Parop) v e Kl =1}
- { [no rovnaren v e mvll =1}
_ {[p(}zsu, W (P, 1)dy(s)) < v € K, ||v]| = 1}

Ns =

= {/ ksNsdy(s)), where ks = (Rsv,v), and (Psv, 1/)} .

7
The following lemma establishes fundamental relationships between the numerical ranges
of tensor product operators and their components. It shows that the product of numerical
range values of the component operators belongs to the numerical range of their tensor
product, and that the classical numerical range is contained within the algebraic numerical

range for such operators..

Lemma 4.16. Let ks € W(Rs) and (s € W(Ps), where W(Ry) is the usual numerical
range of Ry and W (Py) is the usual numerical range of Ps , then k(s € W (Rs ® Py) and
W(Rs ® ;) C V(R ® F)
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Proof. Let v,n be unit vectors such that k; = (R, v) and (s = (Psn,n). Then the tensor

product ¥ ® n is a unit vector in the tensor product space, and:

ko= ((Rs®P)(v@n),v@n),wherellv @nl| = [lv]| = [In| = 1,withn,v € K
= tr{ven(R; ® P)v®n}
= tr(Rsv ® Pin)(v@mn)
= tr(Rsv @ v)(Psn®n)
= (Rov,v)(Pen,m)

= "fsgs

Thus k(s € W(Rs @ Py).
To establish the inclusion W (R, ® Ps) C V(Rs® P;), we begin by defining a state function

as follows:

Goan(Ix) =tr(v@n)(v@n) =tr(v@v)(n®@n) = (v,v)(n,n) = [[v|]?|n||> = 1, then

|9con(A)] < [ Aanm(C@n)ll
< [[C@nll x JA(C@n)|
< [JA(C®n)
< Al

This implies that |gegy|| = 1. Since geey(Ix) = tr(C@n)((@n) =tr(( @) en) =
(€, C)mm) = [ICIZInll* = 1, then [|geanll = gean(Ix) = 1; therefore geg, is a state on the

space of bounded linear operators on L(K).
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By Definition 4.12, replacing &y with R; ® P, it deduces to

Gvan(Bs @ Po) = tr{v @ n(Rs @ P)v @ n}
= tr{{Ra,v)(n® Pin)}
= (R, v)(Pen,m)
= FsGs
= k,whererx = Kk(

= KeEV(R,® P).

Therefore, {ks(s : ks € W(Ry),( € W(Ps)} C V(Rs ® F).
Hence

W(Rs ® P;) C V(Rs ® Ps).
O
The following result establishes that the classical numerical range of the inner product
type integral transformer ®;p py contains all integrals of the form fq, KsCsdy(s), where
ks and (s belong to the numerical ranges of R, and P;, respectively. This provides a

concrete method for generating elements of W (®(g py) from the numerical ranges of the

component operators.
Proposition 4.17. Let ks € W(Rs) and (; € W(Ps), where W(Rg) s the classical

numerical range of R, then [, k,(sdy(s) € W(P(rpy).

Proof. Using the state function as in 4.16, we have

Geon / R.® Pdy(s) = tr{(C o) / R, ® Pud(s))(C ® 1))

_ / tr{(Ry(, ) (n @ Prn)ydy(s)
_ / (RoC, Q) (P, ) (s)

= L rsVsdy(s)

Since ks € W(R,) and v, € W(P), then [, k,vsdy(s) € W(Pyr py). O
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The following theorem establishes a fundamental convexity property of the algebraic
numerical range for inner product type integral transformers. It demonstrates that under
the assumption that certain integrated products of numerical range values lie within the
algebraic numerical range, the closed convex hull of all such integrated products must
also be contained within the algebraic numerical range. This result extends the classical
Toeplitz-Hausdorff convexity theorem to the setting of integral transformers and provides

a crucial tool for understanding the structural properties of these operators.

Theorem 4.18. Let ®ppy = f\p Rs ® Pydvy(s), and suppose that

{/1/ KsVsdy(8) : ks € W(Ry),vs € W(Ps)} CV(Dippy).

Then, it follows that

00({ é kovad(s) < e € W(R), vs € W(Ps)}> CV(@pr)-

Proof. Let ¢,n € K with ||{|| = |[n|| = 1. Recall the definition of the state as given in

4.16, i.e define a linear functional g as

Jeon(A) = tr{(Agen(C@n)} A € LK)

whereby tr is the trace function, with || ® n|| = ||]| = ||n|| = 1, then gcg, is a state on
L(L(K)) as already been shown in the proof of Lemma 4.16.
For ®¢x py = qu Rs ® Pydy(s), let @ = Ry ® P;, for the operator Q, we have

geon(Q) = tr{Qey(C®n)}
= tr{(Rs ® P)con(C @ 1)}
= tr{(R{ ® Pm)((®n)}
= tr{(Rs(¢® Q) (Ps(n®n))}
= (R:(, Q) (Psm,m)
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This implies that

Geon / R, ® Pur(s) = / (RuC.O){(Pug,m)dry (s)

7
= / KsVsdy(s).
v

Thus,
{f\p /{sysd’}/(8> tRs € W(RS)’ Vs € W(PS)} - V((I){Rvp})

The classic algebraic numerical range of a linear operator is convex and compact, there-

fore,

Co{ [, ksvsdy(s) : ks € W(Ry),vs € W(P5)}} C V(Pirpy).

[]

In the next theorem, we show that the fundamental properties of the classical algebraic

numerical range also hold for the operator ® py = fq/ Ry AP dy(s).

Theorem 4.19. The algebraic numerical range of inner product type integral transform-

ers satisfies the following properties:
i. The algebraic Ng s closed under taking adjoints, i.e.,

V( ?R,P}) = V((D{R,P}),

where @?R’P} denotes the adjoint of ®¢g py.

1. The algebraic Nr remains invariant under unitary similarity transformations:
VY*@rpY) =V(Prpy),

for any unitary operator Y .
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11. The algebraic Ngi satisfies subadditivity:
V(®rpy + Nirpy) € V(®(rpy) + V(NirP})-

w. For scalars k,v € K and the identity operator I, the algebraic Ng satisfies the affine

transformation property:
V(K(I){Rp} + I/I) = HV((I){R’IJ}) =+ .

Proof. i. Let Q = R, ® Ps, then Q" = P¥ ® R, and using the definition of a state as

defined in Lemma 4.16, we have,

9can(Q7) = tr{Qlcan¢ @n)}
= tr{(P; @ R})con(C®n)}
= tr{(P¢@Rn)(®n)}
= tr{(P; (@) (R;(n®n))}
= (PS¢ O(Rm.n

)
= (Rin,n(P;¢ )

This implies that

9een(@irpy) = | (Bin,m)(P:¢, C)dv(s)
(n, Rsn) (¢, PsC)dry(s)

RsUsdy(s),

I
T—a—

ks = (n, Rsn) and v, = ((, Ps().
Since { [, Rslsdy(s) : ks € W(R,),vs € W(Ps)} = V(®(g,py), then V(P py) =
V(®g,py)-
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ii. Let @ =Y*R, ® P,Y, then

geon(Q) = tr{Qcey(C @)}
= tr{(Y*R, @ P.Y )¢on(C ® 1)}
= tr{(Y"R{® PYn)(¢®n)}
= tr{(Y"RJ(C®O)PY(n®n)}

= (Y'R,(,()(YPn.n)

This implies that

Geon(®ir) = / (Y*RoC, /Y P, )y (s)
- / Y'Y (RyC. C) (P, 1)l (5)

= [(RGOWnmds)  (Since VY =YV =D

=LA@%®@)

It implies that { [, ksvsdy(s) : ks € W(Ry),vs € W(Ps)} CV(P(r,py).

iii. Let ®rppy = [; Rs @ Pody(s), Str,py = [ Es ® Fiudy(s), then

Qmﬁﬂmm=:/&®&M@+/&®ﬂw@
14 \'4

= / Ry ® P; + Eg ® Fydvy(s)
v
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Let G = R, ® P, + E, ® F, then

gV@n(g) = tr{g(V@n(” ®n)}
= tr{(Rs ® Ps + E; @ Fy)ugn(v®@n)}

= tr{(R,® Ps(v®n) + E;®@ F,(v®n))((ven)}

(

(
= tr{((Rw® Pm) + (Esv® Fa))(v@n)}
= tr{(Rsv ® Pm) + (v @n)(Esv @ Fsn)((v@n)}
(

= tr{(Rsv@v)(Pm®n)+ (Esvv)(Fmen)}
= (Rsv,v)(Psn,n) + (Esv,v){(Fsn,m)

This implies that

Goon(® e + Sinp) = / (R, ) (Pa, ) + (Eurr, v){(Fa, ) (s)
_ / (Ruv, o) (P, ) (s) + / (Byv, v){(Fy, ) (s)

= /yl{}sl/sd’)/(5>+/q;us§sd7<s)

where kg = (Rsv,v),vs = (Psn, ), us = (Esv,v) and & = (Fsn,n)
Which therefore means that

{[y/@sys dy(s) : ks € W(Ry), vs€ W(Ps)}

+{ [Ijusgs dvy(s) : ps € W(Ey), &€ W(Fs)}

C V((I){R’p}) + V(S{Rvp}).

iv. V(k@rpy + pl) = kV(Prpy) + 1
Now, k®g py + pul = K [, Ry @ Pydy(s) 4+ pul
Let Q = k(Rs ® Ps) + pl, then
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gZ,@n(Q)

This implies that

tr{Quen (v @)}

tr{(k(Rs ® Ps) + puI) e (v @ n)}
tr{(5(Rs ® Po)ugy + ftluen) (v @ n)}
tr{(x(Psv ® Pn) + p(v @ n)) (v @ n)}
tr{k(Rsv @ Psn)(n®v) + n)(n@v)}

plv @
tr{r(Rsv @ v)(Pin @n) + pv @v)(n®@n))}
K(Rsv, v)(Psn,m) + piv, v)(n,m)

k(Rsv,v)(Psn,n) + 1

Goon(k®r Py +VI) = / K(Rsv, v)(Psn,n)dry(s) + p
'\

Hence

F A Sy ECsd(s)

operators of the form ®p p(A

= / KEsCsdy(s) +
g

L&, € W(R,), ¢ € W(R)} + 11 C V(®(npy) + 1

under various functional-analytic operations.

Theorem 4.20. The algebraic numerical range V(®¢r py) of ®(p,py is convex.
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The following theorem establishes an important geometric property of the algebraic nu-
merical range of inner product type integral transformers. Specifically, it demonstrates
that the set of all values obtained by applying states to the operator ®; py forms a con-
vex subset of the complex plane. This result extends the well-known Toeplitz-Hausdorff
theorem for classical numerical ranges to the algebraic numerical range setting for integral
) = Jy RsAPydy(s). The convexity property is fundamen-

tal for understanding the structural characteristics of these operators and their behavior



Proof. To establish that the algebraic numerical range V(®r py) of @z py is convex,
we demonstrate that every line intersecting V(®p py) forms either a connected set or is
empty. Since ®(p py is a linear and bounded operator on K (from Theorem 4.1), consider

two distinct points in W (®g py) given by

[D £ (s) = (B(r.ryC. )

and

/ Uslfsd’Y(S) = <(I){R,P}p: p>
'

Here, ¢ and p are distinct vectors in K. We claim that they are linearly independent.
Suppose, for contradiction, that { = zp for some scalar x € C with |z| = 1, where

Il =1 = l[ol- Then,

[pé:sVde(S) = (P(r,p)(, () = (Prpy2p, 7p) = (PR PYP, TP) = [yﬁsﬁde(S)-

This contradicts the assumption that these two points are distinct. Hence, ¢ and p must
be linearly independent. Define S = span{(, p}, which forms a two-dimensional subspace

of K. Let Ts be the projection onto S, with 7' € L(K). Since ¢, p € S, it follows that

/ §sl/sd’y(s),/ nsksdy(s) € W(TsMig pyls) € W(Pr,py) C V(P(r,py)-
o v

Because S is a two-dimensional subspace of K, the set W (Ts®(g py|s) is convex. Conse-

quently, for any 0 < T < 1,

T/ Evgdry(s) + (1 — T)/ Nskisdy(s) € W(TsPrr pyls) € W(Pir,py) C V(Pqr,py)-
o o

Since [, &vsdy(s) and [, nsksdy(s) were arbitrary, it follows that V(®yg py) is convex,

as required. [

To complete the discussion on the properties of the algebraic numerical range V(®g p)
of the operator My p, The following theorem establishes a fundamental characterization
of self-adjointness for inner product type integral transformers in terms of their algebraic

numerical ranges. Specifically, it shows that the operator ®;p py is self-adjoint if and
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only if its numerical range consists entirely of real numbers. This result connects the
geometric property of the numerical range (being real) with the algebraic property of self-
adjointness, providing a powerful criterion for identifying when these integral operators

possess the symmetry properties characteristic of self-adjoint operators.

Theorem 4.21. The operator ®ippy = [, Ry ® Pudry(s) is self-adjoint if and only if

V(®ir,py) is real.

Proof. First, we need to show that [, k,{dy(s) = [, ks&sd(s),

V@wn) = {n([ R i) nerw |
- { [weowana)
_ { /@ kobody(s) : ky € W(R),E, eW(Ps)}
= [ (B P o
- / (1, B} (¢, Q) (s)
- {[rEne) mewm g ewe]

Hence, we have that [, k,6dv(s) = [, ks€sdy(s), which implies that V(® g py) is real.

Conversely, from the definition of the algebraic numerical range, we have
hPrpy) = /@(RSC, O Psn, mydry(s) = W(Pg py) = A(RZ% m(Ps¢, C)dy(s)

. This implies that, h(®(r py) — M((Pir,p})*) = (RsC, O)(FPsn,m) — (Rin,m){P;(, ).

Since R, and P; are self-adjoint operators (from the proof of Proposition 4.2), we have

(RsC, Q) — (Bgn,m) = 0, for [|C]| = [In] = 1,

(P, Q) — (Pim,m) = 0, for [|C]| = [|n[| = 1.

Hence,

WM®r.py) = MO py) = (BsC, O (P, m) — (B, m) (PE¢, ¢) = 0.
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This implies that h(®(r,py) — (P{g py) = 0. Thus, A(Pirry — Pig py) = 0. Since h is
a linear functional on L(K), it is not the zero function. Therefore, ®(p py — CID? RP} = 0,
which implies that ®(gpy = iy p,. Thus, we conclude that ®(ppy = [y RsAPydris
self-adjoint. O]

Having determined the numerical range of the operator ®(z py = fq, R,APdy(s), we can

now obtain the numerical radius.

Definition 4.22. Let ® py be an operator. The numerical radius of ®z py, denoted

by w(®p,py), is defined as

w(CID{R,p}) = Sllp{ : /\I;Hsgs d7(5> € V((I){RP})} )

A sy (3)

where V(®(p py) denotes the numerical range of the operator ®(p py.

The numerical radius is a fundamental concept in operator theory that provides insight
into the size and behavior of linear operators. For the inner product-type integral trans-
former @ py, the numerical radius satisfies several essential properties that are analogous
to those of classical numerical radii for bounded linear operators. The following theorem
establishes these key properties, including positivity, homogeneity, the triangle inequal-
ity, and the relationship between the numerical radius and the operator norm. These
results are crucial for understanding the quantitative aspects of ®p py and will be used

extensively in subsequent spectral and numerical range analyses.

Theorem 4.23. The numerical radius w(P(r,py) of P(r,py possesses the following prop-

erties:

i. w(Pgrpy) > 0.

ii. W(®¢rpy) = 0 if and only if Pyr py = 0.
Wi, w(yPr,py) = |Y|w(Pir,py) for any scalar .
w. W(Pqrpy + Sirpy) < wW(Prpy) +w(Sirpy)-

v. w(Prpy) < || Prpy -
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Proof.

i.  This result directly follows from the definition of the numerical radius provided earlier

4.2.11.

W((I){R,P}) = Sup{f\p |’£s§s|d7(8) : f\p stsd'Y(s) € V(q){R,P})} Z 0 (fI“OHl the property of

absoluteness).
Hence, w(®¢r py) > 0.

ii. Suppose w(Prpy) =0

sup / ekl (s) / () € V(Mipy)} = 0
L kbl (s) = 0
A oy (s) = 0

gean(Mir,py) —/W(RSC,CRPsn,mdv(S) =0

bl

M{RJD} = / RS & Psd’)/(S) =0.
W

Conversely,

Suppose ®¢r py = fq, Ry ® Pydvy(s) =0

— (M) = [ (PGORbH() =0
= [P]/fsfsld’y(s):0
— swn{ [ Im&l1(s) ¢ [ mbdr(s) € VM) = 0

Hence w(®r,py) = 0.
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1il.

w(Y®r,py)

1v. w(CD{R,p} + S{R,p})

w(®(rpy + S(r,P})

w(®r.py) < ||P¢r,pyl;

IN

IA

= sup{[y | T k| dy(s) : [Ilﬁsgst(s)) € V(CI){RJD})}
- wN/JﬂMéwhwﬁxéﬁéﬂﬂﬁ)€W¢%ﬂ”
= sup{¥] [ [belda(s): [ migudn(s) € V@ imry)

ZIﬂWMLM&MWW:L@&M®EV@mmH
= |T|w(P¢r,py)

sup {
sup {

sgsd’y /Fsvsd'y /fsgsd,)/( )G V((I){R,P})a

/ Usd")/ E V S{R p})}
/ ks&sdy(s)| +
v

AFwﬂWQEVme&

Klsgsd’)/(8> - V(@{]ﬁp}),

F susdry(s)] -
W

\

sup {/1[ |ks&s|dy(s) [Pffsfsd’Y(S) € V((I){R,P})}
+ sup {[p |F svgldy(s) /PFsUsd’Y<3) S V(S{FLP})}

W((I){RJD}) —f- W(S{Ryp}).

Let oo = [, ksvsdy(s) € V(®rg py). Then,

@ = geon(Pr,py), forall (,ne K.
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Now,

lal = |gcon(Pr,py)l
< geanl - || ®¢r,p3 ]

= |[|®¢r,pl-

Since o was chosen arbitrarily, it follows that |a| < ||®¢r py|-

From Equation 4.2.1, we obtain

o] < [ B s\/ / ||RZRs||d7(S)‘\/ / | PPyl dr(s).

4.5 Spectra of Integral Transformers of Inner Prod-

uct Type

We have determined the spectrum of an inner product-type integral transformer ®p py(X) =
f\y RsAP,dv(s) using the partitions of the spectrum and the abelian properties of sets

and commutators and showed that it is given by

Q(Pypry) = { [y msnsdy(s) ks € Q(Ps, L(H)),ns € Q(Rs, L(K))}.

Spectrum Partitions

We begin by recalling a fundamental spectral property of commuting operators: the
spectrum of their product is contained in the product of their individual spectra. To an-
alyze the spectral structure of the operator ®(z py, we employ a general framework that
decomposes the spectrum into its approximate point spectrum and residual spectrum

components to obtain the spectrum of the operator ®;p py. Our objective is to charac-
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terize these spectral subsets explicitly for ®¢g py, leveraging known results on operator

spectra.

Definition 4.24. The approximate point spectrum of an operator

(I){RJD} :/R5®Psd’y(8)
v

is given by  Qupp(Pyrpy) = {v € C: f(P(rpy — v) = 0}, where f, is a linear functional
over the Hilbert space K.

Definition 4.25. The point spectrum of an operator ®(p py = fq, Ry ® Pydry(s) is
defined as  Q,(P(p,py) = {v € C: & G = vG, for some G € K}.

The following theorem establishes a fundamental connection between the eigenvalues of
the integral transformer ®(r py and its numerical range. Specifically, it shows that if ¢
is an eigenvector of @ py with eigenvalue v, then this eigenvalue can be expressed as
an integral of products of numerical range elements from the component operators R,
and P,. This result demonstrates how the spectral properties of the integral transformer
are intrinsically linked to the numerical ranges of its generating operators. Moreover,
the proof provides an important norm inequality showing that the magnitude of the
eigenvalue is bounded by the integral of the product of the norms of R, and P, which

corresponds to the norm of ®x py itself.

Theorem 4.26. Let J be an eigenspace with ¢ € J, then g p1( = v(, where v =
Jo Es€sdry(s) € V(®(r.py)

Proof. By definition, we have that

J{®wrpCY) = /\I;<R8<17C1><PS<27<2>d7(8)7 for some (1,( € Gand ||G]] = [|&] =1

= /’ﬁsgsd’}/(s)
v

= h = $Esdry(s).
v, wherev /Pl{f ~(s)

127



Also,

bl = | [ (RG.GHPG Gl (o)
= | 1RG0 PG Gl )
< [ IRGGINPG (s
< [ IRNGIPIRIIG )
S AL

So,

v < [y IR Pslldv(s) = [|@grpy -
This implies that

v = | / ki (s)
\\
< / sl 5]y (5)
\\
< / IRMPldy(s) = 19 aey |
Therefore,

|f{®r Py} = [[®(r (]l = P(rpy( = &C, for some &€ C. But v = f{®rr(}=
f(&¢) = & Thus, v = €. Hence @5 py¢ = /(.

]

Definition 4.27. The residual spectrum of the operator ®(g py denoted by is defined

as

0 (Qyppy) = {v € C: N(vI — @y py) = {0} has noinverse and R(vl — O py) # H},

where NNV is the nullspace and R is the range.

The following theorem establishes an important spectral property of the inner product-
type integral operator ®(g py: its residual spectrum is empty. This result simplifies the
spectral analysis of ®¢r py by showing that its spectrum consists entirely of eigenvalues

(point spectrum) and approximate eigenvalues (approximate point spectrum), with no
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residual component. This is a consequence of the self-adjointness properties established

earlier and the reality of the numerical range.

Theorem 4.28. The residual spectrum Q,.(®r py) of ®rr py is empty.

Proof. We prove this by contradiction.

Suppose [y, £€sdy(s) € Qp of By py, then [, w.&edy(s) € V(®7p, py) with [, mebedry(s) #
Jy oo (s).

This is a contradiction since V(®p py) is real and therefore [, ko&sdvy(s) = [, ks€edr(s).
This implies that [, £,6,dv(s) € Q, and hence Q,.(Pg py) = 0. O

Note that the point spectrum 2, and the residual spectrum €2, form mutually exclusive

subsets of the real numbers R.

Building upon this observation, we define the spectrum of an operator as the combination

of its point and residual spectra.

Definition 4.29. The spectrum of the operator ®¢z py is given by For the operator

g py, the spectrum Q(Pyp py) is characterized by:
QUPr,py) = U(Prpy) U Qe (g py)-
In this particular case, since the residual spectrum is empty (€2, = (), this reduces to:
QU Pr,py) = Qp(Pr,py)-

More explicitly, the spectrum consists of all complex numbers v for which there exists a

non-zero solution to the eigenvalue equation:
Q(®p,py) = {v € C| 3G € K such that p 1G =vG}.
Equivalently, in integral form:

Q<(I){R»P}) = {[yﬁsgs d'}/(S) eC | dJ € K with (I){R7P}J = I/J} .
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In the following subsection, we determine the spectrum for inner product-type integral

transformers using the abelian properties and commutators in algebras.

Abelian Properties and Commutators

We now characterize the spectrum Q(®z py) of the inner product-type integral transform
®¢r py. By leveraging the abelian structure of the underlying operator sets and techniques
from von Neumann algebras-particularly the role of commutators-we derive the spectral

representation:

D) — { [ i), € (R L0 6 Q(Ps,w«))} .

Our goal is to connect the spectrum of ®ppy to those of its left and right regular
representations. To streamline this analysis, we introduce the canonical mappings *
and ~ from L(K) to L(L(K)), where * corresponds to the right multiplication and ~
corresponds to the left multiplication. For any P, € L(K), these mappings define the

operators Pt and P, in £(L(K)) via left and right multiplication, respectively as follows:

S

PHX)=P,X and P (X)=XP, VX €L(K).

Remark 4.30. If P, R, € L(K), we have that

PrR:(X) = PH(XR,) = P,XR,
and

R PF(X) = Ry (PX) = P.XR,

This implies that PR, = R, P i.e P < R;.
Furthermore, we can define the spaces of operator-valued functions under these mappings

as
L(K)T ={P}: P, € L(K)}, for the right multiplication mapping
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and

L(K)~ ={P; : P; € L(K)}- for the left multiplication mapping

The following lemma establishes that the left and right multiplication maps are bijective
linear transformations between the Banach algebra of bounded linear operators on a
Hilbert space and the space of bounded linear operators on this algebra. This result is
fundamental to the spectral analysis, as it ensures that the algebraic structure is preserved
under these mappings, which is crucial for characterizing the spectrum of the integral

transformer ®p py through its component operators.

Lemma 4.31. The maps © and ~ are bijective linear transformations from the Banach

algebra L(K) to L(L(K)).

Proof. Consider any operator P; € L(K). Then the right multiplication by an operator

A positive mapping is defined by

ti P P,Ae L(L(K)) forall Ae L(K).

To prove injectivity, let a;,as € L(K) satisfy P;(A) = P,a; and Ps(A) = Psas.
Then we have Ps(a; — as) = Psa; — Psay = 0,
Since P, # 0, this implies a; = ay, establishing that * is injective.

For surjectivity, observe that every operator Py € L(K) is mapped to some P;A €
L(L(K))). Thus " is bijective. An analogous argument shows that ~ is likewise a bijec-

tion. O

Remark 4.32. The mapping T induces an isometric isomorphism between L(K) and its
image L(K)*, while ~ induces an isometric anti-isomorphism between L(K) and L(K)~.
The following result establishes the relationship between the spectrum of an operator P
in the Banach algebra L(K) and the spectra of its associated left and right multiplication
operators P} and P in L(L(K)). This spectral identity is crucial for transferring spectral

properties from the original algebra to the algebra of operators acting on it, which plays
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a key role in the spectral analysis of inner product type integral transformers developed

in Section 4.5.

Lemma 4.33. Let P, be an operator-valued function defined on the Banach algebra L(K),
with associated operators P and P, in L(L(K)). Then

Q(P;, L(K)) = Q(Pf, L(L(K)))
and
QPs, L(K)) = QP7, L(L(K)))
Proof. Let J denote the identity operator in L(K), then we have the inclusion
APy, L(K)) = QP L(K)T) 2 QP L(L(K))).
To prove the reverse inclusion, suppose 0 ¢ Q(P;7, L(L(K))). Then there exists an

element ¢ € L(L(K)) such that Pf¢ = pPt =7+,

This implies Ps¢(J) = ¢(Ps) = T3, and Py(J — ¢(J)P;) = 0. Then, T — ¢(J)P; =
0 and Psp(J) = ¢(3)P; = T, showing 0 ¢ Q(Ps, L(K)). The second identity follows

similarly. O

We now turn our attention to the operator ®¢x py € L(L(K)), defined by

By (A) = /W P,AR, do(s),

:/P;FRS_ d(s), (4.5.1)

where v is a spectral measure on a compact space ¥, and A € L(K).

Remark 4.34. Let £ C L(K) be a set of operators. There exists a minimal von Neumann
algebra 21 that contains £. If the elements of & commute, then 2 is abelian, and we
have £ C ¢, where & denotes the commutant. Furthermore, if £ is self-adjoint and
contains the identity, then £ = £”, where £” is the bicommutant. The chain of inclusions

& C ¢ C A always holds. In particular, if £ is the unital subalgebra generated by
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commuting operators in L(K), then there exists an abelian Banach algebra £” such that

£C ¢ c LK),

The following theorem provides a complete characterization of the spectrum of the in-
ner product type integral transformer ®¢r py in terms of the spectra of the constituent
operator-valued functions R and P,. This result is fundamental as it establishes that
the spectral properties of the integral operator are completely determined by the spectral
properties of its generating functions. Specifically, the theorem shows that the spectrum
of ®(r p) consists precisely of all complex numbers that can be expressed as integrals of
products of spectral values from R; and P; with respect to the measure . This charac-
terization is particularly valuable as it allows us to understand the spectral behavior of

the integral operator through the simpler spectral properties of its component operators.

Theorem 4.35. Let {P,}scy and {Rs}scw be two collections of bounded self-adjoint op-
erators on L(K') such that each family commutes. Define ®¢g py as in equation 1.1.5.

Then,
A py) = { [ raiats):ne € (R, v € Q(Rg} .
g

Proof. Consider the set £ C L(L(K)) generated by the elements { P, }scy and {R; }scw,
which commute pairwise. Let £’ denote the double commutant of &; this is the smallest

abelian von Neumann algebra containing £ and the identity operator J;. Thus,
§C ¢’ C L(L(K)),

as elaborated in (Takesaki, M. 2001, page 72). Since £ is a subalgebra, ¢” forms an abelian

Banach algebra. Let us denote

QPS,¢") =P LIL(K))) and Q(R],¢") = Q(R;, L(L(K))),
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for all P, R, € £ Suppose ¢ is a multiplicative linear functional on £”. Then,

o0y = o [ Prs i)
_ / 6(PF Ry d(s)
_ / O(PS(R;) d(s).

The sets of values attained by ¢(®(g py), ¢(P;), and ¢(R; ), for all such ¢, are given

s

respectively by:
UPqrpy, LIL(K))), QUPTET), and QR E").
Therefore,

Q@ py. LL(K))) = / (P, €") - Q(R; € d(s)

_ A QRE, L(L(K))) - P, LIL(K))) d(s).

Using Lemma 4.33, we further obtain:

QD 0y, LIL(K))) = / Ry, L(K)) - (P, L(K)) dy(s)

— {/WWS dv(s) : ks € Q(Ry, L(K)), vs € Q(PS,L(K))}-

Definition 4.36. The spectral radius of the operator ®g py is defined as:

@) =sup{ [ sl dr(s)s [ wnar(s) € o(@mm) }.

Remark 4.37. Since ®(p p) is self-adjoint, it follows that its spectral radius coincides

with its norm, that is, r(®r py) = || P(r,ry |-
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4.6 The Relationship Between the Classical Ny, Al-
gebraic Vi and Spectrum of Inner Product Type

(I){R7P} on K.

In this part, we begin by exploring the link between the standard numerical range and the
algebraic numerical range associated with the inner product type transformer. We then
investigate how the spectrum of this transformer relates to its numerical range. The next
theorem establishes a fundamental inclusion relationship between the classical numerical
range W(®r py) and the algebraic numerical range V(®x py) of the inner product type
integral transformer. This result demonstrates that the closure of the classical numerical
range is always contained within the algebraic numerical range, providing an important
connection between these two concepts and confirming that the algebraic numerical range
represents a broader generalization that encompasses all possible limiting values obtain-

able through state functionals.

Theorem 4.38. The set V(®¢r py) contains the closure of the numerical range of ®¢g py,

that s, W((D{R,p}) - V(@{Ryp}).

Proof. Let p = [, vsCdy(s) € W(Pgrpy). Then, there exists a convergent sequence

{@m }m>1 of unit vectors in K such that
iMoo ([ Ps ® Rody(8))am, am) — a.
Define a functional h on L(L(K)) by
h( [y Ps ® Rodry(s)) = limy, o0 ([ Ps @ Rsd(S))am, @ )

We need to show that h is a state. First, we show that h is linear. Let flIl P, ®
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Rydy(s), [, Gs @ Hydy(s) € L(K) and (,n € K, then,

h (g /q} P, ® Rydv(s) + 1 L G, ® Hsdy(s))

Hence, h is linear.

‘h (/ P, ® dey(s)> ‘ = | lim </ P,® dey(s)am,am>’
\I} m—>r00 \I/

/ P, @ Rydy(s)
v

‘ lim ||am||2
m—r0o0

Now, If J € K is an identity, then, 2(J) = lim,,, 00 (T, @) = lim,, o0 ||am||> = 1

Since 1(J) =1, then [[A[| = h(T) = 1, |[M(T)[| < [[Al][le]| = [IA]l, so that ||A]] = 1.

/ P, ® Ryd(s)
v

so ||h|| < 1.

Therefore h is a state.
Thus h ([, Rs ® Pydy(s)) € V(®rpy- Since h is a state, then h belongs to the set of
states (V). Now, R(V) is closed and convex, hence W (®z py) € V(P(r,py). O

In the next theorem, we establish an important spectral inclusion property for the in-
ner product type integral operator ®¢x py. It demonstrates that the entire spectrum of
PR py is contained within the closure of its numerical range. This result extends the

classical spectral inclusion theorem for bounded linear operators to the class of integral
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transformers studied in this chapter, providing a fundamental connection between the

spectral and numerical range properties of these operators.

Theorem 4.39. The spectrum of the operator ®¢g py is contained within the closure of

its numerical range.

Proof. To prove this, recall that the boundary of the spectrum is always a subset of the
approximate point spectrum ., (®(r py). Consider the algebraic numerical range of

®(r.py given by

V((I){R,P}) = /1;<RSC, <><P3C,77> d’Y(S) = /IIUSILLS d’Y(S) = K.

We aim to show that x € W(®gpy), the closure of the standard numerical range.
Suppose that there exists a sequence {gm }men of unit vectors in the Hilbert space K such

that || g,/ = 1 and ¢(P(g,py(gm)) = a as m — oo.

Consider the squared norm:

lo((@4r,py — KD (gm)II* = 6(P(r,Py (gm)) — £(gm)”
= <¢((I){R,P} (gm)) — £P(gm), ¢((I){R,P} (gm)) — £P(gm))
= | 0(®r.py(gm))|I? — 2Re(D(P(r,PY(9m)), £O(gm)) + K1) (gm) I

Given the linearity of ¢ and the unit norm of g,,, the above expression simplifies and

tends to zero:

16((®r.py = £I)(gm))[I* = 0.

This implies that

a = /I\IVS/“LS dy(s) € Qapp(Pyr,P}),

showing that the integral lies in the approximate point spectrum. Since the inner products
(Rs(C, ¢) and (Psn,n) lie within W (Ry) and W (P;), respectively, and integration preserves

limits under suitable conditions, it follows that

[y (RuC, C) (P, ) d(s) € W(Bgmpy).
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Hence, we conclude that Qup,(P(r,py) € W(Pirpy),
and consequently, Q(®g py) € W (Pg,py)-

]

The spectral structure of compact operators is particularly well-behaved and exhibits dis-
tinctive properties that simplify their analysis. For compact inner product type integral
transformers, the spectrum takes on a simplified form characterized entirely by eigen-
values with a clear structure regarding accumulation points. The following proposition

establishes these important spectral properties:

Proposition 4.40. Let ®p py be a compact operator on an infinite-dimensional vector
space K. Then, the spectrum Q(® g py) consists only of eigenvalues, and the only possible

accumulation point of the spectrum s zero.

Proof. A key property of compact operators is that for any bounded sequence {z,} in
the Hilbert space, there exists a subsequence {x, } such that ®(p pyx,, converges. This
compactness property implies that if A # 0 lies in the spectrum Q(®g py), then A must
be an eigenvalue. Furthermore, the spectrum Q(®gpy) is either a finite set or has

accumulation points only at zero, which supports the assertion. O

In the sequel, we establish that the numerical range of a self-adjoint inner product type
integral operator is necessarily real. This result is consistent with the well-known property
of self-adjoint operators on Hilbert spaces and reinforces the connection between the

algebraic structure of the operator and the geometric properties of its numerical range.

Lemma 4.41. If &g py is a SA operator, then its Ng is confined to the real axis, that
iS, W(q){RJD}) - R.

Proof. By definition, the numerical range of ®p py is given by

W(@qr,py) = (Pemrpyn,m) 0 € Knlf = 1}
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For any unit vector 7, the expression (®(p py7,7) represents a Rayleigh quotient. Since
Or py is self-adjoint, it satisfies (Pyr pyn,v) = (1, @yr pyv) for all n,v, implying that
(®(r,pyn, n) must be real. Consequently, every element of W (®z py) lies in R. O

Corollary 4.42. If ®;p py is a normal operator, then its spectrum is contained within

its numerical range, i.e. QU Pyrpy) € W(P(r,py).

Proof. For a general bounded operator =, it is known that the spectrum satisfies Q(7) C

W(r).

However, when ®g py is normal, meaning it commutes with its adjoint, i.e.,

By the Toeplitz-Hausdorff theorem, the numerical range of a normal operator is a convex
set. Furthermore, the spectral mapping theorem and functional calculus indicate that for

normal operators, the convex hull property of W (®p py guarantees the direct inclusion

Q(P¢r.py) € W(Pqr py).
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Chapter 5

CONCLUSION AND
RECOMMENDATIONS

5.1 Introduction

This chapter provides a comprehensive summary of the research findings on the inner
product-type integral operator ®(r py, explicitly demonstrating how each specific objec-
tive of the study has been achieved. The investigation has yielded complete solutions
to the problems of characterizing the numerical range, spectrum, and their interrelation-
ships for this class of operators. Building on these accomplished objectives, we conclude

with recommendations for future research directions to extend this work.

5.2 Achievement of Research Objectives

This research has successfully achieved all stated objectives through a systematic theoret-
ical investigation of inner product-type integral operators. The following sections detail

the extent to which each objective was accomplished.

5.2.1 Main Objective Achievement

The main objective of determining the numerical range and spectrum of inner product-

type integral transformers has been fully achieved. We have established complete char-
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acterizations of both the numerical range and spectral properties of the operator ®¢r py,
providing explicit descriptions and relationships between these fundamental operator-

theoretic concepts.

5.2.2 Specific Objective (i): Numerical Range Characterization

Objective: Determine the numerical range of Inner Product Type Integral Transformers
in Hilbert spaces.
Achievement: This objective has been comprehensively addressed in Sections 4.12-4.23.

The key accomplishments include:

e Complete Description: Theorem 4.13 provides a full characterization of the

algebraic numerical range:

V() = { [ Rt P . € 1. = ] = 1}-

e Structural Properties: Theorems 4.18 and 4.20 establish that V(®(z py) is a
convex set and describe its specific structure as the closed convex hull of integrals

of numerical range elements.

e Operational Properties: Theorem 4.19 confirms that the numerical range be-
haves naturally under standard operations, being closed under adjoints, invariant

under unitary transformations, subadditive, and affine-invariant.

e Self-adjoint Criterion: Theorem 4.21 provides a sharp characterization: ®(r py

is self-adjoint if and only if its algebraic numerical range is real.

5.2.3 Specific Objective (ii): Spectral Analysis
Objective: Determine the spectrum of Inner Product Type Integral Transformers on
Hilbert spaces.

Achievement: This objective has been completely fulfilled in Sections 4.5-4.39. The

major results include:
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e Spectral Characterization: Theorem 4.35 provides the complete spectral de-
scription:

i) = { [ r&r (o) w € ORI e |

e Spectral Decomposition: Theorem 4.28 establishes that the operator has no
residual spectrum (Q,(®¢g,py) = 0), while Proposition 4.40 describes the pure point

spectrum structure for compact cases.

e Spectral Localization: Theorem 4.39 and Corollary 4.42 ensure effective spectral
localization, with Q(®g py) € W (P(g,py) and the stronger inclusion Q(Pgr py) C

W (®g,py) for normal operators.

5.2.4 Specific Objective (iii): Relationship Between Numerical

Range and Spectrum

Objective: Establish the relationship between the numerical range and spectrum of

Inner Product Type Integral Transformers on Hilbert spaces.

Achievement: This objective has been successfully accomplished through multiple in-

terconnected results:

e Fundamental Inclusion: Theorem 4.38 establishes the key relationship:
W(®r.py) € V(Pr,p})-

e Spectral Localization in Numerical Range: The results in Theorem 4.39 and
Corollary 4.42 prove that the spectrum is contained within the closure of the nu-

merical range:

Q(Pyr,py) S W(Pqr,py)-

e Sharpened Relationship for Normal Operators: For normal instances of
(g, py, we obtain the stronger result Q(®g py) € W(P(g,py), providing a complete
characterization of the spectrum-numerical range relationship in this important

special case.
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5.3 Additional Contributions

Beyond the stated objectives, this research has yielded several significant additional con-

tributions:

5.3.1 Foundational Framework

In 4.1 established that ®g py is a well-defined, bounded linear operator, with Theorem 4.1

providing the crucial norm estimate:

10 l| < \/ / uRsu%Ms)-\/ / | P2y (s),

ensuring the operator’s stability and analytical tractability.

5.3.2 Discrete Case Extension

In 4.3 demonstrated that the discrete elementary operator R(X) = > " mX0; ex-
hibits analogous properties, with Theorems 4.4, 4.6, and 4.8 providing parallel results
on numerical range inclusion, spectral inclusion, and the spectral radius estimate 7(R) <
2 iy r(mi)r(6:).

This research has successfully achieved all stated objectives through a comprehensive

theoretical investigation of inner product-type integral operators. We have:

1. Completely characterized the numerical range of ®;5 py, establishing its structure,

convexity, and operational properties.

2. Fully determined the spectral properties of ®(g py, providing explicit descriptions

of the spectrum, its decomposition, and localization.

3. Established the fundamental relationships between the numerical range and spec-
trum, proving key inclusion results that connect these central concepts in operator

theory.
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The results presented in this work generalize existing theories and provide new tools
for analyzing integral operators in functional analysis and applied mathematics. The
comprehensive nature of our findings establishes a solid foundation for future research in

this area.

5.4 Recommendations and future study

While this work has advanced the understanding of inner product-type integral operators,
several directions for future research remain open. These recommendations are outlined

below:

e Non-Self-Adjoint Operators: The analysis of ®(r py in the non-self-adjoint case
would be a natural extension of this work. Investigating the numerical range,
spectrum, and spectral radius for operators that do not satisfy ®(gpy = CD? R.P}

could yield new insights into their behavior and applications.

e Applications in Quantum Mechanics: The results on the numerical range and
spectrum of ®;p py have potential applications in quantum mechanics, particularly
in the study of quantum states and operators. Future research could explore these
connections in greater detail, potentially leading to new methods for analyzing

quantum systems.

e Computational Methods: Developing efficient algorithms for computing the nu-
merical range and spectrum of integral operators would be a valuable contribu-
tion. This could involve numerical linear algebra techniques or machine learning
approaches to approximate these quantities, making the theoretical results more

accessible for practical applications.

e Extension to Banach Spaces: Extending the results to Banach spaces would
broaden their applicability. While much of this work was conducted in Hilbert
spaces, addressing challenges related to the lack of an inner product structure in

Banach spaces could open new avenues for research.
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e Non-Compact Operators: The compactness of ®¢x py played a key role in our
spectral analysis. Investigating the spectral properties of non-compact integral
operators would be an important direction for future research, particularly in cases

where compactness does not hold.

e Applications to Integral Equations: The results obtained in this chapter could
be applied to the study of integral equations, particularly those arising in math-
ematical physics and engineering. Future work could explore the implications of
these results for solving such equations, potentially leading to new analytical or

numerical methods.

e Special Cases: Analyzing specific cases of ®p py, such as when R, and P, are
diagonal or have other special structures, could yield additional insights and simplify
the analysis. This could provide a deeper understanding of the operator’s behavior

in specific contexts.

e Connection to Operator Algebras: Further investigation into the relationship
between ®(p py and operator algebras, such as C*-algebras or von Neumann alge-
bras, could provide a deeper understanding of its properties and behavior. Exploring
these connections could lead to new theoretical frameworks for analyzing integral

operators.

In summary, our work provided a comprehensive framework for understanding the proper-
ties of inner product-type integral operators, laying the groundwork for future theoretical
and applied investigations in operator theory and related fields. By addressing the rec-
ommendations outlined above, future research can build on this foundation to further

expand the scope and impact of these findings.
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Appendix: Publications

e Priscah Moraa, David Ambogo, Fredrick Nyamwala, ”Numerical range of inner
product type integral transformers on Hilbert spaces”, Annals of Mathematics and

Computer Science, Vol 19 (2023) 1-9 https://doi.org/10.56947 /amcs.v19.212

e Priscah Moraa, David Ambogo, ”Spectrum of Inner Product Type Integral Trans-
formers on Hilber Spaces”, Annals of Mathematics and Computer Science, Vol 25

(2024) 19-25 https://doi.org/10.56947 /amcs.v25.364
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